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Preface

Several years ago we wrote: “Infinite divisibility was a booming field
of research in the seventies and eighties. There still is some interest in the
subject, but the boom seems to have subsided. So it is time to have a look
at the results”. Events beyond our control have delayed completion of this
book, but the words are still true. We present new developments together
with a full account of the classical theory. We only deal with probability dis-
tributions on the real line and restrict ourselves to divisibility with respect
to convolution or, equivalently, addition of independent random variables.
Space and time do not allow a more general setting.

The theory of infinitely divisible distributions plays a fundamental role
in several parts of theoretical probability, such as the central limit problem
and the theory of processes with stationary independent increments or Lévy
processes, which lie at the roots of our subject. The practical interest of
infinite divisibility is mainly in modelling. In models that require random
variables to be the sum of several independent quantities with the same dis-
tribution, a convenient assumption is infinite divisibility of these random
variables; this situation occurs in biology and insurance. Other applications
concern deconvolution problems in mathematical physics. Lévy processes
are important ingredients in financial mathematics models.

Theoretically, the problem of identifying the infinitely divisible distrib-
utions is completely solved by the canonical representations of their charac-
teristic functions. In most practical cases, however, these representations
are not useful for deciding on the infinite divisibility of a given distrib-
ution. One of the aims of this book is to provide means and methods
for making such decisions. Emphasis is on criteria in terms of distrib-
ution functions and probability densities, but characteristic functions and
canonical representations are often needed to obtain such criteria. Though
the concept of infinite divisibility is rather simple, the methods involved
are sometimes quite sophisticated.

Following the introductory chapter, I, the basic chapters, II, III and IV,
offer separate treatments of infinitely divisible distributions on the nonneg-
ative integers, the nonnegative reals, and the real line, respectively. This is
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done because the needed tools and methods vary, getting more complex in
each subsequent chapter. This separate treatment causes a little overlap,
but has the advantage that the basic chapters can be read independently.
Chapters V, VI and VII are devoted to three special aspects of infinite divis-
ibility: self-decomposability and stability, intimately related to the central
limit problem; the fact that for surprisingly large classes of distributions,
infinite divisibility is preserved under mixing; and the frequent occurrence
of infinite divisibility in, e.g., queueing and renewal processes, and in cer-
tain types of Markov processes. In Chapter V, and to a lesser extent in
Chapters VI and VII, there is again a separate treatment of distributions
on the nonnegative integers, the nonnegative reals, and the real line. This
would make it possible to plan a course covering one or two of the three ba-
sic chapters together with corresponding parts of the subsequent chapters
on special topics.

The important class of compound-exponential distributions is briefly
treated in each of the basic chapters; we consider writing a separate mono-
graph on the subject.

The book is practically self-contained; most results are fully proved.
One of the exceptions is the Lévy-Khintchine formula in Chapter IV; its
proof is only outlined since the full proof is rather lengthy, not terribly
informative, and can be found in several textbooks. At times the reader is
referred to one of two appendices, A and B, one establishing notation and
giving prerequisites, the other containing a selection of much-used distrib-
utions with some of their properties.

Each of Chapters II through VII has a separate section on examples,
about one hundred altogether. The main text does not give references to
the literature; they are deferred to Notes sections at the end of the chapters
and appendices. The Bibliography also contains references to articles and
books not mentioned in the Notes.

Over the years a large number of people have given advice and encour-
agement; we wish to express our thanks to all of them. In order not to
dilute our appreciation for him we only name Lennart Bondesson, who
provided constant stimulation and read large parts of the typescript.

Eindhoven, Amsterdam Fred W. Steutel, Klaas van Harn
July 2003
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Chapter I

INTRODUCTION AND OVERVIEW

1. Introduction

The concept of infinite divisibility was introduced and developed in a
very short period and by a handful of people. It started in 1929 with the
introduction by de Finetti of infinite divisibility in the context of processes
with stationary independent increments (sii-processes); its first develop-
ment ended in 1934 with the most general form of the canonical repre-
sentation of infinitely divisible characteristic functions by Lévy in a paper
having the term ‘integrals with independent increments’ in its (French) ti-
tle. Even more than sii-processes, questions related to the central limit
theorem led to the introduction and study of infinitely divisible and, more
specifically, self-decomposable and stable distributions. Little, and mostly
‘academic’, attention was paid to the subject during the forties and fifties.
Since about 1960 there was a renewed interest in infinitely divisible distrib-
utions, stimulated by the occurrence of such distributions in applications,
most notably in waiting-time theory and in modelling problems. This led to
the development of criteria for infinite divisibility in terms of distribution
functions and densities rather than in terms of characteristic functions.
This development culminated in the appearance of Bondesson’s book on
generalized gamma convolutions in 1992. In the last ten years much atten-
tion went to infinite divisibility on abstract spaces; these developments are
outside the scope of this book.

The present chapter serves as an introduction to the subsequent chap-
ters, and also as a binding element. It reviews a number of general concepts
and results in, or directly related to, infinite divisibility. This chapter is
also meant to put the concept of infinite divisibility in a somewhat wider
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perspective than will be done in the later chapters. In Section 2 we show
how a formal definition emerges from practical problems in modelling; here
we also give some elementary properties and a few simple examples. The
connection with sii-processes is considered in Section 3; we give some spe-
cial cases, and show that composition of sii-processes leads to important
subclasses of infinitely divisible distributions. Section 4 contains informa-
tion on canonical representations and their relation to the behaviour of
sii-processes. The central limit problem is discussed in Section 5; normed
sums of independent random variables give rise to stable, self-decompos-
able and, most generally, infinitely divisible distributions. In Section 6
some information is collected on types of (infinite) divisibility that will not
be discussed further in this book. Section 7 gives bibliographic information.

2. Elementary considerations and examples

Loosely speaking, divisibility of a random variable X is the property
that X can be divided into independent parts having the same distribution.
More precisely, for n ∈N with n ≥ 2 we shall say that X is n-divisible if
independent, identically distributed random variables Y1, . . . , Yn exist such
that

X
d= Y1 + · · ·+ Yn.(2.1)

If (2.1) holds with Y ’s that are independent but not necessarily identically
distributed, then X is said to be n-decomposable. We note that in the older
literature the word ‘decomposable’ is sometimes used for what we call di-
visible. Clearly, divisibility is a stronger requirement than decomposability.
Also, whereas (n+1)-decomposability implies n-decomposability, (n+1)-
divisibility does not imply n-divisibility, as the following example shows
for n = 2. A random variable X that has a binomial (3, p) distribution, is
3-divisible; it can be obtained as the sum of three independent Bernoulli (p)
variables with values 0 and 1. On the other hand, X is easily seen not to
be 2-divisible; if we would have X d= Y1 + Y2 with Y1 and Y2 independent
and Yi

d= Y for i = 1, 2, then necessarily Y ∈ [ 0, 3
2 ] a.s. with IP(Y = 0) > 0

and IP(Y = 3
2 ) > 0, which would yield the value 3

2 for X. We return to
a second illustrative example in a moment, but we first make a case for
infinite divisibility in practical problems.
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In modelling it is sometimes required that a random variable is n-
divisible for given values of n. Consider, for example, the amount of damage
claimed from an insurance company during a year. Then one might want to
model this amount as a random variable X that is 12-divisible: X satisfies
(2.1) with n = 12, where Yj denotes the amount claimed during month j.
Similarly, one might want to consider weekly claims and require X to be
52-divisible, or even daily claims and require 365-divisibility. Since, as we
have seen, (n+1)-divisibility does not imply n-divisibility, it is much more
practical to require that X is n-divisible for every n. Clearly, such a prop-
erty is also desirable for random variables that model quantities, such as
rainfall, which are measured in continuous time.

Thus we are led to the following concept, which is the main object of
study in this book: A random variable X is said to be infinitely divisible if
for every n ∈N it can be written (in distribution) as

X
d= Xn,1 + · · ·+Xn,n,(2.2)

whereXn,1, . . , Xn,n are independent withXn,j
d= Xn for all j and someXn,

the n-th order factor of X. Infinite divisibility of X is, in fact, a property of
the distribution of X. Therefore, the distribution, the distribution function
(and density in case of absolute continuity) and transform of an infinitely
divisible X will be called infinitely divisible as well. It follows that a dis-
tribution function F is infinitely divisible iff for every n ∈N it is the n-fold
convolution of a distribution function Fn with itself, and that a charac-
teristic function φ is infinitely divisible iff for every n ∈N it is the n-th
power of a characteristic function φn:

F = F ?nn for n ∈N, φ(u) =
{
φn(u)

}n for n ∈N.(2.3)

Here Fn and φn are called the n-th order factor of F and of φ, respectively.
From the definition it immediately follows that if X is infinitely divisible,
then so is aX for every a ∈R, and that X+ Y is infinitely divisible if X
and Y are independent and both infinitely divisible. The latter property
will be used frequently and can be reformulated as follows.

Proposition 2.1. Infinite divisibility of distributions is preserved under

convolution.

We mention a second elementary result which is somewhat unexpected, but
nevertheless simple to prove. Recall (cf. Section A.2) that a distribution
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function F can be decomposed as F = αFd + (1−α)Fc, where 0 ≤ α ≤ 1
and Fd is a discrete distribution function and Fc a continuous one. Consider
the non-trivial case where 0 < α < 1; then the decomposition is unique.

Proposition 2.2. The discrete component Fd of an infinitely divisible dis-

tribution function F on R is infinitely divisible.

Proof. Let n ∈N, and let Fn be the n-th order factor of F . Decompose Fn
as F above: Fn = αnFn,d + (1−αn)Fn,c, and take characteristic functions.
Then, by the binomial formula, equation (2.3) leads to

F = αnn F
?n
n,d +

n−1∑
k=0

(
n

k

)
αkn(1−αn)n−k F ?kn,d ? F

?(n−k)
n,c .

Since all terms under the summation sign are continuous, the uniqueness
of the decomposition of F implies that Fd = F ?n

n,d. Hence Fd is infinitely
divisible. 22

The set of discontinuity points of an infinitely divisible distribution func-
tion F is empty or a singleton or unbounded. This immediately follows by
combining Proposition 2.2 with the following elementary property, which is
of a ‘negative’ type and shows, for instance, that the uniform and binomial
distributions are not infinitely divisible.

Proposition 2.3. A non-degenerate bounded random variable is not infin-

itely divisible.

Proof. Let X be a random variable with |X| ≤ a for some a ∈R, and
suppose that X is infinitely divisible. Then for n ∈N, by (2.2), the n-th
order factor Xn of X satisfies |Xn| ≤ a/n, and hence the variance VarX
of X can be estimated as follows:

VarX = nVarXn ≤ n IEX2
n ≤ a2/n.

Letting n→∞ we conclude that VarX = 0, so X is degenerate. 22

We return to the claim that divisibility is a more restrictive prop-
erty than decomposability, and show that the uniform distribution is n-
decomposable for every n, but not n-divisible for any n.
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Example 2.4. Let X have a uniform distribution on (−1, 1). Then in
a way very similar to that of the proof of Proposition 2.3 one can show
that X is not n-divisible for any n > 2. For the case n = 2 we suppose
that X d= Y1 + Y2 with Y1 and Y2 independent and distributed as Y . Then
Y ∈ (− 1

2 ,
1
2 ) a.s. and{

IP(Y > 0)
}2 = IP(Y1 > 0; Y2 > 0) ≥

≥ IP(Y1 + Y2 >
1
2 ) = IP(X > 1

2 ) = 1
4 ,{

IP(Y ≤ 0)
}2 = IP(Y1 ≤ 0; Y2 ≤ 0) ≥

≥ IP(Y1 + Y2 <− 1
2 ) = IP(X <− 1

2 ) = 1
4 .

Taking square-roots and adding shows that the inequalities here are, in
fact, equalities, so necessarily IP(0 < Y ≤ 1

4 ) = 0 and IP(− 1
4 ≤ Y ≤ 0) = 0,

i.e., IP
(
|Y | ≤ 1

4

)
= 0. But this would imply that IP

(
1
4 ≤ |X| ≤ 1

2

)
= 0. We

conclude that X is not 2-divisible.
Turning to decomposability we note that the characteristic function φ of X
can be written as

φ(u) =
sinu
u

=
∞∏
j=1

cos (u/2j),

so by the continuity theorem X can be obtained (in distribution) as

X
d=

∞∑
j=1

Yj , or
n∑
j=1

Yj
d−→ X as n→∞,(2.4)

where Y1, Y2, . . . are independent and, for j ∈N, Yj is a Bernoulli variable
taking the values −( 1

2 )j and ( 1
2 )j each with probability 1

2 . It follows that X
is n-decomposable for every n. 22

As one can imagine, infinite divisibility entails much more structure
than n-divisibility for a large value of n, which can be obtained by just
adding n independent, identically distributed random variables. In this
light it is surprising that so many of the much used distributions are infin-
itely divisible. We give three well-known and important examples.

Example 2.5. Let X have a normal (µ, σ2) distribution. Then X is infin-
itely divisible; for n ∈N its n-th order factor Xn has a normal (µ/n, σ2/n)
distribution. 22
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Example 2.6. Let X have a Poisson (λ) distribution. Then X is infinitely
divisible; for n ∈N its n-th order factor Xn is Poisson (λ/n). 22

Example 2.7. Let X have a gamma (r, λ) distribution. Then X is infin-
itely divisible; for n ∈N its n-th order factor Xn has a gamma (r/n, λ)
distribution. Taking r = 1 we see that the exponential (λ) distribution is
infinitely divisible. 22

The distributions in the first two examples will turn out to be the building
blocks of general infinitely divisible distributions; those in the third example
will be used to construct important subclasses of infinitely divisible distrib-
utions. The corresponding characteristic functions are well known to have
no zeroes on R and to have the property that every positive power, as
defined in Section A.2, is again a characteristic function. Every infinitely
divisible characteristic function has these properties. We formulate this
fact as a proposition to be proved later.

Proposition 2.8. If φ is an infinitely divisible characteristic function, then

φ(u) 6= 0 for all u ∈R, and φt is a characteristic function for all t > 0. Specif-

ically, for n ∈N φ1/n is the n-th order factor of φ.

This elementary result is mentioned here because it is needed for the con-
struction of continuous-time sii-processes in the next section.

3. Processes with stationary independent increments

Processes with stationary independent increments in continuous time
are at the heart of infinite divisibility. They can be regarded as con-
tinuous-time analogues of random walks started at zero, i.e., of partial-sum
processes (Xn)n∈Z+ with

Xn =
n∑
k=1

Yk [n ∈Z+; X0 :≡ 0 ],(3.1)

where Y1, Y2, . . . are independent, identically distributed random variables,
the step-sizes of the walk. Clearly, such a process (Xn) has the following
property: Xn0 , Xn1−Xn0 , . . . independent for 0 < n0 < n1 < · · · ,

Xm+n −Xm
d= Xn for m,n ∈N.

(3.2)
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In this case we say that (Xn) is a (discrete-time) process with stationary
independent increments or, for short, an sii-process. Note that the dis-
tribution of an sii-process (Xn) is completely determined by that of X1.
Whereas, for n ≥ 2, Xn is n-divisible, the distribution of X1 can be chosen
arbitrarily; in fact, any random variable Y generates uniquely (in distrib-
ution) an sii-process (Xn) with X1

d= Y , and (Xn) can be viewed as a
random walk (3.1) with step-sizes distributed as Y .

In the late 1920s the question arose whether there is a continuous-time
analogue of (3.1); it was tentatively written as

X(t) =
∫

[0,t]

dY (s) [ t ≥ 0 ],(3.3)

and termed ‘integral, the elements of which are independent random vari-
ables’. It is, however, more convenient to look for an analogue of the
equivalent property (3.2). In doing so we only consider continuous-time
processes X(·) =

(
X(t)

)
t≥0

starting at zero that are continuous in prob-
ability, i.e., satisfy X(s+ t) → X(s) in probability as t→ 0 for all s ≥ 0.
Such a process is said to be a (continuous-time) process with stationary
independent increments (an sii-process) ifX(t0), X(t1)−X(t0), . . . independent for 0 < t0 < t1 < · · · ,

X(s+ t)−X(s) d= X(t) for s, t > 0.
(3.4)

Let us look at the finite-dimensional distributions of an sii-process X(·).
First, consider X(t) with t > 0 fixed; for any n ∈N with n ≥ 2 we can write

X(t) =
n∑
j=1

{
X

(
j t/n

)
−X

(
(j−1) t/n

)}
,

where by (3.4) the summands are independent and identically distributed,
so by definition X(t) is infinitely divisible. Next, let φt be the characteristic
function of X(t). Since X(s+ t) = X(s) +

{
X(s+ t)−X(s)

}
, (3.4) yields

the following relations:

φs+t(u) = φs(u)φt(u) [ s, t > 0 ].

Now, for every u ∈R the function t 7→ φt(u) is continuous on R+; this is
implied by (and is, in fact, equivalent to) the continuity in probability of
X(·). It follows that the multiplicative semigroup (φt)t≥0 satisfies

φt(u) =
{
φ1(u)

}t [ t ≥ 0 ];(3.5)
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cf. Proposition 2.8 and see Section A.2 for the definition of φt1. Finally,
take 0 = t0 < t1 < · · · < tn with n ≥ 2. Then using (3.4) as above one can
show that (

X(t1), X(t2), . . . , X(tn)
)

= (Y1, Y1 + Y2, . . . , Y1 + · ·+Yn),(3.6)

where Y1, Y2, . . . , Yn are independent with Yi
d= X(ti−ti−1) for i = 1, . . . , n.

Combining (3.5) and (3.6) leads to the following result.

Proposition 3.1. The distribution of an sii-process X(·) is completely

determined by the distribution of X(1), which is infinitely divisible.

So, contrary to the discrete-time case, the distribution ofX(1) here may not
be chosen arbitrarily; it has to be infinitely divisible. There is a converse;
any infinitely divisible distribution gives rise to an sii-process.

Proposition 3.2. Let Y be an infinitely divisible random variable. Then

there exists an sii-process X(·) with X(1) d= Y .

Proof. Denote the characteristic function of Y by φ; then by Proposi-
tion 2.8 φt is a well-defined characteristic function for every t > 0. Let
0 = t0 < t1 < · · · < tn with n ∈N, and take independent random variables
Y1, Y2, . . . , Yn where Yi has characteristic function φti−ti−1 for i = 1, . . . , n.
Now, let Ft1,...,tn be the distribution function of the right-hand side of (3.6).
Then varying t1, . . . , tn in (0,∞) and n ∈N we get a consistent collection
of distribution functions; Kolmogorov’s extension theorem then guarantees
the existence of an sii-process X(·) satisfying (3.6) in distribution. 22

The sii-process, in this proposition constructed from Y , will be called the
sii-process generated by Y (or by its distribution or its transform). The
sii-processes generated by the infinitely divisible distributions from Exam-
ples 2.5, 2.6 and 2.7 are of special importance; the corresponding semi-
groups (φt)t≥0 of characteristic functions are given below.

Example 3.3. The sii-process generated by the normal (µ, σ2) distribution
is called Brownian motion with parameters µ, the drift, and σ2. The semi-
group (φt) is given by

φt(u) = exp
[
iuµt+ 1

2σ
2u2t

]
.

When µ = 0 and σ2 = 1, we speak of standard Brownian motion. 22
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Example 3.4. The sii-process generated by the Poisson (λ) distribution is
called the Poisson process with intensity λ or of rate λ. The semigroup
(φt) is given by

22φt(u) = exp
[
λt {eiu− 1}

]
.

Example 3.5. The sii-process generated by the gamma (r, λ) distribution
is called the gamma process with parameters r and λ. The semigroup (φt)
is given by

φt(u) =
( λ

λ− iu

)rt
.

When r = 1 and λ = 1, we speak of the standard gamma process. 22

One can build a new sii-process from two given ones by composition as
follows. Let S(·) and T (·) be independent, continuous-time sii-processes;
then the generating random variables S(1) and T := T (1) are infinitely
divisible. Suppose that T (·) is nonnegative; then we can define

X(·) := S
(
T (·)

)
,(3.7)

and it is easily seen that X(·) is again an sii-process, so its generating ran-
dom variable X := S(T ) is infinitely divisible. In this context the process
T (·) is sometimes called a subordinator. If one observes an sii-process T (·)
only at discrete times, then there is no need for T to be infinitely divis-
ible, and (3.7) leads to a discrete-time sii-process (Xn)n∈Z+ for which X

is not necessarily infinitely divisible. Similar considerations hold when one
observes S(·) only at discrete times; now T (·) must be Z+-valued; to stress
this we replace it by N(·) generated by N := N(1). Thus we are led to the
following four types of compound sii-processes X(·) or (Xn)n∈Z+ :

(i) Sii-processes S(·) and T (·) yield X(·) with X(t) := S
(
T (t)

)
for t ≥ 0;

it is generated by X := S(T ), which is infinitely divisible.

(ii) Sii-processes S(·) and (Tn) yield (Xn) with Xn := S(Tn) for n ∈Z+;
it is generated by X := S(T ), which is not necessarily infinitely divisible.

(iii) Sii-processes (Sn) and N(·) yield X(·) with X(t) := SN(t) for t ≥ 0;
it is generated by X := SN , which is infinitely divisible.

(iv) Sii-processes (Sn) and (Nn) yield (Xn) with Xn := SNn
for n ∈Z+; it

is generated by X := SN , which is not necessarily infinitely divisible.
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The distribution of the generating random variable X = S(T ) in the
cases (i) and (ii) is called a compound-T distribution. Its characteristic
function φX can be expressed in terms of the pLSt πT of T and the charac-
teristic function φY of Y := S(1) as follows:

φX(u) =
∫

R+

IE eiuS(t) dFT (t) =

=
∫

R+

{
φY (u)

}t dFT (t) = πT
(
− log φY (u)

)
.

(3.8)

An important special case is obtained by taking T exponentially distrib-
uted; cf. Examples 2.7 and 3.5. The resulting class of compound-exponential
distributions, with characteristic functions of the form

φX(u) =
λ

λ− log φY (u)
(3.9)

with λ > 0 (and Y infinitely divisible), turns out to have many properties
analogous to the class of all infinitely divisible distributions.

The distribution of the generating random variable X = SN in the
cases (iii) and (iv) above is called a compound-N distribution. Its charac-
teristic function φX can be expressed in terms of the pgf PN of N and the
characteristic function φY of Y := S1 as follows:

φX(u) =
∞∑
n=0

IP(N = n) IE eiuSn =

=
∞∑
n=0

IP(N = n)
{
φY (u)

}n = PN
(
φY (u)

)
.

(3.10)

An important special case is obtained by taking N Poisson distributed; cf.
Examples 2.6 and 3.4. The resulting compound-Poisson distributions, with
characteristic functions of the form

φX(u) = exp
[
λ

{
φY (u)− 1

}]
(3.11)

with λ > 0 (and Y arbitrary), are basic in the sense that they are easy
to handle and possess most characteristics of general infinitely divisible
characteristic functions. In fact, as we shall see in the next section, every
infinitely divisible distribution is the weak limit of a sequence of compound-
Poisson distributions.

In Chapters II, III and IV separate sections will be devoted to com-
pound distributions on Z+, on R+ and on R, respectively. Though there
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is difference in accent, compound distributions will also be considered in
Chapter VI, on mixtures; this is due to the fact that compound distrib-
utions can also be viewed as power mixtures, as will be clear from the
computations in (3.8) and (3.10).

Finally we note that processes from more applied branches of probability
theory connected to, or giving rise to infinite divisibility, are considered in
Chapter VII; we will pay attention to Markov chains, queueing processes,
branching processes, renewal processes and shot noise.

4. Canonical representations

By canonical representations we understand here characterizing formu-
las for the transforms of infinitely divisible distributions. In order to find
such formulas, we let φ be an infinitely divisible characteristic function with
n-th order factor φn, say, and write

φ(u) =
{
φn(u)

}n = exp
[
n log

(
1− {1− φn(u)}

)]
.

Since by Proposition 2.8 φn(u) → 1 as n→∞ and − log (1− z) ∼ z as
z → 0, we conclude that φ can be obtained as

φ(u) = lim
n→∞

exp
[
n

{
φn(u)− 1

}]
.(4.1)

Comparing with (3.11) shows that we have proved now the claim of the
preceding section which can be formulated as follows.

Proposition 4.1. Every infinitely divisible distribution is the weak limit

of a sequence of compound-Poisson distributions.

To get a canonical representation we would like to actually take the
limit in (4.1), which can be written as

φ(u) = exp
[

lim
n→∞

n

∫
R
(eiux− 1) dFn(x)

]
,(4.2)

with Fn the distribution function with F̃n = φn. A problem here is that nFn
does not converge to a bounded function. If, however, φ corresponds to a
distribution that has positive mass p0, say, at zero and has no further atoms,
then one can solve this problem in the following way. The distribution
function Fn then has a jump p1/n

0 at zero, so ψn := (φn − p1/n
0 )

/
(1− p1/n

0 )
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is a characteristic function. Therefore, using the fact that n (1− p
1/n
0 )→

− log p0 =: λ > 0, by (4.1) and the continuity theorem we can write

φ(u) = exp
[
λ

{
lim
n→∞

ψn(u)− 1
}]

= exp
[
λ

{
ψ(u)− 1

}]
,

where ψ is the characteristic function of a distribution without mass at
zero. So φ is compound-Poisson. Now, one can show (this will be proved
in Chapter IV) that any infinitely divisible distribution with at least one
atom is, up to a shift, compound-Poisson. Since the converse of this trivially
holds, we are led to a first canonical representation.

Theorem 4.2. A C-valued function φ on R is the characteristic function

of an infinitely divisible distribution that is not continuous, iff φ is shifted

compound-Poisson, i.e., φ has the form

φ(u) = exp
[
iuγ + λ

∫
R
(eiux− 1)dG(x)

]
,(4.3)

where γ ∈R, λ > 0 and G is a distribution function that is continuous at

zero. The canonical triple (γ, λ,G) is unique.

For general φ one has to adapt the right-hand side of (4.1) or of (4.2)
differently in order to be able to actually take the limit. We do not go into
this problem here, and give, without proofs, the results for the infinitely
divisible distributions with finite variances (so including the normal and
gamma distributions) and all infinitely divisible distributions.

Theorem 4.3 (Kolmogorov canonical representation). A C-valued

function φ on R is the characteristic function of an infinitely divisible dis-

tribution with finite non-zero variance iff φ has the form

φ(u) = exp
[
iuµ+ κ

∫
R
(eiux− 1− iux)

1
x2

dH(x)
]
,(4.4)

where µ ∈R, κ > 0 and H is a distribution function; for x = 0 the integrand

is defined by continuity: − 1
2u

2. The canonical triple (µ, κ,H) is unique.

Theorem 4.4 (Lévy canonical representation). A C-valued function

φ on R is the characteristic function of an infinitely divisible distribution

iff φ has the form

φ(u) = exp
[
iua− 1

2u
2σ2 +

∫
R\{0}

(
eiux− 1− iux

1 + x2

)
dM(x)

]
,(4.5)
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where a ∈R, σ2 ≥ 0 and M is a right-continuous function that is nonde-

creasing on (−∞, 0) and on (0,∞) with M(x) → 0 as x→ −∞ or x→∞
and satisfying

∫
(−1,1)\{0} x

2 dM(x) <∞. The canonical triple (a, σ2,M) is

unique.

In Chapter IV we will give more details of the proof of the Lévy represen-
tation; it is then used to give precise proofs of Theorems 4.2 and 4.3, and
of other representations like the one characterizing the infinitely divisible
distributions that are symmetric. In Chapters II and III canonical rep-
resentations are derived independently for infinitely divisible distributions
on Z+ and on R+, respectively.

The canonical quantities in the theorems above not only relate to spe-
cific properties of the corresponding infinitely divisible distribution, but
they also determine the behaviour of the sii-process generated by that dis-
tribution; cf. Proposition 3.2. This is quite easily seen for φ in (4.3) with
canonical triple (γ, λ,G). The constant γ represents a drift or trend giving
rise to a component γt in the process, and what remains is a compound-
Poisson process having independent jumps with distribution function G at
the jump times of a Poisson process with intensity λ, independent of these
jumps; between jumps the process is linear. In the general case where φ is
given by (4.5) with canonical triple (a, σ2,M), the interpretation is more
complicated. The constants a and σ2 give rise to a component at+ σ B(t)
with B(·) standard Brownian motion. The function M is not only respon-
sible for the frequency and size of possible jumps; it can, for instance, also
give rise to a trend that may even offset the trend at; because there can be
very many very small jumps, the interpretation of M is in general quite in-
tricate. It can be shown that there is always a version of X(·) for which the
paths t 7→ X(t) are right-continuous with left-hand limits (‘càdlàg’) with
probability one. Brownian motion is the only non-degenerate sii-process
with continuous paths.

5. The central limit problem

From the results of the preceding section it will be clear that, as already
said in Section 2, the normal and Poisson distributions can be considered
as the building blocks of general infinitely divisible distributions. We now
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show that they are also special solutions to problems that are collected
under the term ‘central limit problem’. The normal distribution provides
an answer to the following explicit question (all solutions will be given
later in this section): If Y1, Y2, . . . are independent, identically distributed
random variables with the property that for some an ∈R and bn > 0

1
bn

(Y1 + · · ·+ Yn − an)
d−→ X [n→∞ ],(5.1)

what are the possible distributions of the limit X ? A simple and long-
known example is obtained by taking the Yj to be Bernoulli (p) variables
with values 0 and 1; then Y1 + · · · + Yn has a binomial (n, p) distrib-
ution with mean np and variance np (1−p). If we now take an := np and
bn :=

√
np (1−p), then we have (5.1) with X standard normally distrib-

uted. This can be shown by elementary methods and is a special case of
the following celebrated result.

Theorem 5.1 (Central limit theorem). If Y1, Y2, . . . are independent,

identically distributed random variables with mean µ and (finite) vari-

ance σ2, then

1
σ
√
n

(Y1 + · · ·+ Yn − nµ) d−→ X [n→∞ ],(5.2)

where X has a standard normal distribution.

The Poisson distribution can also be obtained from binomial (n, p) distrib-
utions as n→∞, if one lets the parameter p depend on n in the following
way. For n ∈N, let Xn,1, . . . , Xn,n be independent Bernoulli (pn) variables
with values 0 and 1, so Xn,1 + · · ·+Xn,n has a binomial (n, pn) distrib-
ution with mean npn. Suppose that npn → λ > 0 as n→∞; then it is well
known and easily verified that

Xn,1 + · · ·+Xn,n
d−→ X [n→∞ ],(5.3)

where X has a Poisson (λ) distribution.

Now, observe that the limiting relation (5.1) can be put in the form
(5.3) by taking

Xn,j :=
1
bn

(Yj − an/n) [n ∈N; j = 1, . . . , n ],(5.4)
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and note that if Y1, Y2, . . . are independent, identically distributed random
variables, then so are Xn,1, . . . , Xn,n for every fixed n. This leads to consid-
ering more general triangular arrays (Xn,j)n∈N, j=1,..,kn

, where kn ↑ ∞ as
n → ∞ and, for every n ∈N, Xn,1, . . . , Xn,kn are independent, identically
distributed. We again ask for the possible distributions of limits X as in
(5.3). Of course, by definition any infinitely divisible distribution provides
an answer to this question. On the other hand, it is not hard to show that
there are no other solutions. So we have the following characterization of
infinite divisibility.

Theorem 5.2. A random variable X is infinitely divisible iff it can be

obtained as

Xn,1 + · · ·+Xn,kn

d−→ X [n→∞ ],(5.5)

where kn ↑ ∞ and, for every n ∈N, Xn,1, . . . , Xn,kn
are independent, iden-

tically distributed.

We next wonder whether the limits X in (5.5) are still infinitely divis-
ible if one drops the condition that the random variables in every row of
the triangular array are identically distributed. As an example, consider
the special case (5.1) with Yj

d= Zj/j, where Z1, Z2, . . . are independent
and standard exponential. Then it can be shown that the choice bn = 1
and an = log n leads to a limit X having a Gumbel distribution, which will
turn out to be infinitely divisible. On the other hand, from Example 2.4
it is seen that not all limits X of the form (5.1), with Y1, Y2, . . . indepen-
dent, are infinitely divisible, or even 2-divisible. We return to this specific
problem in a moment, and first give, without proof, the following central
limit result, which is a solution for the general situation.

Theorem 5.3. A random variable X is infinitely divisible iff it can be

obtained as

Xn,1 + · · ·+Xn,kn

d−→ X [n→∞ ],(5.6)

where kn ↑ ∞, Xn,1, . . . , Xn,kn are independent for every n ∈N, and

lim
n→∞

max
1≤j≤kn

IP
(
|Xn,j | ≥ ε

)
= 0 [ ε > 0 ].(5.7)
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A triangular array (Xn,j) satisfying condition (5.7) is said to be infinites-
imal, and its elements are called uniformly almost negligible. In such an
array the role of a single summand becomes vanishingly small as n→∞;
clearly, this is what we need, because otherwise any distribution can appear
as the distribution of X in (5.6). It is not hard to show that an array of ran-
dom variables that are independent, identically distributed in every row, is
infinitesimal if (5.6) holds; therefore, Theorem 5.3 generalizes Theorem 5.2.

We return to the question from the beginning of this section, and first
consider a sequence (Yj)j∈N of independent, identically distributed random
variables with IEY1 = 0 and VarY1 = 1. Writing Sn := Y1 + · · · + Yn we
have IESn = 0 and VarSn = n, so we should look at Sn/

√
n. Now, suppose

that Sn/
√
n

d−→ X as n→∞. Since for every n, k ∈N we can write

1√
nk
Snk =

1√
n

n∑
j=1

1√
k

(Sjk − S(j−1)k),

by (3.2) we see, letting k →∞, that the limit X satisfies

X
d=

1√
n

(X1 + · · ·+Xn) [n ∈N ],(5.8)

where X1, X2, . . . are independent and distributed as X. By taking charac-
teristic functions it follows that φ := φX satisfies the equation

φ(u) =
{
φ(u/

√
n)

}n [n ∈N ],(5.9)

which can be solved with some difficulty yielding φ(u) = exp [− 1
2u

2]. So X
has a standard normal distribution, as it should have because of the central
limit theorem.

Relation (5.8) expresses a special case of stability. A random variable X
(and its distribution and transform) is said to be weakly stable if X can be
written (in distribution) as

X
d= cn (X1 + · · ·+Xn) + dn [n ∈N ],(5.10)

where cn > 0, dn ∈R and X1, X2, . . . are independent and distributed as X.
The random variable X is called strictly stable or just stable if it is weakly
stable such that in (5.10) dn= 0 for all n. It turns out that (5.10) is possible
only for constants cn of the form cn = n−1/γ with γ ∈ (0, 2 ]; γ is called the
exponent (of stability) of X. Clearly, a weakly stable distribution that is
symmetric is stable. Moreover, it is not hard to show that the characteristic
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functions φ of the symmetric stable distributions with exponent γ are given
by

φ(u) = exp
[
−λ |u|γ

]
,(5.11)

with λ > 0. So, taking γ = 2 we get the normal distributions with mean
zero; the symmetric Cauchy distributions are stable with exponent γ = 1.
In Chapter V we will give more details, and derive canonical representations
of general (non-symmetric, weakly) stable distributions.

By (5.4) and Theorem 5.2 any limit X in (5.1), with Y1, Y2, . . . indepen-
dent, identically distributed, is infinitely divisible. By definition, a weakly
stable random variable X is infinitely divisible and can appear as a limit
in (5.1). It can be shown that there are no other solutions. So we have the
following characterization of weak stability.

Theorem 5.4. A random variable X is weakly stable iff it can be obtained

as
1
bn

(Y1 + · · ·+ Yn − an)
d−→ X [n→∞ ],(5.12)

with Y1, Y2, . . . independent, identically distributed, an ∈R and bn > 0.

Here the distribution of the Yj is said to be in the domain of attraction
of the weakly stable distribution of X. One can show that if X is weakly
stable with exponent γ 6= 1, then X − d is stable for some d ∈R. It follows
that for γ 6= 1 the domains of attraction do not change if ‘weakly stable’
is replaced by ‘stable’. According to the central limit theorem any dis-
tribution with finite variance is in the domain of attraction of the normal
distribution. Domains of attraction will not be investigated further here.

We finally raise the question what happens if in (5.12) the Yj are in-
dependent, but not necessarily identically distributed. As we have seen
above, it is then possible to get in the limit both an infinitely divisible
distribution and a distribution that is not even 2-divisible. In order to
only get infinitely divisible limits one may require, in view of Theorem 5.3,
that (Xn,j) given by (5.4) is infinitesimal. It is not hard to show that one
gets the same limits if one requires (Yj/bn) to be infinitesimal, and that
in presence of (5.12) this requirement implies the following property of the
sequence (bn):

lim
n→∞

bn = ∞, lim
n→∞

bn+1

bn
= 1.(5.13)
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Now, we ask for the possible distributions of the limits X in (5.12) if the Yj
are independent and (bn) satisfies (5.13). By definition any weakly stable
distribution provides an answer to this question, and one might think that
there are no other solutions, as was the case when generalizing Theorem 5.2
to Theorem 5.3. This is not so; at this moment it is not even clear that
every limit is infinitely divisible. To be more explicit, we need the following
definition: A random variable X is said to be self-decomposable if for every
α ∈ [ 0, 1 ] it can be written (in distribution) as

X
d= αX +Xα,(5.14)

where in the right-hand side X and Xα are independent. It is easily shown
that the characteristic function φ of a self-decomposable random variable X
has no zeroes; therefore, φ(nu) can be decomposed as

φ(nu) = φ(u)
φ(2u)
φ(u)

· · · φ(nu)
φ
(
(n−1)u

) [n ∈N ],

so if Y1, Y2, . . . are independent with Yj
d= j X(j−1)/j for j ∈N

(
with Xα as

in (5.14)
)
, then X can be written (in distribution) as

X
d=

1
n

(Y1 + · · ·+ Yn) [n ∈N ].(5.15)

Hence any self-decomposable distribution provides an answer to the ques-
tion above. It can be shown that there are no other solutions, so we have
the following result.

Theorem 5.5. A random variable X is self-decomposable iff it can be

obtained as

1
bn

(Y1 + · · ·+ Yn − an)
d−→ X [n→∞ ],(5.16)

with Y1, Y2, . . . independent, an ∈R, and bn > 0 satisfying (5.13).

We already noted that a weakly stable distribution can be obtained as
the distribution of X in (5.16); hence weak stability implies self-decom-
posability. Moreover, from (5.15), where (Yj/n) is infinitesimal, and Theo-
rem 5.3 it follows that any self-decomposable distribution is infinitely divis-
ible. These facts can also be proved just from the definitions; this will be
done in Chapter V, where the self-decomposable distributions will be con-
sidered in detail, and canonical representations will be derived for them.
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Well-known examples of self-decomposable distributions are the gamma,
and hence the exponential distributions. Another example is the Gumbel
distribution; above we obtained it from exponential distributions in the way
of (5.16) with bn = 1 for all n, which is not in accordance with Theorem 5.5:
(5.13) does not hold. Still, it is self-decomposable because self-decompos-
ability is preserved under shift, convolution and weak limits. We further
note that self-decomposable distributions are continuous; this is easily seen
from the definition. We will also consider, however, analogues of stabil-
ity and self-decomposability for distributions on Z+; it will turn out, for
instance, that the Poisson distribution is stable with exponent γ = 1.

6. Other types of divisibility

As said in Section 2, our central theme is divisibility of random variables
with respect to the operation of ‘independent’ addition; it is equivalent to
divisibility of probability measures on R with respect to convolution and
to divisibility of one-dimensional characteristic functions with respect to
multiplication. Now, in this section we very briefly consider some forms
of divisibility that will not be treated in this book; in some instances the
operation is different, in others the objects operated upon are different.
The set of examples given below is not intended to be complete. We shall
not be concerned with divisibility on abstract spaces, such as groups or
Banach spaces; for a few, rather haphazard, references see Notes.

General measures on R. Measures giving infinite mass to R can also
be examined for divisibility with respect to convolution. The only measure
of this kind that has been studied in detail, is Lebesgue measure, which
turns out to be 2-divisible and even infinitely divisible. The factors are,
however, not at all unique. It seems that the technique used for Lebesgue
measure would be applicable to a more general class of measures.

Renewal sequences and p -functions. Here the operation of multi-
plication is used; a renewal sequence (un)n∈Z+ is said to be 2-divisible if a
renewal sequence (vn) exists such that un = v2

n for all n. It turns out that
the positive infinitely divisible renewal sequences are exactly the log-convex
sequences (un) with u0 = 1. Similarly, the continuous-time counterparts,
i.e., the positive infinitely divisible p -functions, are log-convex.
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Random vectors. Use, as for random variables, the operation of in-
dependent addition, component-wise. Then the theory of infinite divis-
ibility is very similar to the theory in the one-dimensional case. One has
the same closure properties, and the form of the canonical representations
is almost independent of the dimension. Also, the canonical representa-
tions of more-dimensional stable and self-decomposable distributions are
similar to those in dimension one. Things get more complicated, however,
if stability and self-decomposability are not defined component-wise, but
vector-wise; then one speaks of operator-stability and operator-self-decom-
posability; the definition is in terms of matrices that specialize to diagonal
matrices in the simple case. In many respects the more-dimensional sit-
uation allows less detail; there are fewer examples, apart from the trivial
ones concerning vectors of independent random variables, and very little
is known, for example, about mixtures. For random functions, that is, for
stochastic processes, the theory is still similar, but much more technical.

Maxima. If addition is replaced by taking maxima, then things change.
Since the distribution function of the maximum X ∨ Y of two indepen-
dent random variables X and Y is given by the product of the distribution
functions: FX∨Y = FX FY , the tool to use is not the characteristic function,
but the distribution function itself; we are concerned with divisibility of dis-
tribution functions with respect to multiplication. Rather curiously, every
one-dimensional distribution function F is max-infinitely divisible; every
positive power of F is again a distribution function. The central-limit type
theory for normed maxima of independent, identically distributed random
variables leads to the three well-known types of max-stable limit distrib-
utions, of which the Gumbel distribution, considered in Section 5, is an
example; see also Theorem A.2.2. More-dimensional distribution functions
are not all max-infinitely divisible. Now there is a theory of max-infinite
divisibility not unlike the classical (additive) theory.

Matrices. There is some theory of infinite divisibility for nonnegative
definite matrices with respect to Schur products, i.e., element-wise multi-
plication. The theory can be regarded as an extension of infinite divis-
ibility of more-dimensional characteristic functions. The transition matri-
ces P (t) =

(
pij(t)

)
with t > 0 in a continuous-time Markov chain form a

semi-group with respect to ordinary matrix multiplication; here pij(t) de-
notes the probability of a transition from i to j during a period of length t.
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The matrix P (t) can be put in the form P (t) =
{
P (1)

}t = etQ = eλt (Q̃−I),
where Q and Q̃ are matrices of a very special type; this formula can be
read as a canonical representation of the semi-group. Infinite divisibility of
a given transition matrix is equivalent to embeddability of this matrix into
a semi-group, just as we have seen in infinite divisibility on R. In branching
processes a similar situation occurs for semi-groups of pgf’s with respect to
composition.

We finally mention a form of divisibility that will be considered in this
book. For an infinitely divisible Z+-valued random variable X we shall
require that, for every n ∈N, the n-th order factor Xn of X is Z+-valued
as well. In Chapter II we will see that this extra requirement is equivalent
to the condition that IP(X = 0) > 0. For an infinitely divisible R+-valued
random variable no such condition is necessary; the n-th order factors are
easily seen to be R+-valued as well.

7. Notes

The concept of infinite divisibility was introduced by de Finetti (1929),
and developed by Kolmogorov (1932), Lévy (1934, 1937) and Khintchine
(1937a). Other early papers are Feller (1939) and Itô (1942). Good sources
for the history of this period are the obituary of Lévy by Loève (1973) and
the appendix on the history of probability in the book by Gnedenko (1991),
in German. Survey papers were published by Fisz (1962), who gives many
references, and by Steutel (1973, 1979). The book by Bondesson (1992) is
on a special subject, but it contains a lot of general information.

Processes with stationary independent increments, also called Lévy pro-
cesses, date back to de Finetti (1929) and Lévy (1934). Two recent books
on the subject are by Bertoin (1996) and Sato (1999), both of which contain
sections on infinite divisibility. Good treatments, discussing the relation be-
tween properties of the canonical measure and of the sample paths, can be
found in Breiman (1968) and Stroock (1993).

The first canonical representation was given by Kolmogorov (1932) for
distributions with finite variance. Lévy (1934) gave the first general for-
mula; other early contributions are by Khintchine (1937b), Lévy (1937)
and Feller (1939). A good source for these developments is the book by
Gnedenko and Kolmogorov (1968).
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The theorems on triangular arrays are due to Khintchine (1937a) and
Lévy (1937). The stable and self-decomposable distributions (the latter are
also called distributions of class L) are due to Lévy (1923, 1937); see also
Khintchine and Lévy (1936). Full discussions in relation to the central limit
problem can be found in Gnedenko and Kolmogorov (1968), Feller (1971),
Loève (1977), Petrov (1975, 1995) and, especially in terms of characteristic
functions, in Lukacs (1970, 1983).

The infinite divisibility of Lebesgue measure on R is treated in O’Brien
and Steutel (1981). Infinitely divisible renewal sequences and p -functions
can be found in Kendall and Harding (1973). Infinitely divisible random
vectors are briefly treated in Feller (1971); a good account is given in Sato
(1999); see also Sato (1973) for tail behaviour; special aspects are consid-
ered in Horn and Steutel (1978). More-dimensional self-decomposable and
stable distributions can be found in Sato (1999). For operator-stability
we refer to Sharpe (1969b), for operator-self-decomposability to Urbanik
(1972); see also Jurek and Mason (1993). Infinitely divisible processes were
first studied in detail by Kerstan et al. (1978). Max-infinite divisibility
is studied by Balkema and Resnick (1977), and by Alzaid and Proschan
(1994); see also Resnick (1987). Horn (1967, 1969) considers the infinite
divisibility of matrices with respect to element-wise multiplication. For
semigroups of transition matrices of continuous-time Markov processes,
see Doob (1953), Chung (1960), Rosenblatt (1962), or Freedman (1972).
Kazakyavichyus (1996) considers infinitely divisible transition matrices in
the context of limit theorems and semigroups. Some references for infinite
divisibility in abstract spaces are McCrudden and Walker (1999, 2000), and
Yasuda (2000). For results on infinite divisibility and (operator-) self-de-
composability in Banach spaces we mention Kumar and Schreiber (1975,
1979), Jurek and Urbanik (1978), Urbanik (1978), Jurek (1983), Jurek
and Vervaat (1983), and Kruglov and Antonov (1984). Infinite divisibility
modulo one is considered in Wilms (1994).

As a few references on applications we mention Carasso (1987), Gerber
(1992), Voudouri (1995), and Barndorff-Nielsen and Shephard (2001).
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Chapter II

INFINITELY DIVISIBLE DISTRIBUTIONS

ON THE NONNEGATIVE INTEGERS

1. Introduction

Rather than specializing down from the most general case: distributions
on R, we start with the simplest case: distributions on Z+. This case
contains most of the essential features of infinite divisibility, but avoides
some of the technical problems of the most general situation; the recurrence
relations we encounter here, will be integral equations in the R+-case, and
the problems concerning zeroes of densities and tail behaviour are more
delicate there and on R. The basic tool here is the probability generating
function, rather than the Laplace-Stieltjes transform or the characteristic
function.

Let X be a Z+-valued random variable. According to the general defi-
nition in Chapter I, infinite divisibility of X means the existence for every
n ∈N of a random variable Xn, the n-th order factor of X, such that

X
d= Xn,1 + · · ·+Xn,n,(1.1)

where Xn,1, . . . , Xn,n are independent and distributed as Xn. It is quite
natural and, as we shall see in a moment, no essential restriction to consider
only random variables X that are discrete infinitely divisible in the sense
that their factors Xn are Z+-valued as well. Such random variables X
necessarily have the property that

IP(X = 0) > 0,(1.2)

because if IP(X = 0) would be zero, then by (1.1) we would have Xn ≥ 1
a.s. for all n, and hence X ≥ n a.s. for all n. On the other hand, if X is
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infinitely divisible and n ∈N, then IP(X = 0) =
{
IP(Xn = 0)

}n and hence
for x > 0

IP(X = x) ≥ n IP(Xn = x)
{
IP(Xn = 0)

}n−1 ≥

≥ n IP(Xn = x) IP(X = 0),
(1.3)

so in the presence of (1.2) any possible value of Xn, i.e., a value taken
with positive probability, is also a possible value of X, so necessarily Xn

is Z+-valued. We conclude that a Z+-valued infinitely divisible random

variable X is discrete infinitely divisible iff it satisfies (1.2). Since shifting
a random variable to zero does not affect its possible infinite divisibility,
it follows that without essential loss of generality we can restrict attention
to discrete infinite divisibility. We therefore agree that throughout this
chapter for Z+-valued random variables X:

infinite divisibility means discrete infinite divisibility,
i.e., infinite divisibility of X implies IP(X = 0) > 0.

(1.4)

Moreover, mostly we tacitly exclude the trivial case where X is degenerate
at zero, so we then assume that IP(X = 0) < 1.

Recall from Section I.2 that the distribution and transform of an infin-
itely divisible random variable will be called infinitely divisible as well.
From convention (1.4) it follows that a distribution (pk)k∈Z+ on Z+ is infin-
itely divisible iff for every n ∈N there is a distribution (p(n)

k )k∈Z+ on Z+,
the n-th order factor of (pk), such that (pk) is the n-fold convolution of
(p(n)
k ) with itself:

(pk) = (p(n)
k )∗n [n ∈N ].(1.5)

Similarly, a probability generating function (pgf, for short) P is infinitely
divisible iff for every n ∈N there is a pgf Pn, the n-th order factor of P ,
such that

P (z) =
{
Pn(z)

}n [n ∈N ].(1.6)

Note that from (1.4), or directly from (1.6), it follows that an infinitely
divisible pgf P necessarily satisfies P (0) > 0. For conventions and notations
concerning distributions on Z+ and generating functions (gf’s) we refer to
Section A.4.
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In Section 2 we give elementary properties and treat two much-used
special cases, the Poisson distribution and the negative-binomial (includ-
ing the geometric) distribution. Section 3, on compound distributions, is
basic, since on Z+ the infinitely divisible distributions coincide with the
compound-Poisson distributions. Here also the compound-geometric or,
equivalently, the compound-exponential distributions are introduced. A
slight rewriting of the compound-Poisson pgf yields, in Section 4, a canon-
ical representation which, in turn, leads to an explicit criterion for infinite
divisibility in terms of very useful recurrence relations for the probabilities
themselves; here the use of absolutely monotone functions is prominent.
These tools are shown to have analogues for the compound-exponential
distributions (Section 5), and are used to easily prove closure properties in
Section 6. Relations between moments of an infinitely divisible distribution
and those of the corresponding canonical sequence are given in Section 7.
The structure of the support of infinitely divisible distributions is deter-
mined in Section 8, and their tail behaviour is considered in Section 9; here
the role of Poisson distributions is very manifest. In Section 10 log-convex
distributions, all of which are infinitely divisible, and infinitely divisible
log-concave distributions are considered together with their canonical se-
quences. An interesting special case of log-convexity is complete monot-
onicity, related to mixtures of geometric distributions. Section 11 contains
examples and counter-examples, and in Section 12 bibliographical and other
supplementary remarks are made.

Finally, we note that this chapter only treats the basic properties of
infinitely divisible distributions on Z+. Results for self-decomposable and
stable distributions on Z+ can be found in Sections V.4, V.5 and V.8, for
mixtures of Poisson distributions and of negative-binomial distributions
in Sections VI.6 and VI.7, and for generalized negative-binomial convo-
lutions in Section VI.8. Also, the chapter on stochastic processes contains
some information on infinitely divisible distributions on Z+, especially Sec-
tion VII.5.

2. Elementary properties

We start with giving a few simple properties that will be used frequently.
Those in the first proposition follow directly from (1.1) or (1.6).
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Proposition 2.1.

(i) If X is an infinitely divisible Z+-valued random variable, then so is

aX for every a ∈Z+. Equivalently, if P is an infinitely divisible pgf,

then so is Pa with Pa(z) := P (za) for every a ∈Z+.

(ii) If X and Y are independent infinitely divisible Z+-valued random

variables, thenX+Y is an infinitely divisible random variable. Equiv-

alently, if P and Q are infinitely divisible pgf’s, then their pointwise

product PQ is an infinitely divisible pgf.

In Section 6 we will prove a variant of part (i): If X is an infinitely divisible
Z+-valued random variable, then so is α � X for every α ∈ (0, 1); here �
is the ‘discrete multiplication’ as defined in Section A.4. Part (ii) states
that infinite divisibility of distributions is preserved under convolutions.
We now show that it is also preserved under weak convergence.

Proposition 2.2. If a sequence (X(m)) of infinitely divisible Z+-valued

random variables converges in distribution to X, then X is infinitely divis-

ible. Equivalently, if a sequence (P (m)) of infinitely divisible pgf’s converges

(pointwise) to a pgf P , then P is infinitely divisible.

Proof. Since by (1.6) for every m ∈N there exists a sequence (P (m)
n )n∈N

of pgf’s such that P (m) = {P (m)
n }n, the limit P = limm→∞ P (m) can be

written as

P (z) = lim
m→∞

{
P (m)
n (z)

}n =
{

lim
m→∞

P (m)
n (z)

}n =
{
Pn(z)

}n
,

where Pn := limm→∞ P
(m)
n is a pgf for every n ∈N by the continuity theo-

rem; see Theorem A.4.1. Hence P is infinitely divisible. 22

Since a pgf P is nonnegative on [ 0, 1 ], for z in this interval relation (1.6)
can be rewritten as{

P (z)
}1/n = Pn(z) [n ∈N ].(2.1)

As a pgf is determined by its values on [ 0, 1 ], it follows that the factors Pn of
an infinitely divisible pgf P , and hence the corresponding distributions, are
uniquely determined by P . Mostly we shall consider pgf’s only for values
of the argument in [ 0, 1 ]. We shall return to the possibility of zeroes for
complex arguments later in this section. For any pgf P with P (0) > 0 and
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for any t > 0 the function P t = exp [ t logP ] is well defined on [ 0, 1 ]. We
now come to a first criterion for infinite divisibility on Z+. Note that the
set of pgf’s equals the set of absolutely monotone functions P on [ 0, 1) with
P (1−) = 1; see Theorem A.4.3.

Proposition 2.3. A pgf P with P (0) > 0 is infinitely divisible iff P t is a

pgf for all t ∈T , where T = (0,∞), T = {1/n : n ∈N} or T = {a−k : k ∈N}
for any fixed integer a ≥ 2. Equivalently, P is infinitely divisible iff P t is

absolutely monotone for all t ∈T with T as above.

Proof. Let P be infinitely divisible. Then by (2.1) P 1/n is a pgf for all
n ∈N, and hence Pm/n is a pgf for all m,n ∈N. It follows that P t is a pgf
for all positive t ∈Q, and hence, by the continuity theorem, for all t > 0.
Conversely, from (2.1) we know that P is infinitely divisible if P 1/n is a
pgf for every n ∈N. We can even be more restrictive because, for a given
integer a ≥ 2, any t ∈ (0, 1) can be represented as t =

∑∞
k=1 tka

−k with
tk ∈ {0, . . . , a− 1} for all k, and hence for these t{

P (z)
}t = lim

m→∞

m∏
k=1

({
P (z)

}1/ak)tk
.

By the continuity theorem it now follows that if P t is a pgf for all t of the
form a−k with k ∈N, then so is P t for all t ∈ (0, 1). 22

Corollary 2.4. If P is an infinitely divisible pgf, then so is P t for all t > 0.

In particular, the factors Xn of an infinitely divisible Z+-valued random

variable X are infinitely divisible.

The continuous multiplicative semigroup (P t)t≥0 of pgf’s generated
by an infinitely divisible pgf P corresponds to the set of one-dimensional
marginal distributions of a Z+-valued sii-process, i.e., a process X(·) with
stationary independent increments, started at zero and continuous in prob-
ability; see Section I.3. If X(1), with pgf P , has distribution (pk)k∈Z+ , then
for t > 0 the distribution of X(t), with pgf P t, will be denoted by (p∗tk )k∈Z+ ,
so:

p∗tk = IP
(
X(t) = k

)
,

∞∑
k=0

p∗tk z
k =

{
P (z)

}t
.(2.2)

Note that from (1.3) it follows that the n-th order factor (p∗(1/n)
k ) of (pk)

satisfies

p
∗(1/n)
0 = p

1/n
0 , p

∗(1/n)
k ≤ pk

/
(np0) for k ∈N.(2.3)
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We give two examples that will turn out to be important building blocks
for the construction of more general infinitely divisible distributions.

Example 2.5. For λ > 0, let X have the Poisson (λ) distribution, so its
distribution (pk)k∈Z+ and pgf P are given by

pk =
λk

k!
e−λ, P (z) = exp

[
−λ (1− z)

]
.

Then for t > 0 the t-th power P t of P is recognized as the pgf of the
Poisson (λt) distribution. Hence by Proposition 2.3 the Poisson (λ) distrib-
ution is infinitely divisible. The corresponding sii-process is the Poisson
process with intensity λ. 22

Example 2.6. For r > 0 and p ∈ (0, 1), let X be negative-binomial (r, p),
so its distribution (pk)k∈Z+ and pgf P are given by

pk =
(
r + k −1

k

)
pk (1−p)r, P (z) =

( 1−p
1− p z

)r
.

Then for t > 0 P t is recognized as the pgf of the negative-binomial (rt, p)
distribution. We conclude that the negative-binomial (r, p) distribution is
infinitely divisible. The corresponding sii-process is a negative-binomial
process. Taking r = 1 one sees that the geometric (p) distribution is infin-
itely divisible. 22

For a pgf P the condition P (0) > 0 makes it possible to define logP (z)
and P t(z) also for complex values of z with |z| sufficiently small. If one
wants to define these quantities for larger values of z, it is important to
know about the zeroes of P . Knowledge about zeroes is, however, also
of interest because it leads to necessary conditions for infinite divisibility.
The property that infinitely divisible characteristic functions have no real
zeroes (cf. Proposition I.2.8), implies that infinitely divisible pgf’s have no
zeroes on the unit circle. It turns out that such pgf’s have no zeroes inside
this circle either. We shall prove a somewhat stronger result.

Proposition 2.7. If P is an infinitely divisible pgf with p0 := P (0), then∣∣P (z)
∣∣ ≥ p2

0 [ z ∈C with |z| ≤ 1 ].(2.4)
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Proof. If Q is the pgf of a distribution (qk) on Z+ with q0 >
1
2 , then for

z ∈C with |z| ≤ 1 we can write∣∣Q(z)
∣∣ =

∣∣∣q0 +
∞∑
k=1

qkz
k
∣∣∣ ≥ q0 −

∞∑
k=1

qk|z|k ≥ 2q0 − 1.

Using the resulting inequality for the n-th order factor Pn of an infinitely
divisible pgf P , we see that

∣∣P (z)
∣∣ with |z| ≤ 1 can be estimated as follows:∣∣P (z)

∣∣ =
∣∣Pn(z)∣∣n ≥ (

2p1/n
0 − 1

)n
,

for all n sufficiently large. Now one easily verifies that for every α > 0
one has the equality limn→∞

(
2α1/n− 1

)n = α2; taking α = p0 finishes the
proof. 22

This result can be extended as follows. Let P be an infinitely divisible
pgf having radius of convergence ρ > 1, and take α ∈ (1, ρ), so P (α) <∞.
Note that because of (2.3) the n-th order factor P 1/n of P has radius of
convergence ρn ≥ ρ. Therefore, Proposition 2.3 can be used to show that
the pgf Pα with Pα(z) := P (αz)

/
P (α) is infinitely divisible. Now, apply

Proposition 2.7 to Pα; then one sees that∣∣P (z)
∣∣ ≥ p2

0

/
P (α) [ z ∈C with |z| ≤ α ].(2.5)

The inequalities obtained above immediately yield the following useful re-
sult.

Theorem 2.8. Let P be an infinitely divisible pgf. Then:

(i) P has no zeroes in the closed disk |z| ≤ 1.

(ii) If P has radius of convergence ρ > 1, then P has no zeroes in the

open disk |z| < ρ.

(iii) If P is an entire function, i.e., if ρ = ∞, then P has no zeroes in C.

Inequality (2.4) is sharp; the Poisson pgf P with P (z) = exp
[
−λ (1− z)

]
satisfies P (−1) = p2

0; cf. Example 2.5. The same example, with λ suffi-
ciently large, shows that an infinitely divisible pgf, though non-zero, may be
positive as well as negative inside the unit disk. It also illustrates part (iii)
of Theorem 2.8. This theorem may be used to show that a given pgf is not
infinitely divisible; examples are given in Section 11. Finally, it follows that
if P is an infinitely divisible pgf, then logP (z) can be defined on |z| ≤ 1 as
a continuous function with logP (1) = 0; see also Section A.4.
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3. Compound distributions

In Section I.3 we showed how composition of discrete- or continuous-
time sii-processes leads to compound distributions. We recall some facts
specializing them to the present Z+-case, and first use discrete-time pro-
cesses. Let (Sn)n∈Z+ be an sii-process generated by a Z+-valued random
variable Y (so Sn = Y1 + · · ·+ Yn for all n with Y1, Y2, . . . independent and
distributed as Y ), let N be Z+-valued and independent of (Sn), and con-
sider X such that

X
d= SN (so X

d= Y1 + · · ·+ YN ).(3.1)

Then X is said to have a compound-N distribution, and from (I.3.10) one
sees that its pgf can be expressed in the pgf’s of Y and N by

PX(z) = PN
(
PY (z)

)
.(3.2)

In particular, it follows that the composition of two pgf’s is again a pgf.
Hence, taking t-th powers in (3.2) with t > 0 and using Proposition 2.3, we
are led to the following simple, but useful result.

Proposition 3.1. A Z+-valued random variable X that has a compound-

N distribution with N Z+-valued and infinitely divisible, is infinitely divis-

ible. Equivalently, the composition P ◦ Q of an infinitely divisible pgf P

with an arbitrary pgf Q is an infinitely divisible pgf.

The case where N has a Poisson distribution, is especially important to
us; we will then speak of a compound-Poisson distribution. Its pgf has the
form

P (z) = exp
[
−λ

{
1−Q(z)

}]
,(3.3)

where λ > 0 and Q is a pgf. Here the pair (λ,Q) is not uniquely determined
by P , but it is, if we choose Q such that Q(0) = 0, which can always be
done. From Proposition 3.1 and Example 2.5, or directly from (3.3), it is
clear that compound-Poisson distributions are infinitely divisible. In fact,
on Z+, the set of compound-Poisson distributions coincides with the set of
infinitely divisible distributions. This important result is the content of the
following theorem.

Theorem 3.2. A pgf P is infinitely divisible iff it is compound-Poisson,

i.e., iff it has the form (3.3) with λ > 0 and Q a pgf with Q(0) = 0.
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Proof. There is only one implication left to prove; let P be an infinitely
divisible pgf. Then, for n ∈N, Pn := P 1/n is a pgf, and hence so is the
function Qn defined by

Qn(z) :=
Pn(z)− Pn(0)

1− Pn(0)
= 1− 1− P (z)1/n

1− P (0)1/n
.

Now, let n → ∞ and use the fact that limn→∞ n
(
1 − α1/n

)
= − logα for

α > 0; then from the continuity theorem we conclude that the function Q

defined by

Q(z) := 1− 1
λ

{
− logP (z)

}
with λ := − logP (0),(3.4)

is a pgf with Q(0) = 0. It follows that P can be written as in (3.3). 22

As we shall see, the basic role played by the compound-Poisson distributions
is not limited to the infinitely divisible distributions on Z+. Many proper-
ties of infinitely divisible distributions on R are, in fact, directly inherited
from the Poisson distribution itself. Further, note that from Theorem 3.2 it
follows that the semigroups (P t)t≥0 with P an infinitely divisible pgf consist
of the compound-Poisson semigroups, generated by the compound-Poisson
processes.

Example 3.3. Let X have a geometric (p) distribution. As shown in Ex-
ample 2.6, X is infinitely divisible and hence it should be possible to rewrite
its pgf in the form (3.3). Indeed, since solving (3.3) for (λ,Q) with Q(0) = 0
yields (3.4), we find

λ = − log (1−p), Q(z) = − 1
λ

log (1− pz),

where Q is recognized as the pgf of the logarithmic-series (p) distribution
shifted to N; cf. Section B.4. 22

The compound-N distributions with N geometrically distributed will
be called compound-geometric. Their pgf’s have the form

P (z) =
1− p

1− pQ(z)
,(3.5)

where p ∈ (0, 1) and Q is a pgf. The pair (p,Q) is uniquely determined by P
if we choose Q such that Q(0) = 0, which can always be done. Since the
geometric distribution is infinitely divisible (cf. Examples 2.6 or 3.3), the
following theorem is an immediate consequence of Proposition 3.1.
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Theorem 3.4. The compound-geometric distributions on Z+, with pgf’s

given by (3.5), are infinitely divisible (and hence compound-Poisson).

The class of compound-geometric distributions is a proper subclass of the
class of compound-Poisson distributions. In fact, as in Example 3.3 one
shows that a pgf is compound-geometric iff it is of the compound-Poisson
form (3.3) with Q compound-N where N has a logarithmic-series distrib-
ution on N. Though one class contains the other, there are several analogies
between them; this will be apparent from the results in Sections 4 and 5. We
now show that the compound-geometric distributions can also be obtained
by using a different type of compounding.

To this end we again recall some facts from Section I.3, specialized to
our Z+-case. Let S(·) be a continuous-time sii-process generated by a Z+-
valued random variable Y

(
so S(1) d= Y and Y is infinitely divisible

)
, let T

be R+-valued and independent of S(·), and consider X such that

X
d= S(T ).(3.6)

Then X is said to have a compound-T distribution, and from (I.3.8) one
sees that its pgf can be expressed in the pgf of Y and the pLSt of T by

PX(z) = πT
(
− logPY (z)

)
.(3.7)

Now, apply Proposition 2.3 and its counterpart for R+, to be given in
Proposition III.2.3, or just use (I.2.3) adapted for pgf’s and pLSt’s; then
one immediately obtains the following analogue of Proposition 3.1.

Proposition 3.5. A Z+-valued random variable X that has a compound-

T distribution with T R+-valued and infinitely divisible, is infinitely divis-

ible. Equivalently, the composition π ◦ (− logP0) where π is an infinitely

divisible pLSt and P0 is an infinitely divisible pgf, is an infinitely divisible

pgf.

The compound-T distributions with T degenerate at one constitute
precisely the set of all infinitely divisible, and hence compound-Poisson,
distributions. It is more interesting to take T standard exponentially dis-
tributed. Since then πT (s) = 1

/
(1+s), the resulting compound-exponential

distributions have pgf’s of the form

P (z) =
1

1− logP0(z)
,(3.8)
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where P0 is an infinitely divisible pgf. This pgf, which is sometimes called
the underlying (infinitely divisible) pgf of P , is uniquely determined by P
because

P0(z) = exp
[
1− 1/P (z)

]
.(3.9)

Note that taking T exponential (λ) with λ 6= 1 leads to the same class of
distributions; just use Corollary 2.4. Since the exponential distribution is
infinitely divisible (see Example I.2.7), Proposition 3.5 guarantees that the
compound-exponential distributions are infinitely divisible as well; we can
say somewhat more.

Theorem 3.6. The compound-exponential distributions on Z+, with pgf’s

given by (3.8), coincide with the compound-geometric distributions on Z+,

and hence are infinitely divisible.

Proof. First, let P be a compound-exponential pgf, so it has the form
(3.8). Then using Theorem 3.2 for P0 shows that P can be rewritten as

P (z) =
1

1 + λ
{
1−Q(z)

} =
1− λ

/
(1 + λ)

1−
{
λ
/
(1 + λ)

}
Q(z)

,

which is of the compound-geometric form (3.5). The converse statement is
proved similarly: If P has the form (3.5), then computing the right-hand
side of (3.9) shows that P can be written as in (3.8) with P0 of the form
(3.3); take λ = p

/
(1− p). 22

Finally we return to Theorem 3.2, and use it to give a representation (in
distribution) of an infinitely divisible random variable X as an infinite sum
of independent random variables having Poisson distributions on different
lattices. Let X be infinitely divisible. Then the pgf PX of X has the
compound-Poisson form (3.3) with λ > 0 and Q the pgf of a distribution
(qj)j∈N on N. Putting λj := λqj for j ∈N, we can rewrite PX as follows:

PX(z) = exp
[
−

∞∑
j=1

λj(1− zj)
]

= lim
n→∞

PV1+2V2+···+nVn
(z),(3.10)

where V1, V2, . . . are independent and Vj has a Poisson (λj) distribution
with Vj = 0 a.s. if λj = 0. By the continuity theorem it follows that∑n
j=1 jVj

d−→ X as n→∞. Hence
∑∞
j=1 jVj < ∞ a.s., and we can rep-

resent X as in (3.11) below; the converse is proved similarly, or by use of
Proposition 2.2. Also, note that IP(

∑∞
j=1 jVj = 0) = exp [−

∑∞
j=1 IEVj ].
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Theorem 3.7. A Z+-valued random variable X is infinitely divisible iff a

sequence (Vj)j∈N of independent Poisson variables (possibly degenerate at

zero) exists such that

X
d=

∞∑
j=1

jVj ,(3.11)

in which case necessarily
∑∞
j=1 IEVj <∞.

This theorem is of importance in Sections 8 and 9 where we study the sup-
port and tail behaviour of an infinitely divisible distribution. The represen-
tation for PX in (3.10) is closely related to the canonical representation in
the next section.

4. Canonical representation

According to Theorem 3.2 an infinitely divisible pgf P is characterized
by a pair (λ,Q), where λ is a positive number and Q is the pgf of a prob-
ability distribution (qj)j∈N on N:

P (z) = exp
[
−λ

{
1−Q(z)

}]
.(4.1)

As we saw at the end of the previous section, the pair
(
λ, (qj)

)
can be

replaced by just one sequence of nonnegative numbers: (λj) = (λqj). We
now make a somewhat different choice for this sequence, which turns out
to be more convenient:

rk := λ (k + 1) qk+1 [ k ∈Z+ ].(4.2)

Using these rk shows that P in (4.1) can be rewritten as in (4.3) below.
Since the converse is proved similarly, we are led to the following represen-
tation result, which will be considered as a canonical representation. Here
the sequence (rk)k∈Z+ , which is unique because (λ,Q) is such, is called
the canonical sequence of the pgf P , and of the corresponding distribution
(pk)k∈Z+ and of a corresponding random variable X.

Theorem 4.1 (Canonical representation). A function P on [ 0, 1 ] with

P (0) > 0 is the pgf of an infinitely divisible distribution on Z+ iff P has

the form

P (z) = exp
[
−

∞∑
k=0

rk
k + 1

(1− zk+1)
]

[ 0 ≤ z ≤ 1 ],(4.3)
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where the quantities rk with k ∈Z+ are all nonnegative. Here the canonical

sequence (rk)k∈Z+ is unique, and necessarily

∞∑
k=0

rk
k + 1

= − logP (0), and hence
∞∑
k=0

rk
k + 1

<∞.(4.4)

One easily shows that if rk ≥ 0 for all k, then the infinite sum in the
exponent of P in (4.3) can be rewritten as

∫ 1

z
R(x) dx, where R is the

gf of the sequence (rk) and hence is absolutely monotone. Now, in view
of Theorem A.4.3 we can reverse matters and thus obtain the following
reformulation of Theorem 4.1.

Theorem 4.2. A function P on [ 0, 1) with P (0) > 0 is the pgf of an infin-

itely divisible distribution on Z+ iff P has the form

P (z) = exp
[
−

∫ 1

z

R(x)dx
]

[ 0 ≤ z < 1 ](4.5)

with R an absolutely monotone function on [ 0, 1). Here R is unique; it is

the gf of the canonical sequence of P .

This theorem leads to a useful criterion for infinite divisibility, as follows.
Solving equation (4.5) for R we find

R(z) =
d
dz

logP (z) =
P ′(z)
P (z)

[ 0 ≤ z < 1 ].(4.6)

For lack of a better name we shall call this function the R-function of P ,
also for functions P that are not yet known to be pgf’s

(
but are such

that (4.6) makes sense
)
. Note that if P is an infinitely divisible pgf with

canonical sequence (rk), then

the gf of (rk) is the R-function of P .(4.7)

Theorem 4.2 now immediately yields the following characterization of infin-
itely divisible pgf’s; note that we need not start from a pgf.

Theorem 4.3. Let P be a positive, differentiable function on [ 0, 1) with

P (1−) = 1. Then P is an infinitely divisible pgf iff its R-function is absol-

utely monotone.
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In Proposition 2.3 we saw that a necessary and sufficient condition for infin-
ite divisibility of a pgf P with P (0) > 0 is that P t is absolutely monotone
for all t > 0. Theorem 4.3 states that this condition is equivalent to the
absolute monotonicity of only the R-function of P . We note that this
equivalence can be proved directly; we will proceed in this way in the R+-
case in Chapter III, and obtain there the canonical representation as a
consequence.

The criterion for infinite divisibility in Theorem 4.3 turns out to be very
useful indeed; this will be clear from Example 4.8, from proofs in Section 6
and from examples in Section 11. The following consequence is even more
useful, because it gives a characterization of infinite divisibility on Z+ by
means of recurrence relations for the probability distribution itself.

Theorem 4.4. A distribution (pk)k∈Z+ on Z+ with p0 > 0 is infinitely

divisible iff the quantities rk with k ∈Z+ determined by

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ],(4.8)

are nonnegative. In this case (rk)k∈Z+ is the canonical sequence of (pk).

Proof. Let (pk) have pgf P , and apply Theorem 4.3; note that P (0) > 0.
First suppose that (pk) is infinitely divisible. Then the R-function R of P is
absolutely monotone; by (4.7) it is the gf of the canonical sequence (rk)k∈Z+

of (pk). Now observe that

P ′(z) = P (z)R(z) [ 0 ≤ z < 1 ];(4.9)

equating the coefficients in the power series expansions of both members
of this identity, we see that the recurrence relations in (4.8) hold.
Conversely, let (pk) satisfy these relations with rk ≥ 0 for all k. Then
taking gf’s shows that (4.9) holds with R(z) :=

∑∞
k=0 rkz

k. It follows that
the R-function of P is given by R, which is absolutely monotone. Hence P
is infinitely divisible. 22

Theorem 4.4 is especially useful for the construction of examples and coun-
ter-examples. By Theorem 4.1, any sequence (rk)k∈Z+ of nonnegative
numbers satisfying

∑
k rk

/
(k + 1) <∞ determines an infinitely divisible

distribution (pk) via (4.8). It is usually not convenient to use (4.8) for

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



calculating rk explicitly from the pk for large values of k. Nevertheless,
some useful necessary conditions can be obtained, as follows. Consider the
first n equations in (4.8):

p0r0 = p1

p1r0 + p0r1 = 2p2

p2r0 + p1r1 + p0r2 = 3p3

...
...

pn−1r0 + pn−2r1 + · · ·+ p0rn−1 = npn.

Solving these by Cramer’s rule (see Section A.5), one gets rn−1 = Dn/p
n
0 ,

where Dn is the determinant defined in (4.10) below. Since r0 = p1/p0 is
always nonnegative, Theorem 4.4 yields the following explicit criterion for
infinite divisibility.

Corollary 4.5. A distribution (pk)k∈Z+ on Z+ with p0 > 0 is infinitely

divisible iff for every n ≥ 2

Dn :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p0 0 0 · · 0 p1

p1 p0 0 · · 0 2p2

p2 p1 p0 · · 0 3p3

· · · · · ·
· · · · · ·
· · · p0 ·

pn−1 pn−2 pn−3 · · p1 npn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≥ 0.(4.10)

Taking n = 2 in (4.10) we get the following necessary condition for a dis-
tribution (pk) to be infinitely divisible:

2p0p2 ≥ p2
1.(4.11)

This implies for instance that no distribution (pk) with p0 > 0, p1 > 0 and
p2 = 0 can be infinitely divisible. We shall return to this in Section 8, when
discussing the support of (pk).

The canonical sequence (rk)k∈Z+ of an infinitely divisible distribution
is most easily determined by first computing the R-function R = P ′/P of
its pgf P and then expanding R as a power series; cf. (4.7). We show this
for the two examples from Section 2, and add a third basic example, which
emerges from considerations in Chapter V in a natural way.
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Example 4.6. The Poisson (λ) distribution of Example 2.5 with pgf P
given by

P (z) = exp
[
−λ (1− z)

]
,

has R-function R(z) = λ; hence its canonical sequence (rk) is given by

rk =

{
λ , if k = 0,
0 , if k ≥ 1,

so Dn = 0 for n ≥ 2. Thus, within the class of infinitely divisible distrib-
utions, the Poisson distribution can be viewed as a borderline case. 22

Example 4.7. The negative-binomial (r, p) distribution of Example 2.6
with pgf P given by

P (z) =
( 1−p

1− p z

)r
,

has R-function R(z) = rp
/
(1−pz), so for its canonical sequence (rk) we get

22rk = r pk+1 [ k ∈Z+ ].

Example 4.8. For λ > 0, γ > 0, let P be the function on [ 0, 1) given by

P (z) = exp
[
−λ (1− z)γ

]
[ 0 ≤ z < 1 ].

For γ = 1 we get Example 4.6. When γ 6= 1 we compute the R-function
of P and find R(z) = λγ (1 − z)γ−1 for z ∈ [ 0, 1). It follows that in case
γ > 1 the function P is not a pgf; if it were, then limz↑1R(z) = 0 would
equal the first moment of P . When γ < 1, however, the function R is ab-
solutely monotone, so from Theorem 4.3 we conclude that P is an infinitely
divisible pgf with canonical sequence (rk) given by

rk = λγ (−1)k
(
γ − 1
k

)
= λγ

(
k − γ

k

)
[ k ∈Z+ ].

Note that (rk) is completely monotone: rk = λγ IEZk for all k, where Z
has a beta (1−γ, γ) distribution; cf. Section B.3. For λ > 0 and γ ≤ 1
the pgf P , and the corresponding distribution, will be called stable (λ) with
exponent γ ; this terminology is justified by the results in Section V.5 where
the stable distributions on Z+ are studied separately. 22
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For further examples we refer to Section 11. New examples can be
constructed from old ones by using the closure properties to be given in
Section 6. But first, in the next section, we briefly consider the subclass of
compound-geometric or, equivalently, compound-exponential distributions
(cf. Theorem 3.6), and show that analogues can be given of several results
from the present section.

5. Compound-exponential distributions

The compound-geometric distributions, introduced in Section 3, are par-
ticularly interesting. They occur quite frequently in practice, e.g., in queue-
ing situations (cf. Chapter VII), and they contain the completely monotone
and log-convex distributions, the infinite divisibility of which will be proved
in Section 10. In the present section we focus on another interesting as-
pect; the class of compound-geometric distributions turns out to have many
properties very similar to the class of all infinitely divisible distributions.

To show this we recall the general form of the compound-geometric
pgf’s P :

P (z) =
1− p

1− pQ(z)
,(5.1)

where p ∈ (0, 1) andQ is the pgf of a distribution (qj)j∈N on N, and rewrite P
in terms of the gf S of the sequence (sk)k∈Z+ of nonnegative numbers where

sk := p qk+1 [ k ∈Z+ ].(5.2)

Then using Theorem A.4.3 and Proposition A.4.4 (vi) we arrive at the fol-
lowing analogue to Theorem 4.2; note that P in (4.5) can be rewritten as

P (z) = P (0) exp
[∫ z

0

R(x) dx
]

[ 0 ≤ z < 1 ].(5.3)

Theorem 5.1. A positive function P on [ 0, 1) with P (1−) = 1 is the pgf

of a compound-geometric distribution on Z+ iff P has the form

P (z) = P (0)
1

1− z S(z)
[ 0 ≤ z < 1 ](5.4)

with S an absolutely monotone function on [ 0, 1).
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Of course, the function S in this theorem is uniquely determined by P ;
solving equation (5.4) for S we find

S(z) =
1
z

{
1− P (0)

P (z)

}
[ 0 ≤ z < 1 ].(5.5)

This function will be called the S-function of P , also for (positive) func-
tions P that are not yet known to be pgf’s. Theorem 5.1 now immediately
yields the following characterization of compound-geometric pgf’s; cf. The-
orem 4.3.

Theorem 5.2. Let P be a positive function on [ 0, 1) satisfying P (1−) = 1.

Then P is a compound-geometric pgf iff its S-function is absolutely mono-

tone.

This criterion leads to a useful characterization result in terms of the
probability distribution itself; it is the analogue of Theorem 4.4 where
infinite divisibility of (pk) is characterized by the nonnegativity of the rk
satisfying

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ].(5.6)

Theorem 5.3. A distribution (pk)k∈Z+ on Z+ with p0 > 0 is compound-

geometric iff the quantities sk with k ∈Z+ determined by

pn+1 =
n∑
k=0

pk sn−k [n ∈Z+ ],(5.7)

are nonnegative. In this case the gf of (sk)k∈Z+ equals the S-function of

the pgf P of (pk), and necessarily

∞∑
k=0

sk = 1− p0, and hence
∞∑
k=0

sk < 1.(5.8)

Proof. Similar to the proof of Theorem 4.4; use Theorems 5.2 and A.4.3,
and observe that (5.5) can be rewritten as

P (z)− P (0)
z

= P (z)S(z) [ 0 ≤ z < 1 ],(5.9)

which clearly is equivalent to the recurrence relations (5.7) if S is the gf of
(sk)k∈Z+ . Condition (5.8) is obtained by letting z ↑ 1 in (5.9). 22
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By Theorem 5.1, any sequence (sk)k∈Z+ of nonnegative numbers satisfying∑
k sk < 1 determines a compound-geometric distribution (pk) via (5.7). A

useful inequality for compound-geometric distributions (pk) is the following:

p0 p2 ≥ p2
1;(5.10)

it is the condition E2 ≥ 0 in the following consequence (by Cramer’s rule)
of Theorem 5.3.

Corollary 5.4. A distribution (pk)k∈Z+ on Z+ with p0 > 0 is compound-

geometric iff for every n ≥ 2

En :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p0 0 0 · · 0 p1

p1 p0 0 · · 0 p2

p2 p1 p0 · · 0 p3

· · · · · ·
· · · · · ·
· · · p0 ·

pn−1 pn−2 pn−3 · · p1 pn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≥ 0.(5.11)

The Poisson distribution is not compound-geometric; it does not satisfy
inequality (5.10). Let us consider another basic example.

Example 5.5. The negative-binomial (r, p) distribution with pgf P given
by

P (z) =
( 1−p

1− p z

)r
,

is compound-geometric iff r ≤ 1. This follows from Theorem 5.2; the S-
function of P satisfies z S(z) = 1− (1− p z)r, so S is absolutely monotone
iff r ≤ 1. In this case the sequence (sk)k∈Z+ with gf S is given by

sk = (−1)k
(

r

k + 1

)
pk+1 [ k ∈Z+ ],

so in the geometric case where r = 1, we have s0 = p and sk = 0 for k ≥ 1;
within the class of compound-geometric distributions, the geometric dis-
tribution can be viewed as a borderline case. 22

By starting from the compound-exponential distributions, also intro-
duced in Section 3, and using Theorem 3.6 we can give alternatives for
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Theorems 5.2 and 5.3 that are sometimes more convenient. To show this
we recall that a compound-exponential pgf P is determined by (and deter-
mines) an infinitely divisible pgf P0, the underlying pgf of P , as follows:

P (z) =
1

1− log P0(z)
, so P0(z) = exp

[
1− 1

/
P (z)

]
.(5.12)

Now observe that the R-function of P0, i.e., the function R0 = (log P0)′,
can be expressed in terms of P as follows:

R0(z) = − d
dz

{
1
/
P (z)

}
=

P ′(z){
P (z)

}2 [ 0 ≤ z < 1 ].(5.13)

This function will be called the R0-function of P , also for functions P
that are not yet known to be pgf’s (but are such that (5.13) makes sense).
Now applying Theorem 4.3 to P0 in (5.12) immediately yields the following
counterpart to Theorem 5.2.

Theorem 5.6. Let P be a positive, differentiable function on [ 0, 1) with

P (1−) = 1. Then P is a compound-exponential pgf iff its R0-function is

absolutely monotone.

From (5.13) it is seen that the R- and R0-functions of a pgf P are related
by

R(z) = P (z)R0(z) [ 0 ≤ z < 1 ].(5.14)

Now suppose that P is compound-exponential (and hence infinitely divis-
ible). Then both R and R0 are absolutely monotone; by (4.7) R is the gf
of the canonical sequence (rk)k∈Z+ of P . Since by Proposition I.2.3 the
distribution (pk)k∈Z+ with pgf P has unbounded support, i.e., pk > 0 for
infinitely many k, from (5.14) it follows that the same holds for (rk). So
we have the following result.

Proposition 5.7. The canonical sequence (rk)k∈Z+ of a compound-expon-

ential distribution (pk)k∈Z+ on Z+ has unbounded support: rk > 0 for in-

finitely many k.

Finally, we make another use of (5.13); we rewrite it as

P ′(z) =
{
P (z)

}2
R0(z) [ 0 ≤ z < 1 ].(5.15)

Then, in a similar way as in the proofs of Theorems 4.4 and 5.3, we can
use Theorem 5.6 to obtain the following counterpart to Theorem 5.3; the
final statement follows from (4.4) applied to the underlying pgf P0.
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Theorem 5.8. A distribution (pk)k∈Z+ on Z+ with p0 > 0 is compound-

exponential iff the quantities r0,k with k ∈Z+ determined by

(n+ 1) pn+1 =
n∑
k=0

p∗2k r0,n−k [n ∈Z+ ],(5.16)

are nonnegative. In this case the gf of (r0,k)k∈Z+ equals the R0-function of

the pgf P of (pk), and necessarily
∞∑
k=0

r0,k
k + 1

=
1− p0

p0
, and hence

∞∑
k=0

r0,k
k + 1

<∞.(5.17)

The recurrence relations occurring in this theorem will be used and inter-
preted in Section VII.5 on renewal processes.

6. Closure properties

The criterion in Theorem 4.3 enables us to derive some more closure
properties. Propositions 2.1 (ii) and 2.2 state that the class of infinitely
divisible pgf’s is closed under pointwise products and limits, provided these
limits are pgf’s. In particular, if P is an infinitely divisible pgf, then so
is Pn for all n ∈N. Hence the additional value of the closure property of
Corollary 2.4 only concerns powers Pα with 0 < α < 1. In the following
proposition this property is restated together with similar properties related
to other operations which preserve infinite divisibility.

Proposition 6.1. Let P be an infinitely divisible pgf and let 0 < α < 1.

Then any of the following functions Pα is an infinitely divisible pgf:

(i) Pα(z) :=
{
P (z)

}α;

(ii) Pα(z) := P (1− α+ αz);

(iii) Pα(z) := P (αz)/P (α);

(iv) Pα(z) := P (α)P (z)/P (αz).

Proof. Apply Theorem 4.3 twice in each of the four cases; note that we
do not know in advance that the functions Pα in (i) and (iv) are pgf’s. The
R-function Rα of Pα can be expressed in that of P by

Rα(z) = αR(z), αR(1− α+ αz), αR(αz), R(z)− αR(αz),

respectively. Now, use some elementary properties of absolutely monotone
functions as listed in Proposition A.4.4. 22
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The pgf’s in (i), (ii) and (iii) can be interpreted in terms of random
variables. Let P be the (infinitely divisible) pgf of a random variable X.
Then Pα in (i) is the pgf of X(α), where X(·) is the continuous-time sii-
process generated by X. The pgf Pα in (ii) is recognized as the pgf of
the α-fraction α�X of X, as defined in Section A.4; hence we have, as a
variant of Proposition 2.1 (i):

X infinitely divisible =⇒ α�X infinitely divisible.(6.1)

Since Pα can be viewed as the composition of P and Qα with Qα(z) :=
1− α + αz, the infinite divisibility of Pα also immediately follows from
Proposition 3.1. Reversing the roles of P and Qα, one is led to considering
the pgf 1− α + αP . Such a pgf, however, can have ‘forbidden’ zeroes, in
which case it is not infinitely divisible by Theorem 2.8; let P correspond to
a Poisson distribution, for instance. Hence we have for α ∈ (0, 1):

P infinitely divisible =⇒/ 1− α+ αP infinitely divisible.(6.2)

In particular, it follows that the class of infinitely divisible distributions is
not closed under mixing; see, however, Proposition 10.6 and Chapter VI.
Turning to the pgf Pα in (iii), we take independent sequences (Xn)n∈N and
(Yn)n∈N of independent random variables such that Xn

d= X and Yn
d= Y

for all n, where Y has a geometric (α) distribution shifted to N, and define
N := inf {n ∈N : Xn < Yn}, which is finite a.s. Then, also letting X and Y
be independent, we have XN

d= (X |X < Y ), and because

IE zX1{X<Y } =
∞∑
k=0

zk IP(X = k) IP(Y > k) = P (αz),

and hence IP(X < Y ) = P (α), we see that XN has pgf Pα as given by (iii).
Note that in terms of distributions the closure property (iii) reads as follows:
If (pk)k∈Z+ is an infinitely divisible distribution on Z+, then so is (p(α)

k ) for
every α ∈ (0, 1), where

p
(α)
k =

1
P (α)

αk pk [ k ∈Z+ ].(6.3)

There does not seem to exist an obvious interpretation of the pgf Pα
in part (iv) of Proposition 6.1. We note that Pα is not necessarily a pgf
if P is not infinitely divisible. From the relation between the R-functions
of P and Pα, given in the proof of the proposition, it will be clear that the
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infinite divisibility of Pα is not only necessary for the infinite divisibility
of P but also sufficient. For ease of reference we state this result explicitly.

Proposition 6.2. Let P be a pgf, let 0 < α < 1, and define the func-

tion Pα by

Pα(z) =
P (α)P (z)
P (αz)

.

Then P is infinitely divisible iff Pα is an infinitely divisible pgf.

Here the condition that Pα is an infinitely divisible pgf for a fixed α ∈ (0, 1),
may be replaced by the condition that Pα is just a pgf for all α ∈ (0, 1)
or, also sufficient, for all α ∈ (1−ε, 1) for some ε > 0. We formulate this
result as a ‘self-decomposability’ characterization of infinite divisibility; cf.
Chapter V.

Theorem 6.3. A pgf P with P (0) > 0 is infinitely divisible iff for all

α ∈ (0, 1) there exists a pgf Pα such that

P (z) =
P (αz)
P (α)

Pα(z).(6.4)

Proof. Suppose that (6.4) holds for all α ∈ (0, 1) with Pα a pgf. Then
for all α ∈ (0, 1) the function z 7→ P (z)/P (αz) is absolutely monotone, and
hence so is Rα defined by

Rα(z) :=
1

1− α

1
z

{ P (z)
P (αz)

− 1
}
.

Now, let α ↑ 1; since then Rα(z) → P ′(z)
/
P (z), it follows that the R-

function of P is absolutely monotone. Hence P is infinitely divisible by
Theorem 4.3. The converse statement immediately follows from Proposi-
tion 6.1 (iv). 22

The result of Proposition 3.1 can also be viewed as a closure property:
If P is a pgf, then for any pgf Q

P infinitely divisible =⇒ P ◦Q infinitely divisible.(6.5)

The closure property of Proposition 6.1 (iii) holds for general α > 0 when
adapted as follows: If P is a pgf with P (α) <∞, then

P infinitely divisible =⇒ P (α ·)
/
P (α) infinitely divisible;(6.6)
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the same proof can be used, but one can also use Proposition 2.3, as was
done for deriving (2.5), or Theorem 3.2. Now, combining the closure prop-
erties (6.5) and (6.6) yields the following generalization.

Proposition 6.4. Let P be a pgf and let α > 0 be such that P (α) < ∞.

Then for any pgf Q the following implication holds:

P infinitely divisible =⇒ P ◦ (αQ)
/
P (α) infinitely divisible.(6.7)

The special case with α = e and Q(z) = ez−1 emerges in a natural way from
properties of moments given in the next section.

Finally we turn to the counterpart of (6.5) given by Proposition 3.5:
If π is an infinitely divisible pLSt, then for pgf’s P0 and P we have

P0 infinitely divisible =⇒ P := π ◦ (− logP0) infinitely divisible.(6.8)

For instance, taking here π exponential shows that if P0 is an infinitely
divisible pgf, then so is P with P (z) = 1

/(
1− log P0(z)

)
; P is compound-

exponential. On the other hand, taking for P0 a stable pgf as considered
in Example 4.8, we obtain the following useful special case.

Proposition 6.5. If π is an infinitely divisible pLSt, then z 7→ π
(
(1−z)γ

)
is an infinitely divisible pgf for every γ ∈ (0, 1 ].

7. Moments

Let X be an infinitely divisible Z+-valued random variable with distrib-
ution (pk)k∈Z+ . We are interested in the moments of X of any nonnegative
order; let µ0 := 1, and for r > 0 let

µr := IEXr =
∞∑
k=0

krpk =
∞∑
n=0

(n+ 1)r pn+1 [≤ ∞ ].

We will relate the µr to moments of the canonical sequence (rk)k∈Z+ of X.
To this end we use the recurrence relations of Theorem 4.4:

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ],(7.1)
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and recall that rk ≥ 0 for all k with
∑∞
k=0 rk

/
(k + 1) < ∞. A first result

is obtained by summing both members of (7.1) over n ∈Z+; then one sees
that the expectation of X itself is given by

IEX =
∞∑
k=0

rk.(7.2)

In a similar way one easily shows that for α > −1 the moment of order
r = α+ 1 can be obtained as

µα+1 =
∞∑
k=0

∞∑
`=1

(k + `)α pk r`,(7.3)

where (rk)k∈N is the shifted canonical sequence with rk := rk−1. Here, and
in Sections 8 and 9, it is convenient to consider (rk) rather than (rk). The
moment of (rk) of order α > −1 is denoted by να, so

να :=
∞∑
k=1

kα rk [≤ ∞ ].

We first take α = n ∈Z+ in (7.3). Then using the binomial formula for
(k + `)n one sees that the moment sequences (µn)n∈Z+ and (νn)n∈Z+ are
related by

µn+1 =
n∑
j=0

(
n

j

)
µj νn−j [n ∈Z+ ].(7.4)

Since these relations have exactly the same structure as those in (A.2.20)
for (µn)n∈Z+ and the sequence (κn)n∈N of cumulants of (pk), one is led to
the following result.

Theorem 7.1. Let (pk)k∈Z+ be an infinitely divisible distribution on Z+

with shifted canonical sequence (rk)k∈N as defined above, and let n ∈Z+.

Then the (n + 1)-st order moment µn+1 of (pk) is finite iff the n-th order

moment νn of (rk) is finite:

µn+1 <∞ ⇐⇒ νn <∞.(7.5)

In this case the (n+ 1)-st order cumulant κn+1 of (pk) equals νn:

κn+1 = νn.(7.6)

Corollary 7.2. The cumulants of an infinitely divisible distribution on Z+

(as far as they exist) are nonnegative.
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Relation (7.4) also yields a curious closure property in the following way.
Suppose that µk <∞ for all k ∈Z+. Then from (7.4) one easily verifies
that for every c > 0 the sequence (p̃k)k∈Z+ with p̃k := c µk/k! satisfies the
recurrence relations in (7.1) with rk replaced by νk/k! for k ∈Z+. Further
observe that

∞∑
k=0

µk
k!
zk =

∞∑
k=0

1
k!

IEXk zk = IE ezX [ z ≥ 0 ].(7.7)

Now applying Theorem 4.4 proves the following result.

Proposition 7.3. Let (pk)k∈Z+ be an infinitely divisible distribution on Z+

with pgf P such that P (e) <∞. Then (pk) has all its moments µk with

k ∈Z+ finite, and the sequence (p̃k)k∈Z+ with

p̃k :=
1

P (e)
µk
k!

[ k ∈Z+ ](7.8)

is an infinitely divisible probability distribution on Z+ with pgf P̃ given by

P̃ (z) = P (ez)
/
P (e).(7.9)

So, our considerations on moments lead to Proposition 6.4 for the special
case with Q(z) = ez−1. One may also start from an infinitely divisible R+-
valued random variable X with pLSt π such that π(−1) <∞. Then the
moments µk of X are all finite, and in Chapter III we will show that, as
in the Z+-case, the cumulants of X are all nonnegative. Since (7.7) still
holds, one is led to the special case a = 1 of the following result; it is easily
proved by using Proposition 2.3 and its counterpart for R+, to be given in
Proposition III.2.3, or by just using (I.2.3) adapted for pgf’s and pLSt’s.

Proposition 7.4. Let a > 0, and let π be an infinitely divisible pLSt such

that π(−a) <∞. Then the function Pa defined below is an infinitely divis-

ible pgf:

Pa(z) := π(−az)
/
π(−a).(7.10)

For instance, if π is the pLSt of the gamma (r, λ) distribution, then for Pa in
(7.10) we get the pgf of the negative-binomial (r, p) distribution if we choose
a = pλ, which can be done. In a similar way the degenerate distributions
on R+ yield the Poisson distributions.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Next we return to the basic formula (7.3) for general α > −1 and use
it to show that the equivalence in (7.5) can be generalized as follows; for a
generalization of (7.6) see Notes.

Theorem 7.5. Let (pk)k∈Z+ be an infinitely divisible distribution on Z+

with shifted canonical sequence (rk)k∈N as defined above, and let α > −1.

Then the (α + 1)-st order moment µα+1 of (pk) is finite iff the α-th order

moment να of (rk) is finite:

µα+1 <∞ ⇐⇒ να <∞.(7.11)

Proof. Apply (7.3). Then one readily sees that

µα+1 ≥ p0 να (and µα+1 ≥ να when α ≥ 0).(7.12)

Since p0 > 0, the implication to the right in (7.11) now immediately follows.
The converse is easily proved when α ≤ 0, since then (k+ `)α ≤ `α for all k
and `, and hence

µα+1 ≤ να [−1 < α ≤ 0 ].(7.13)

Note that µ1 = ν0. Finally we let α > 0. Then we have the elementary
inequality (k+ `)α ≤ 2α (kα+ `α) for all k and `, so from (7.3) we conclude
that

µα+1 ≤ 2α (µα ν0 + να) [α > 0 ].(7.14)

Now, suppose that να <∞, and let bαc = n ( ∈Z+). Then νn <∞ and
hence, because of (7.5), µn+1 <∞. But then we also have µα <∞, and so
by (7.14) µα+1 <∞. 22

As is well known, the (α+ 1)-st order moment µα+1 of a distribution
(pk)k∈Z+ on Z+ is finite iff the α-th order moment of (P k)k∈Z+ is finite,
where P k is the tail probability defined by P k :=

∑∞
j=k+1 pj . Hence for an

infinitely divisible (pk) Theorem 7.5 gives information on the asymptotic
behaviour of P k as k → ∞. In Section 9 we will return to this and give
more detailed results. There we also consider the asymptotic behaviour
of the probability pk itself as k → ∞; since pk can be zero, we first pay
attention to the support of (pk).
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8. Support

Let p =(pk)k∈Z+ be an infinitely divisible probability distribution on Z+.
The support S(p) of p, as defined in Section A.4, is given by

S(p) = {k ∈Z+ : pk > 0},

so S(p) and the set of zeroes of p are complementary sets (with respect
to Z+). We first derive some properties of S(p) starting from the definition
of infinite divisibility. A random variable X with distribution p can be
written as

X
d= Xn,1 + · · ·+Xn,n [n ∈N ],(8.1)

where Xn,1, . . . , Xn,n are independent with Xn,j
d= Xn, the n-th order fac-

tor of X. As usual we exclude the trivial case where X is degenerate at
zero. Then the factors Xn are non-degenerate at zero as well, and since by
convention (1.4) they are Z+-valued, there is a sequence (kn)n∈N in N such
that IP(Xn = kn) > 0 for all n. From (8.1) it follows that IP(X = nkn) > 0
for all n, so {nkn : n ∈N} ⊂ S(p). Thus we have given a simpler proof of
Proposition I.2.3 for distributions on Z+.

Proposition 8.1. The support of a non-degenerate infinitely divisible dis-

tribution on Z+ is unbounded.

Making better use of (8.1) we can say more. Suppose that pk > 0 and
p` > 0 for some k, ` ∈N, and apply the equality in (8.1) with n := k + `.
Since the value k for X is obtained by taking k or fewer of the Xn,j positive
and the value ` by taking ` or fewer of the remaining Xn,j positive, the
value k + ` for X can also be obtained with positive probability. More
precisely, since

pk ≤
(
n

k

)
IP(Xn,1+ · ·+Xn,k = k) IP(Xn,k+1 = · · = Xn,n = 0),

we have IP(Xn,1+ · ·+Xn,k = k) > 0; as IP(Xn,k+1+ · ·+Xn,n = `) > 0 is
proved similarly, it follows that

pk+` ≥ IP(Xn,1+ · ·+Xn,k = k) IP(Xn,k+1+ · ·+Xn,n = `) > 0.

Thus we have obtained the following result.
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Theorem 8.2. If (pk)k∈Z+ is an infinitely divisible distribution on Z+,

then

pk > 0, p` > 0 =⇒ pk+` > 0 [ k, ` ∈Z+ ],

i.e., the support of an infinitely divisible distribution on Z+ is closed under

addition.

Corollary 8.3. If (pk)k∈Z+ is an infinitely divisible distribution on Z+,

then

p1 > 0 =⇒ pk > 0 for all k ∈Z+.

Theorem 8.2 implies, for instance, that for any Z+-valued random vari-
able X and any n ∈N with n ≥ 2 the random variable Xn cannot be infin-
itely divisible; in fact, the set {kn : k ∈Z+} has no subset S with S 6= Ø
and 6= {0} that is closed under addition.

Theorem 8.2 and its corollary can also be obtained by using the recur-
rence relations of Section 4; according to Theorem 4.4 the infinite divis-
ibility of a distribution p = (pk)k∈Z+ with p0 > 0 is characterized by the
nonnegativity of the quantities rk determined by

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ].(8.2)

Since r0 = p1/p0, it follows that an infinitely divisible distribution p satis-
fies

(k + 1) pk+1 p0 ≥ pk p1 [ k ∈Z+ ],(8.3)

which for k = 1 reduces to the well-known inequality (4.11). Clearly, (8.3)
immediately yields the result of the corollary above. Now (8.3) can be
generalized such that also Theorem 8.2 is immediate.

Proposition 8.4. If (pk)k∈Z+ is an infinitely divisible distribution on Z+,

then (
k + `

`

)
pk+` p0 ≥ pk p` [ k, ` ∈Z+ ].(8.4)

Proof. We use induction with respect to k. The case k = 0 is trivial.
Suppose that for some n ∈Z+ the inequality in (8.4) holds for k = 0, . . . , n
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and ` ∈Z+. Then applying (8.2) twice, we can estimate as follows:(
n+ 1 + `

`

)
pn+1+` p0 =

=
1

n+ 1

(
n+ `

`

)
(n+ `+ 1) pn+`+1 p0 =

=
1

n+ 1

(
n+ `

`

) n+∑̀
k=0

pk rn+`−k p0 ≥

≥ 1
n+ 1

n∑
k=0

(
k + `

`

)
pk+` p0 rn−k ≥

≥ 1
n+ 1

n∑
k=0

pk p` rn−k = pn+1p`,

i.e., the inequality in (8.4) also holds for k = n+ 1 and ` ∈Z+. 22

Note that (8.4) is equivalent to saying that the sequence (ak)k∈Z+ with
ak := k! pk/p0 is super-multiplicative in the sense that ak+` ≥ ak a` for all k
and `. It follows that the Poisson (λ) distribution (pk) satisfies (8.4) with
equality: ak = λk for all k.

Let X be an infinitely divisible random variable with distribution p =
(pk)k∈Z+ . Then S(p)\{0} has a minimal element m, the smallest value in N
that X can take with positive probability. One might think that S(p) only
contains multiples of m, so by Theorem 8.2 that S(p) = mZ+, but this is
not so. In fact, if X is of the form

X
d= 2Y + 3Z,(8.5)

where Y and Z are independent, infinitely divisible random variables with
IP(Y = 1) > 0 and IP(Z = 1) > 0, then X is infinitely divisible with p1 = 0,
but pk > 0 for all k ≥ 2. Rather than the minimal element of S(p)\{0} one
should consider its greatest common divisor, which is called the period
d = d(p) of the sequence p :

d(p) := GCD
(
S(p)\{0}

)
= GCD

(
{k ∈N : pk > 0}

)
;

if d = 1, then p is said to be aperiodic. Of course, one has pk = 0 for k not
a multiple of d, so S(p) ⊂ dZ+; as the example in (8.5) shows, we need not
have equality here. Theorem 8.2 yields, however, the following result.
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Proposition 8.5. If (pk)k∈Z+ is an infinitely divisible distribution on Z+

with period d, then

∃n0 ∈N ∀n ≥ n0 : pnd > 0,

so the support of an infinitely divisible distribution on Z+ contains all

sufficiently large multiples of its period.

Proof. The support S(p) of p is closed under addition. Now apply the
following well-known result in number theory: A non-empty subset of N
that is closed under addition contains all sufficiently large multiples of its
GCD. 22

From this property it follows that an aperiodic infinitely divisible distrib-
ution has the nice property that its probabilities are eventually non-zero.
For many purposes we can confine ourselves to such distributions; if X is
an infinitely divisible random variable of period d ≥ 2, then the random
variable X/d is aperiodic and still infinitely divisible.

The support and period of an infinitely divisible distribution p can
be found from the canonical sequence (rk)k∈Z+ of p, or rather the shifted
version of it as used in the preceding section, i.e., r = (rk)k∈N with rk :=
rk−1. To show this it is most convenient to use Theorem 3.7: An infinitely
divisible Z+-valued random variable X can be represented as

X
d=

∞∑
j=1

jVj ,(8.6)

where V1, V2, . . . are independent Poisson variables, possibly degenerate at
zero, with parameters λ1, λ2, . . . for which by (4.2)

λj = rj/j ≥ 0 for j ∈N,
∞∑
j=1

λj <∞.(8.7)

Of course, the support S(p) of the distribution p of X strongly depends
on what terms in the right-hand side of (8.6) are non-zero, i.e., for what
j ∈N the parameter λj is positive. In view of (8.7) we therefore consider
the support S(r) of r:

S(r) = {k ∈N : rk > 0};

by sg
{
S(r)

}
we denote the additive semigroup generated by S(r).
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Theorem 8.6. Let p = (pk)k∈Z+ be an infinitely divisible distribution on

Z+ with shifted canonical sequence r = (rk)k∈N. Then:

(i) S(p) = {0} ∪ sg
{
S(r)

}
.

(ii) The period of p is given by GCD
(
S(r)

)
.

Proof. Part (ii) is an immediate consequence of part (i). To prove (i) we
use representation (8.6) for X with distribution p, and first take a non-zero
element k in S(p). Then pk > 0, where by (8.7)

pk = IP
( ∞∑
j=1

jVj = k
)

= IP
( ∑
j∈S(r)

jVj = k
)
.

Hence there exist nonnegative integers kj with j ∈S(r) such that k =∑
j∈S(r) jkj , so k ∈ sg

{
S(r)

}
. Thus we have proved S(p)\{0} ⊂ sg

{
S(r)

}
.

On the other hand, if k ∈S(r), then by (8.7) the random variable Vk in
(8.6) is non-degenerate Poisson, from which it follows that pk is positive:

pk = IP
( ∞∑
j=1

jVj = k
)
≥

≥ IP(Vk = 1) IP(Vj = 0 for j 6= k) ≥ IP(Vk = 1) p0.

Thus S(r) ⊂ S(p), and hence by Theorem 8.2 also sg
{
S(r)

}
⊂ S(p). 22

As noted in Section 4, any sequence (rk)k∈N satisfying (8.7) determines an
infinitely divisible distribution (pk) via the recurrence relations (8.2). From
Theorem 8.6 it follows that the possible supports of infinitely divisible dis-
tributions on Z+ are precisely the additive semigroups of positive integers
supplemented with 0.

9. Tail behaviour

The necessary conditions for infinite divisibility developed in this section
will provide simple tools for deciding that a given distribution on Z+ is not
infinitely divisible. Let p = (pk)k∈Z+ be an infinitely divisible distribution
on Z+. In Section 8 we essentially determined for what k ∈Z+ the prob-
ability pk is non-zero; we now want to decide how small such a pk can be
for large k. We do so in a rather crude way, and restrict ourselves to the
asymptotic behaviour of − log pk for k →∞; here (pk) is supposed to be
aperiodic so that the pk are eventually non-zero (see Proposition 8.5). Of
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course, we need no such assumption when considering − logP k for k →∞,
where P k is the (global) tail probability defined by P k :=

∑∞
j=k+1 pj for

k ∈Z+.

In Proposition 8.1 we saw that the support S(p) of an infinitely divisible
distribution p is unbounded; together with Proposition 2.2 this seems to
suggest that p cannot have an arbitrarily thin tail. Moreover, the remark
following Proposition 8.4 suggests that the boundary case is given by the
Poisson distribution. We therefore start with looking at this distribution.

Lemma 9.1. The Poisson distribution (pk) has the following properties:

(i) pk ≤ 1/e for all k ∈N (and all values of the parameter).

(ii) − log pk ∼ k log k as k →∞.

(iii) − logP k ∼ k log k as k →∞.

Proof. One easily verifies that for all values of the parameter λ:

pk ≤
kk

k!
e−k =: πk [ k ∈N ].

Since (1 + 1/k)k ↑ e as k → ∞, the sequence (πk)k∈N is nonincreasing. It
follows that pk ≤ π1 = 1/e for all k ∈N. The assertion in (ii) is immediately
obtained from the fact that by Stirling’s formula log k! ∼ k log k as k →∞.
Because of the inequalities

pk+1 ≤ P k ≤ eλ pk+1 [ k ∈Z+ ],

which are easily verified, part (iii) is a consequence of (ii). 22

The inequality in part (i) of the lemma turns out to hold for all infin-
itely divisible distributions (pk) on Z+. To see this we use Theorem 3.2; an
infinitely divisible random variable X is compound-Poisson, and can hence
be written as X d= SN , where (Sn)n∈Z+ is an sii-process generated by an

N-valued random variable Y , say (so S1
d= Y ), and N is Poisson distributed

and independent of (Sn). It follows that the distribution (pk) of X satisfies

p0 = IP(N = 0), pk =
k∑

n=1

IP(N = n) IP(Sn = k) for k ∈N,(9.1)

and hence by Lemma 9.1 (i) for k ∈N

pk ≤ (1/e)
k∑

n=1

IP(Sn = k) = (1/e) IP
( k⋃
n=1

{Sn = k}
)
≤ 1/e.
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Proposition 9.2. If (pk)k∈Z+ is an infinitely divisible distribution on Z+,

then pk ≤ 1/e for all k ∈N.

From (9.1) one can also get some information on the tails of an infinitely
divisible distribution (pk). On the one hand we have

pk ≥ IP(N = 1) IP(Y = k) [ k ∈N ],(9.2)

from which it follows that an infinitely divisible distribution can have an
arbitrarily thick tail. On the other hand one sees that

pk ≥ IP(N = k)
{
IP(Y = 1)

}k or pk ≥ p0
(p1/p0)k

k!
[ k ∈N ],(9.3)

which also follows by iterating the inequality of (8.3). We conclude that
the tails of an infinitely divisible distribution (pk) satisfying p1> 0 (and
hence pk > 0 for all k) cannot be thinner than Poissonian tails, and so by
Lemma 9.1 (ii)

lim sup
k→∞

− log pk
k log k

≤ 1.(9.4)

We can say more. To this end we again use the representation of an
infinitely divisible Z+-valued random variable X as given by Theorem 3.7
or by (8.6):

X
d=

∞∑
j=1

jVj ,(9.5)

where V1, V2, . . . are independent Poisson variables, possibly degenerate at
zero. As noted just after (8.7), the set of those j ∈N for which Vj is non-
degenerate, is equal to the support S(r) of the shifted canonical sequence
r = (rk)k∈N of X. First we observe that the distribution p = (pk) of X
satisfies

pk ≥ IP(V1 = k) IP(Vj = 0 for j ≥ 2) ≥ p0
rk1
k!

e−r1 [ k ∈N ],(9.6)

where we used (8.7). Since r1 = r0 = p1/p0, we have obtained an inequal-
ity that is slightly weaker than (9.3) but nevertheless yields (9.4) in case
1 ∈S(r). Now S(r) contains no elements but 1 iff X has a Poisson distrib-
ution, in which case (9.4) holds with equality and with ‘lim sup’ replaced by
‘lim’. For non-Poissonian distributions with p1 > 0 we have S(r) ⊃ {1,m}
for some m 6= 1, so V1 and Vm are non-degenerate. Of course, any k ∈N can
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be written as k = nkm+ `k with nk = bk/mc, the integer part of k/m, and
0 ≤ `k < m. Therefore, similarly to (9.6) pk can be estimated as follows:

pk ≥ p0 IP(V1 +mVm = k) ≥ p0 IP(V1 = `k) IP(Vm = nk).(9.7)

Since by Lemma 9.1 (ii) − log IP(Vm = nk) ∼ (k log k)/m and the numbers
IP(V1 = `k) are bounded away from zero, we conclude that any infinitely
divisible distribution p = (pk)k∈Z+ with p1 > 0 satisfies

lim sup
k→∞

− log pk
k log k

≤ 1
m

(9.8)

for all m ∈S(r), and hence for m = mr := supS(r). Here, of course, we
agree that 1/mr := 0 if mr = ∞. When mr is finite, pk can also be esti-
mated as follows:

pk = IP
(mr∑
j=1

jVj = k
)
≤ IP

(mr∑
j=1

Vj ≥ bk/mrc
)
.(9.9)

As
∑mr

j=1 Vj is a Poisson variable, we can apply Lemma 9.1 (iii) to conclude
that

lim inf
k→∞

− log pk
k log k

≥ 1
mr

.(9.10)

Combining (9.8) and (9.10) shows that we have proved the following precise
result for the special case p1 > 0.

Theorem 9.3. Let p = (pk)k∈Z+ be an aperiodic, infinitely divisible dis-

tribution on Z+ with shifted canonical sequence r = (rk)k∈N. Then

lim
k→∞

− log pk
k log k

=
1
mr

,(9.11)

where mr := sup {k ∈N : rk > 0}, possibly ∞, in which case 1/mr := 0.

Proof. Let p be aperiodic with p1 = 0. Inspecting the proof above for the
case p1 > 0, one sees that it is sufficient to prove (9.8) for all m ∈S(r). To
do so, we again use representation (9.5) for a random variable X with
distribution p. Let m ∈S(r); then m 6= 1 because r1 = r0 = p1/p0 = 0.
Take k0 ∈N such that pk > 0 for all k ≥ k0; such a k0 exists on account
of Proposition 8.5. In order to get an appropriate lowerbound for pk with
k ≥ k0, we consider the integer part nk :=

⌊
(k − k0)/m

⌋
of (k − k0)/m

(rather than that of k/m) and write k = nkm + `k, where the remainder
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term `k now satisfies k0 ≤ `k < k0 +m. Since `k ≥ k0, the random vari-
able

∑∞
j=1 jVj takes the value `k with positive probability; hence there

is a sequence (vj(k))j∈N in Z+ with vj(k) = 0 for all j 6∈S(r) such that∑∞
j=1 jvj(k) = `k and IP

(
Vj = vj(k) for all j

)
> 0. Note that S(r), apart

from m, contains another element 6= 1; cf. Theorem 8.6 (ii). It follows that
the values k ≥ k0 can be written as

k =
{
nk + vm(k)

}
m+

∑
j 6=m

jvj(k),

and hence for k ≥ k0

pk ≥ IP
(
Vm = nk + vm(k)

)
IP

(
Vj = vj(k) for all j 6= m

)
.(9.12)

Now, since `k < k0 +m, the sequence (vj(k))j∈N has finitely many non-zero
terms and hence is bounded uniformly in k. Therefore, the first factor p(1)

k

in the right-hand side of (9.12) satisfies − log p(1)
k ∼ (k log k)/m, whereas

for the second factor p(2)
k we have − log p(2)

k = o(k log k) as k →∞. This
concludes the proof of (9.8) and hence of the theorem. 22

We next consider the global tail probability P k =
∑∞
j=k+1 pj of an infin-

itely divisible distribution p = (pk)k∈Z+ for k → ∞; as noted above, it is
now not necessary to require aperiodicity of p. The asymptotic behaviour
of − logP k can be found in the same way as that of − log pk in case p1 > 0.
In stead of (9.7) we have for any m ∈S(r) and with nk = bk/mc

P k ≥ IP(mVm > k) ≥ IP(Vm > nk + 1) [ k ∈N ],(9.13)

so from Lemma 9.1 (iii) we see that (9.8) holds with pk replaced by P k. On
the other hand, when mr is finite, we can proceed as for (9.9) and find

P k ≤ IP
(mr∑
j=1

Vj > bk/mrc
)
,(9.14)

so also (9.10) holds with pk replaced by P k. We summarize.

Theorem 9.4. Let p = (pk)k∈Z+ be an infinitely divisible distribution on

Z+ with shifted canonical sequence r = (rk)k∈N. Then the tail probability

P k :=
∑∞
j=k+1 pj satisfies

lim
k→∞

− logP k
k log k

=
1
mr

,(9.15)

where mr := sup {k ∈N : rk > 0}, possibly ∞, in which case 1/mr := 0.
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When the quantity mr corresponding to an infinitely divisible distrib-
ution p is finite, Theorems 9.3 and 9.4 give the exact rate with which the
quantities − log pk and − logP k tend to infinity. The special case where
mr = 1, yields, together with Lemma 9.1, the following characterization of
the Poisson distribution.

Corollary 9.5. An infinitely divisible distribution (pk)k∈Z+ on Z+ is Pois-

son iff it satisfies one, and then both, of the following conditions:

lim sup
k→∞

− log pk
k log k

≥ 1, lim sup
k→∞

− logP k
k log k

≥ 1,(9.16)

where for the first condition (pk) needs to be aperiodic.

When mr = ∞, i.e., when rk > 0 infinitely often, we only know that

lim
k→∞

− log pk
k log k

= 0, lim
k→∞

− logP k
k log k

= 0.(9.17)

In general not more than this can be said; the convergence in (9.17) can
be arbitrarily slow. For the compound-exponential distributions, which by
Proposition 5.7 satisfy (9.17), it can be shown, however, that (− log pk)/k
and (− logP k)/k have finite limits as k →∞; we shall not do this.

10. Log-convexity

It is important to have easily verifiable sufficient conditions for infin-
ite divisibility in terms of probability distributions (rather than in terms
of pgf’s). Such conditions will now be derived from Theorem 4.4, which
states that infinite divisibility of a distribution (pk)k∈Z+ on Z+ with p0 > 0
is characterized by the nonnegativity of the (canonical) quantities rk de-
termined by

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ].(10.1)

Here r0 = p1/p0 is always nonnegative. As we did in (4.11), the condition
r1 ≥ 0 can be written in the form p2

1 ≤ 2p0p2; this is the first condition in

p2
k ≤ 2 pk−1 pk+1 [ k ∈N ],(10.2)

and one might wonder whether distributions (pk) satisfying (10.2) are infin-
itely divisible. Unfortunately, this is not the case; for a counter-example we
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refer to Section 11. When we leave out, however, the factor 2 in (10.2), then
we do get a sufficient condition for infinite divisibility; see Theorem 10.1
below. The distribution (pk) then satisfies

p2
k ≤ pk−1 pk+1 [ k ∈N ],(10.3)

i.e., (pk) is log-convex ; see Section A.4. Note that a non-degenerate dis-
tribution (pk) is log-convex iff pk > 0 for all k and (pk/pk−1)k∈N is a non-
decreasing sequence; the last property can be rephrased as

pk pn ≤ pk−1 pn+1 [ k, n ∈N with k ≤ n ].(10.4)

Theorem 10.1. If (pk)k∈Z+ is a log-convex distribution on Z+, then in

(10.1) one has rk ≥ 0 for all k, and hence (pk) is infinitely divisible.

Proof. Let (pk) be log-convex. Applying (10.1) twice, for n ∈N we can
write the quantity (n+ 1) pnpn+1 in two different ways:

(n+ 1) pnpn+1 =



n∑
k=0

pnpkrn−k = pnp0rn +
n∑
k=1

pnpkrn−k,

pnpn+1 +
n∑
k=1

pn+1pk−1rn−k,

and hence

p0pnrn = pnpn+1 +
n∑
k=1

(pk−1pn+1 − pkpn) rn−k [n ∈N ].(10.5)

From this and (10.4) it follows by induction that rn ≥ 0 for all n. 22

Next, we give a sufficient condition in terms of the canonical sequence
(rk) for an infinitely divisible distribution (pk) to be log-convex. The proof
of the following theorem is similar to that of Theorem 10.1; it uses induction
and a relation like (10.5). Though easily verified, this relation is hard to
discover among the many possible relations that can be derived from (10.1).
Since p0r0 = p1 and p2

0r1 = 2p0p2− p2
1, for the first inequality p2

1 ≤ p0p2 in
the log-convexity condition for (pk) we have

p2
1 ≤ p0 p2 ⇐⇒ r1 ≥ r20.(10.6)

We conclude that r1 ≥ r20 is a necessary condition for (pk) to be log-convex.

Theorem 10.2. Let (pk) be infinitely divisible, i.e., satisfy (10.1) with

rk ≥ 0 for all k. If (rk) is log-convex, then (pk) is log-convex iff r1 ≥ r20.
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Proof. Let (rk) be log-convex with r1 ≥ r20. If r0 = 0, then rk = 0 for all k
and (pk) is degenerate. So let r0 > 0; then r1 > 0, and hence rk > 0 for
all k. From (10.6) it follows that p2

1 ≤ p0p2. To prove the other inequalities
in the log-convexity condition for (pk) we use the following relation which
holds for n ∈N:

(n+ 1) rn(pnpn+2 − p2
n+1) = pn(pn+1rn+1 − pn+2rn) +

+
n∑
k=1

(pn+1pk−1 − pnpk)(rn+1rn−k − rnrn−k+1);
(10.7)

this can be verified by splitting the sum over k in the right-hand side into
four sums and then using (10.1) for each of them. Now, since r0rn+1 ≥ r1rn

and r1 ≥ r20, we have rn+1 ≥ r0rn. It follows that

(n+ 2) pn+2rn = pn+1r0rn +
n∑
k=0

pkrn+1−krn ≤

≤ pn+1rn+1 +
n∑
k=0

pkrn−krn+1 = (n+ 2) pn+1rn+1,

and hence

pn+1rn+1 ≥ pn+2rn [n ∈N ].(10.8)

Induction now completes the proof. 22

We illustrate this result by returning to Examples 4.6 and 4.7. The Poisson
distribution has a log-convex canonical sequence, but is not log-convex. The
negative-binomial distribution also has a log-convex canonical sequence,
and is log-convex iff its shape parameter r satisfies r ≤ 1; cf. Example 5.5.

One easily verifies that the Poisson distribution and the negative-binom-
ial distribution with shape parameter r ≥ 1 are log-concave; here a distrib-
ution (pk)k∈Z+ on Z+ is said to be log-concave if

p2
k ≥ pk−1 pk+1 [ k ∈N ].(10.9)

Though many infinitely divisible distributions are log-concave, not every
log-concave distribution is infinitely divisible. For instance, any distrib-
ution with p1 > 0 and pk = 0 for k ≥ 2 is log-concave. For a more inter-
esting counter-example we refer to Section 11. Nevertheless, there is an
analogue of Theorem 10.2.
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Theorem 10.3. Let (pk) be infinitely divisible, i.e., satisfy (10.1) with

rk ≥ 0 for all k. If (rk) is log-concave, then (pk) is log-concave iff r1 ≤ r20.

Proof. Use induction and the following relation, in which p−1 := 0 and
n ∈N:

2n(n+ 2)(pnpn+2 − p2
n+1) = 2pn+1(pn+1 − pnr0)+

−
n∑
k=0

n∑
`=0

(pk−1p` − pkp`−1)(rn−k+1rn−` − rn−krn−`+1);
(10.10)

this can be verified in a similar way as (10.7). Note that, under the in-
duction hypothesis, the two factors in the summand of the double sum are
both nonnegative if ` ≤ k and both nonpositive if ` ≥ k. 22

An important subclass of the class of log-convex distributions is given by
the completely monotone distributions. Recall that a distribution (pk)k∈Z+

on Z+ is said to be completely monotone if

(−1)n∆npk ≥ 0 [n ∈Z+; k ∈Z+ ],(10.11)

where ∆0pk := pk, ∆pk := pk+1 − pk and ∆n := ∆ ◦ ∆n−1 for n ∈N. By
Hausdorff’s theorem (Theorem A.4.5) (pk) is completely monotone iff there
exists a (finite) measure ν on [ 0, 1 ] such that

pk =
∫

[0,1]

xk ν(dx) [ k ∈Z+ ].(10.12)

Combining the Hausdorff representation and Schwarz’s inequality shows
that a completely monotone sequence is log-convex; see Proposition A.4.7.
Together with Theorem 10.1 this leads to the following result.

Theorem 10.4. If (pk)k∈Z+ is a completely monotone distribution on Z+,

then it is log-convex, and hence infinitely divisible.

The completely monotone distributions can be identified within the class
of all infinitely divisible distributions in the following way.

Theorem 10.5. A distribution (pk) on Z+ is completely monotone iff it is

infinitely divisible having a canonical sequence (rk) such that
(
rk/(k+ 1)

)
is completely monotone with Hausdorff representation of the form

1
k + 1

rk =
∫ 1

0

xk w(x) dx [ k ∈Z+ ],(10.13)
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where w is a measurable function on (0, 1) satisfying 0 ≤ w ≤ 1 and neces-

sarily ∫ 1

0

1
1− x

w(x)dx <∞.(10.14)

In this theorem, which we do not prove here, the extra condition 0 ≤ w ≤ 1
on the Hausdorff density w looks rather curious; we shall return to it in
Chapter VI in the context of mixtures of geometric distributions, where
it emerges rather naturally. The theorem can be used, for instance, to
easily show that the (log-convex) negative-binomial distribution with shape
parameter r ≤ 1 is completely monotone; cf. Examples 4.7 and 11.7.

We return to log-convexity, and treat some closure properties. Clearly,
log-convexity is preserved under pointwise multiplication: If (pk) and (qk)
are log-convex distributions, then so is (c pkqk), where c > 0 is a norming
constant. The following consequence of Proposition A.4.9 is less trivial:
If (pk) and (qk) are log-convex distributions, then so is

(
αpk + (1−α) qk

)
for every α ∈ [ 0, 1 ]. This property extends to general mixtures, because log-
convexity is defined in terms of weak inequalities and hence is preserved
under taking limits.

Proposition 10.6. The class of log-convex distributions on Z+ is closed

under mixing: If, for every θ in the support Θ of a distribution function G,(
pk(θ)

)
is a log-convex distribution on Z+, then so is (pk) given by

pk =
∫

Θ

pk(θ) dG(θ) [ k ∈Z+ ].(10.15)

We use this result to prove the infinite divisibility of a large class of dis-
tributions that occur in renewal theory.

Proposition 10.7. Let (qk)k∈Z+ be a log-convex distribution on Z+ hav-

ing a finite first moment µ. Then the sequence (pk)k∈Z+ defined by

pk =
1
µ

∞∑
j=k+1

qj [ k ∈Z+ ],

is a probability distribution on Z+ that is log-convex and hence infinitely

divisible.
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Proof. From (A.4.2) it follows that (pk) is a probability distribution
on Z+. Since it can be written as

pk =
1
µ

∞∑
`=1

q`+k [ k ∈Z+ ],

it is seen that (pk) is a mixture of log-convex distributions on Z+, and
hence is log-convex, by Proposition 10.6. 22

Proposition 10.6 can also be used to show that certain log-convex distrib-
utions on Z+ can be obtained from probability densities f on (0,∞) that
are log-convex, i.e. (cf. Section A.3), satisfy the inequalities{

f
(

1
2 (x+ y)

)}2 ≤ f(x) f(y) [x > 0, y > 0 ].

Proposition 10.8. Let Y be an R+-valued random variable having a den-

sity f that is log-convex on (0,∞), and consider X such that

X
d= bY c,

the integer part of Y . Then X is Z+-valued having a distribution (pk)k∈Z+

that is log-convex and hence infinitely divisible.

Proof. The distribution (pk) of X can be written as

pk = IP
(
Y ∈ [ k, k + 1)

)
=

∫ k+1

k

f(x) dx =
∫ 1

0

f(k + θ) dθ.

Now one easily verifies that for every θ ∈ (0, 1) the sequence
(
f(k + θ)

)
is log-convex, and hence can be normalized to a log-convex distribution.
It follows that (pk) is a mixture of log-convex distributions, and hence is
log-convex, by Proposition 10.6. 22

Of course, there is a simpler way to obtain a log-convex distribution on Z+

from a log-convex density on (0,∞).

Proposition 10.9. Let f be a log-convex probability density on (0,∞).
Then there exists c > 0 such that (pk)k∈Z+ defined by

pk = c f(k + 1) [ k ∈Z+ ],

is a probability distribution on Z+, and (pk) is log-convex and hence infin-

itely divisible.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



The last four propositions also hold with ‘log-convexity’ replaced by ‘com-
plete monotonicity’; this is easily verified by using Proposition A.4.6 and
Bernstein’s theorem as given by Theorem A.3.6.

11. Examples

In the preceding sections we have considered only two classes of exam-
ples, viz. the negative-binomial distributions (including geometric) and the
stable distributions (including Poisson). These much used distributions are
infinitely divisible, and the negative-binomial distribution with shape pa-
rameter r ≤ 1 is compound-exponential, log-convex, and even completely
monotone. We now present some other distributions, and use the results
obtained so far to determine whether they are infinitely divisible or not.
In doing so we will frequently deal with the recurrence relations of Theo-
rem 4.4:

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ].(11.1)

Recall that infinite divisibility of a distribution (pk) on Z+ is characterized
by the nonnegativity of the (canonical) quantities rk determined by (11.1).

We start with three examples, each of which is obtained from Poisson
distributions in a simple way, but nevertheless is not infinitely divisible.

Example 11.1. Let Y be Poisson (λ) distributed, and consider X such
that

X
d= (Y −1 |Y ≥ 1).

Then the distribution (pk)k∈Z+ and the pgf P of X are given by

pk = cλ
λk+1

(k + 1)!
, P (z) = cλ

eλz − 1
z

for z ∈C,

where cλ := 1
/
(eλ−1). Since P (z0) = 0 for z0 = 2πi/λ, it follows from

Theorem 2.8 that X is not infinitely divisible. Alternatively, one might
use the results on tail behaviour of Section 9; by Lemma 9.1 (ii) one has
− log pk ∼ k log k as k →∞, so if X would be infinitely divisible, then by
Corollary 9.5 X would be Poisson distributed, which it is not. 22
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Example 11.2. Let Y and Z be Poisson distributed with different param-
eters λ and µ, respectively, and consider X such that

X
d= (1−A)Y +AZ,

where A has a Bernoulli (α) distribution on {0, 1} and is independent of
(Y, Z). The pgf P of X is then given by the following mixture of Poisson
pgf’s:

P (z) = (1− α) e−λ(1−z) + α e−µ(1−z) [ z ∈C ].

As in Example 11.1, both Theorem 2.8 and the results of Section 9 show
that X is not infinitely divisible. In fact, letting z0 := 1 + (γ + πi)/(λ− µ)
with γ := log

{
α/(1− α)

}
, one easily verifies that P (z0) = 0. Also, if

λ < µ, then for k ∈Z+ we have IP(Y > k) ≤ IP(Z > k) (cf. Section B.4),
and hence

IP(X > k) = (1− α) IP(Y > k) + α IP(Z > k)

{
≥ IP(Y > k),

≤ IP(Z > k);

now apply Lemma 9.1 (iii) and Corollary 9.5. Similarly one shows that
mixtures of finitely many (different) Poisson distributions are not infin-

itely divisible. Mixtures of infinitely many Poisson distributions may be
infinitely divisible; this will be clear from Proposition 3.5. 22

Example 11.3. Let Y and Z be independent and Poisson distributed with
the same parameter λ, and consider X such that

X
d= Y Z.

Suppose that X is infinitely divisible. Then from the recurrence relations
(11.1) it follows that the canonical sequence (rk)k∈Z+ of the distribution
(pk)k∈Z+ of X satisfies r0 = p1/p0 > 0 and

p0rn ≤ (n+ 1) pn+1 − r0pn [n ∈N ].

Now, take n = 2m with m > 2 such that n+ 1 is a prime number. Then

pn+1 = 2 IP(Y = 1) IP(Z = 2m+ 1) = 2
λ2m+2

(2m+ 1)!
e−2λ,

whereas pn can be estimated below by

pn ≥ 2 IP(Y = 2) IP(Z = m) =
λm+2

m!
e−2λ.
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It follows that for all n as indicated

p0rn ≤
( 2λm

(2m)(2m− 1) · · · (m+ 1)
− r0

) λm+2

m!
e−2λ,

which is negative for large m; we have obtained a contradiction. We con-
clude that the product of two independent random variables with the same

Poisson distribution is not infinitely divisible. 22

We proceed with some examples of a positive character, and recall the
fact that completely monotone and, more generally, log-convex distrib-
utions are infinitely divisible. Also some further results from Sections 10
and A.4 will be used, like the Hausdorff representation (10.12) for a com-
pletely monotone sequence.

Example 11.4. Let the distribution (pk)k∈Z+ on Z+ be given by

pk =
1

(k + 1) (k + 2)
.

Since 1
/
(k+1) = IEUk for all k ∈Z+, where U has a uniform distribution on

(0, 1), the sequences
(
1
/
(k+1)

)
and

(
1
/
(k+2)

)
are completely monotone.

From Proposition A.4.6 we conclude that (pk) is completely monotone, and
hence infinitely divisible. Also, the Hausdorff representation for (pk) is
easily found:

pk = IEUk − IEUk+1 = IEUk(1−U) =
∫ 1

0

xk (1− x) dx.

Next, consider the following variant (p̃k)k∈Z+ of (pk):

p̃k = c
1

(k + 1)2
[ c := 6/π2 ].

Then, as above, it follows that (p̃k) is completely monotone, and hence
infinitely divisible. The Hausdorff representation is now found by taking
independent U and V with a uniform distribution on (0, 1) and writing

p̃k = c (IEUk) (IEV k) = c IE (UV )k = c

∫ 1

0

xk (− log x) dx.

A second natural variant is considered in the next example; it is more
difficult to handle. 22
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Example 11.5. Let the distribution (pk)k∈Z+ on Z+ be given by

pk = c
1

k2 + 1
[
c := 2

/
(1 + π cothπ)

]
.

Then (pk) is not completely monotone; it is not even log-convex because
p2
1 > p0p2. On the other hand, as one easily verifies, we do have p2

k ≤
pk−1pk+1 for all k ≥ 2, and hence, as in (10.4),

pk pn ≤ pk−1 pn+1 [ k, n ∈N with 2 ≤ k ≤ n ].

Also, note that this inequality holds for k = 1 and n ≥ 2. Now, we can
easily adapt the proof of Theorem 10.1 in the following way. As seen there,
the quantities rk determined by (11.1) satisfy

p0pnrn = pnpn+1 +
n∑
k=1

(pk−1pn+1 − pkpn) rn−k [n ∈N ].

Using this equality for n ≥ 2 and the inequalities above, we see by induction
that the rk are nonnegative as soon as r1 ≥ 0, i.e., p2

1 ≤ 2p0p2. Since this
inequality does indeed hold, we conclude that (pk) is infinitely divisible.
Note that (pk), though not log-convex, is convex. 22

Example 11.6. Let (pk)k∈Z+ be the discrete Pareto distribution on Z+

with parameter r > 1, so (pk) is given by

pk = cr
1

(k + 1)r
[
cr := 1

/
ζ(r), ζ(r) :=

∑∞
n=11

/
nr

]
.

Then, generalizing the ‘Hausdorff’ derivation in the second part of Exam-
ple 11.4, one is led to the easily verified fact that

pk = cr IE e−k Yr =
cr

Γ(r)

∫ 1

0

xk (− log x)r−1 dx [ k ∈Z+ ],

with Yr standard gamma (r). We conclude that (pk) is completely mono-
tone, and hence infinitely divisible. Of course, one can also use the ‘com-
pletely monotone variant’ of Proposition 10.9; cf. the remark at the end of
Section 10. 22

Example 11.7. Let (pk)k∈Z+ be the logarithmic-series distribution on Z+

with parameter p ∈ (0, 1), so (pk) and its pgf P are given by

pk = cp
pk+1

k + 1
, P (z) = cp

− log (1− pz)
z

,
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where cp := 1
/{
− log (1− p)

}
. Then (pk) can be represented in the Haus-

dorff form, as follows:

pk = cp

∫ 1

0

xk 1(0,p)(x) dx [ k ∈Z+ ],

so (pk) is completely monotone, and hence infinitely divisible. Mixing (pk)
with the degenerate distribution at zero, one obtains a distribution (p̃k)k∈Z+

of the form

p̃k =
a

1 + a
δ0,k +

cp
1 + a

pk+1

k + 1
,

with parameters a>0 and p ∈ (0, 1) (and cp as above). By Proposition A.4.6
(p̃k) is completely monotone, and hence infinitely divisible. In Example 11.9
we will consider a similar perturbation of (pk) which is, however, not always
infinitely divisible. 22

Example 11.8. Let the distribution (pk)k∈Z+ on Z+ be given by

pk = cp
pk+1

1− pk+1
[ cp > 0 a norming constant ],

where p ∈ (0, 1) is a parameter. Then (pk) can be written in the Hausdorff
form:

pk = cp

∞∑
n=1

(pn)kpn =
∫ 1

0

xk ν(dx) [ k ∈Z+ ],

where ν is the discrete measure on the set {pn : n ∈N} with ν
(
{pn}

)
= cp p

n.
We conclude that (pk) is completely monotone, and hence infinitely divis-
ible. 22

Example 11.9. Let (pk)k∈Z+ be the following perturbed logarithmic-series
distribution on Z+ with parameters a > 0 and p ∈ (0, 1):

p0 =
a

1 + a
, pk =

cp
1 + a

pk

k
for k ∈N,

where cp := 1
/{
− log (1−p)

}
; cf. Example 11.7. Since for every k ≥ 2

the inequality p2
k ≤ pk−1 pk+1 is trivially satisfied, (pk) is log-convex iff

p2
1 ≤ p0 p2 or, equivalently, a ≥ 2cp. It follows that (pk) is infinitely divis-

ible if a ≥ 2cp.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



In order to determine whether (pk) is infinitely divisible for other values of
the parameters, we proceed as in Example 11.5, and consider the quanti-
ties rk determined by (11.1). Of course, r0 = p1/p0 ≥ 0. Further, we have
r1 ≥ 0 iff p2

1 ≤ 2p0p2, so iff a ≥ cp. Now, suppose that this inequality is
satisfied; then we also have p1 ≤ p p0, so r0 ≤ p. Applying (11.1) twice, we
can write for n ∈Np0rn = (n+ 1) pn+1 −

∑n
k=2 pkrn−k − p1rn−1,

p0rn−1 = n pn −
∑n
k=2 pk−1rn−k,

from which it follows that for n ∈N

p0rn − (p−r0) p0rn−1 =

=
{
(n+ 1) pn+1 − p n pn

}
+

n∑
k=2

{p pk−1 − pk} rn−k.

Since in our case (n+ 1) pn+1 − p n pn = 0 and p pk−1 − pk ≥ 0 for k ≥ 2,
we can use induction to conclude that

rn ≥ (p−r0) rn−1 ≥ 0 [n ∈N ].

Thus (pk) is infinitely divisible iff a ≥ cp. Note that in this case (pk) is
monotone, but not necessarily convex. 22

Next we consider some functions P , and determine whether they are
pgf’s and, in such a case, whether they are infinitely divisible.

Example 11.10. Let P be the quotient of the pgf’s of two different geo-
metric distributions, so P is of the form

P (z) =
1− p

1− p z

/ 1− αp

1− αp z
[ 0 ≤ z ≤ 1 ],

where p ∈ (0, 1) and α ∈ (0, 1/p), α 6= 1. Observe that if P is a pgf, then
P (0) < 1 and hence α < 1. Now, for such an α we can apply Proposi-
tion 6.1 (iv); since P can be written as

P (z) =
Q(α)Q(z)
Q(αz)

with Q(z) =
1− p

1− p z
,

it follows that P is a pgf iff α < 1, and that in this case P is infinitely
divisible. By computing the S-function of P and applying Theorem 5.2 one
sees that P is even compound-geometric when α < 1. 22

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Example 11.11. Let the function P on [ 0, 1 ] be given by

P (z) =
1−

√
1− z

z
[ 0 < z ≤ 1; P (0) = 1

2 ].

Then it will be clear that P is a pgf and that the corresponding distribution
(pk)k∈Z+ is given by

pk = (−1)k
( 1

2

k + 1

)
= 1

2

1
k + 1

(
k − 1

2

k

)
=

1
k + 1

(
2k
k

) (
1
2

)2k+1
.

This distribution can be recognized as the distribution of the ‘reduced’ first-
passage time 1

2 (T1−1) from 0 to 1 in the symmetric Bernoulli walk; see the
beginning of Section VII.2, also for the asymmetric case. Now, let U and Z
be independent random variables where U has a uniform distribution on
(0, 1) and Z an arcsine distribution on (0, 1). Then (cf. Section B.3) the
middle representation for pk above can be rewritten as

pk = 1
2 (IEUk) (IEZk) = 1

2 IE (UZ)k,

where by Proposition A.3.12 the product UZ has density f given by

f(x) =
∫ ∞

x

1
z
fZ(z) dz = 2 (1− x) fZ(x) [ 0 < x < 1 ];

here the last equality is verified by using the explicit expression for fZ as
given in Section B.3. It follows that (pk) is completely monotone, and hence
infinitely divisible, with Hausdorff representation given by

pk =
∫ 1

0

xk (1− x) fZ(x) dx [ k ∈Z+ ].

To prove just the infinite divisibility of P one might also use Theorem 4.3
and compute the R-function of P :

R(z) =
d
dz

logP (z) =
1
2z

( 1√
1− z

− 1
)
,

so R is indeed absolutely monotone; it is the gf of the (canonical) sequence
(rk)k∈Z+ with

rk = 1
2 (−1)k+1

(
− 1

2

k + 1

)
= 1

2

(
k + 1

2

k + 1

)
=

(
2k + 2
k + 1

) (
1
2

)2k+3
.

Note that (rk) is completely monotone as well: rk = 1
2 IEZk+1 for all k,

with Z as above. Also note that there is a simple relation between (pk)
and its canonical sequence: rk = (k + 1

2 ) pk for all k. 22
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Example 11.12. Let P be the function on [ 0, 1) given by

P (z) =
1

1 + (1− z)γ
[ 0 ≤ z < 1 ],

where γ ∈ (0, 1 ]. Since P (z) = π
(
(1− z)γ

)
with π the pLSt of the standard

exponential distribution, from Proposition 6.5 it follows that P is an infin-
itely divisible pgf. Use of Example 4.8 shows that P is even compound-
exponential. Note that P for γ = 1

2 reduces to the first-passage-time pgf of
Example 11.11. 22

We now turn to some examples that are obtained by choosing the
canonical sequence of an infinitely divisible distribution in a particular
way. Recall that any sequence (rk)k∈Z+ of nonnegative numbers satis-
fying

∑∞
k=0 rk/(k + 1) < ∞ determines an infinitely divisible distribution

(pk)k∈Z+ via the recurrence relations (11.1) or, equivalently, an infinitely
divisible pgf P via the (canonical) representations (4.3) or (4.5). The exam-
ples will show that infinitely divisible distributions need not be monotone
or unimodal, and may have indivisible factors.

Example 11.13. Let (pk)k∈Z+ be an infinitely divisible distribution for
which the canonical sequence (rk)k∈Z+ satisfies

r0 = r1 = · · · = rm−1 = 1,

for some m ∈N. Then from the recurrence relations (11.1) it easily follows
that

p0 = p1 = · · · = pm.

So an infinitely divisible distribution (pk) may begin with an arbitrarily

long sequence of constants. 22

Example 11.14. Let (pk)k∈Z+ be an infinitely divisible distribution for
which the canonical sequence (rk)k∈Z+ satisfies

rk =

{
( 1
2 )k+1 , if k is even and k ≤ m− 1,

2− ( 1
2 )k+1 , if k is odd and k ≤ m− 1,

for some m ∈N. Then using the recurrence relations again and induction
one easily verifies that

pk = 1
4

(
3 + (−1)k

)
p0 [ k = 0, 1, . . . ,m ].
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So an infinitely divisible distribution (pk) may begin with an arbitrarily

long sequence p0,
1
2p0, p0,

1
2p0, . . .. 22

Example 11.15. Let the sequence (rk)k∈Z+ with gf R be given by

rk =

{
( 1
2 )k, if k is even,

0 , otherwise,
or R(z) =

4
4− z2

=
1

2− z
+

1
2 + z

.

Applying (4.5) we see that the pgf P of the infinitely divisible distribution
(pk)k∈Z+ with canonical sequence (rk) is given by

P (z) = 1
3

2 + z

2− z
, so p0 = 1

3 , pk = 2
3 ( 1

2 )k for k ∈N.

Note that P can be decomposed into two factors as follows:

P (z) = ( 2
3 + 1

3z)Q(z),

where Q is the pgf of the geometric ( 1
2 ) distribution. So an infinitely divis-

ible distribution may have an indivisible factor. The pgf P can also be
written as 1− α+ αQ with α = 4

3 and Q as above. More generally, if P is
of the form

P (z) = 1− α+ α
1− p

1− pz

with α > 0 and p ∈ (0, 1), then P is a pgf with p0 > 0 iff α < 1/p, in which
case P is infinitely divisible iff α ≤ 2

/
(1 + p). This is easily shown by

computing the R-function of P and using Theorem 4.3. Note that the
corresponding distribution is log-convex iff α ≤ 1. 22

Example 11.16. We ask whether for λ > 0 there exists an infinitely divis-
ible distribution (pk)k∈Z+ on Z+ with a canonical sequence (rk)k∈Z+ that is
related to (pk) by rk = λ (k+1) pk for all k; cf. (the end of) Example 11.11.
By (4.2), in terms of gf’s this means that we look for a pgf P of the
compound-Poisson form (3.3) with Q(z) = z P (z), so we want to solve the
equation

P (z) = exp
[
−λ {1− z P (z)}

]
,

or in terms of Q and with Gλ the Poisson (λ) pgf:

Q(z) = z Gλ
(
Q(z)

)
.
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This can be done by use of Bürmann-Lagrange expansion (see Section A.5;
the conditions necessary for this are easily verified; take G = Gλ); for
|z| < 1 there is a unique solution Q(z) with

∣∣Q(z)
∣∣ ≤ 1 given by

Q(z) =
∞∑
n=1

zn

n!
(nλ)n−1 e−nλ

[
|z| < 1

]
.

Moreover, as is easily verified from the equation for Q above, a := Q(1−) is
the smallest nonnegative root of the equation Gλ(z) = z, so a = 1 if λ ≤ 1,
and a = aλ < 1 if λ > 1. Since z P (z) = Q(z), for λ ≤ 1 one is led to the
following probability distribution (pk)k∈Z+ on Z+, known as the Borel dis-
tribution with parameter λ:

pk = e−λ (λ e−λ)k
(k + 1)k

(k + 1)!
[ k ∈Z+ ];

by construction, it is infinitely divisible. For λ > 1 the sequence (p̃k)k∈Z+

with p̃k := pk/aλ is a probability distribution on Z+ with pgf P̃ satisfying
the equation for P above with λ replaced by λ̃ := λaλ, so (p̃k) is the Borel
distribution with parameter λ̃ (< 1); note that λ̃ satisfies λ̃e−λ̃ = λe−λ.
The Borel distribution is even completely monotone. To show this we use
the fact that for r > 0

rr

Γ(r + 1)
=

1
π

∫ π

0

{
g(t)

}r dt, with g(t) :=
sin t
t

et cot t;

note that g decreases from e to 0 on [ 0, π ]. By partial integration it follows
that pk can be written as

pk =
1
π

e−λ (λ e−λ)k
1

k + 1

∫ π

0

{
g(t)

}k+1 dt =

=
1
π

e−λ
∫ π

0

{
λ e−λ g(t)

}k {
−g′(t)

}
tdt,

from which the Hausdorff representation for (pk) is obtained by putting
λ e−λ g(t) =: x; note that λ e−λ ≤ e−1 for all λ. 22

The final example is a counter-example again; it shows that both log-
concavity and the condition

p2
k ≤ 2 pk−1pk+1 [ k ∈N ]

are not sufficient for infinite divisibility of a distribution (pk)k∈Z+ . See
Section 10 for the appropriate context.
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Example 11.17. Take equality in the inequalities above; then we obtain
by induction

pk = p0 (r0)k
(

1
2

)k(k−1)/2 = p0

(
r0
√

2
)k( 1

2

√
2
)k2

[ k ∈Z+ ],

which indeed yields a probability distribution for suitable values of p0 and
r0 = p1/p0 > 0. Note that (pk) is log-concave. It is, however, not infinitely
divisible:

lim
k→∞

− log pk
k log k

= ∞,

so by Theorem 9.3 the distribution (pk) has too thin a tail to be infin-
itely divisible. One might also use Proposition 8.4; (pk) does not satisfy
the inequality 3p3p0 ≥ p2p1, which is necessary for (pk) to be infinitely
divisible. 22

12. Notes

Infinitely divisible random variables with values in Z+ were first studied
in some detail by Feller (1968), where it is shown that, on Z+, the infinitely
divisible distributions coincide with the compound-Poisson distributions;
see Theorem 3.2. The result on zeroes of pgf’s in Theorem 2.8 can be
regarded as a special case of a similar result for characteristic functions in
Lukacs (1970). An important step was made by Katti (1967), who first
characterized infinite divisibility on Z+ by means of recurrence relations
as in Theorem 4.4. His work was streamlined and extended in Steutel
(1970) and van Harn (1978); this has led to recurrence relations for the
compound-geometric distributions as given in Section 5, and to the ‘self-
decomposability’ result in Theorem 6.3.

Relations between the moments of infinitely divisible distributions and
the moments of their canonical sequences are given in Wolfe (1971b) and
in Sato (1973); formula (7.4) occurs in Steutel and Wolfe (1977). Equation
(7.6) opens the possibility of defining ‘fractional cumulants’ κα = κα(X),
α > 0, of an infinitely divisible random variable X by putting κα := να−1;
then one indeed has the cumulating property κα(X + Y ) = κα(X) + κα(Y )
for independent X and Y . Embrechts and Hawkes (1982) compare the tail
of an infinitely divisible distribution with the tail of its canonical sequence.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



A proof of Theorem 8.2 is given in Steutel (1970) in the context of
zeroes of infinitely divisible densities on R+. The tail behaviour of infin-
itely divisible distributions on R has been studied by many authors; here
we only name Kruglov (1970) and Sato (1973). As in the case of supports,
the representation of Theorem 3.7 makes our proofs on Z+ in Section 9
essentially simpler.

The log-convexity result of Theorem 10.1 is the analogue of such a re-
sult for renewal-type sequences, which was first proved by Kaluza (1928)
in a non-probabilistic context. It was obtained independently by Steu-
tel (1970) and by Warde and Katti (1971). Somewhat more general condi-
tions are given in Katti (1979) and in Danial (1988); see, however, Chang
(1989). Theorems 10.2 and 10.3 are due to Hansen (1988b), Theorem 10.5
to Hansen and Steutel (1988). The result in Proposition 10.8 on integer
parts can be found in Bondesson et al. (1996).

Example 11.3, on products of independent Poisson variables, occurs in
Rohatgi et al. (1990). The infinite divisibility of the perturbed logarithmic-
series distribution in Example 11.9 was shown by Katti (1967); a general-
ized logarithmic-series distribution was shown to be log-convex, and hence
infinitely divisible, by Hansen and Willekens (1990). Example 11.16 is
taken from Hansen and Steutel (1988); the integral representation given
there is due to Bouwkamp (1986). This distribution is a special case of
the Borel-Tanner distribution, which occurs in queueing; see Johnson et
al. (1992). It is already given in Dwass (1967) who represents a correspond-
ing random variable as in Theorem 3.7. Other Lagrange-type distributions
are discussed in Dwass (1968). Bondesson and Steutel (2002) study infin-
itely divisible distributions (pk) for which the canonical sequence (rk) sat-
isfies rk = (k + c) pk for all k, where c > 0; they generalize the cases with
c = 1

2 and c = 1 as considered in Examples 11.11 and 11.16.
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Chapter III

INFINITELY DIVISIBLE DISTRIBUTIONS

ON THE NONNEGATIVE REALS

1. Introduction

This chapter parallels the preceding one on the basic properties of infin-
itely divisible distributions on Z+; many results are similar. Distributions
on Z+ are, of course, special cases of distributions on R+. The Z+-case
has been dealt with separately because it is mathematically simpler and
sometimes leads to more detailed results. Our aim that the present chapter
be accessible independent of the previous one, as much as possible, makes
it necessary to repeat some definitions and arguments given earlier. Even
so, we will sporadically have to make use of a result in Chapter II.

We recall the definition of infinite divisibility. An R+-valued random
variable X is said to be infinitely divisible if for every n ∈N a random
variable Xn exists, the n-th order factor of X, such that

X
d= Xn,1 + · · ·+Xn,n,(1.1)

where Xn,1, . . . , Xn,n are independent and distributed as Xn. Here the
factors Xn of X are necessarily R+-valued as well, and no extra condition
as for a Z+-valued X is needed; cf. (II.1.4). In many cases, however, it
will be convenient to suppose that X has left extremity `X = 0. This is
not an essential restriction because shifting X to zero does not affect the
possible infinite divisibility ofX. It has the additional advantage that in the
special case of Z+-valued random variables infinite divisibility is equivalent
to discrete infinite divisibility; convention (II.1.4) is then maintained also
in the present chapter. Mostly we tacitly exclude the trivial case of a
distribution degenerate at zero, so we then assume that IP(X = 0) < 1.
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As agreed in Section I.2, the distribution and transform of an infinitely
divisible random variable X will be called infinitely divisible as well. The
distribution of X will mostly be represented by its distribution function F .
It follows that a distribution function F on R+ is infinitely divisible iff for
every n ∈N there is a distribution function Fn on R+, the n-th order factor
of F , such that F is the n-fold convolution of Fn with itself:

F (x) = F ?nn (x) [n ∈N ].(1.2)

A similar reformulation can be given for a density f of F in case of absolute
continuity (with respect to Lebesgue measure) of all factors; this case yields,
of course, the closest analogue to the results in Chapter II. As a tool we
use the probability Laplace-Stieltjes transform (pLSt), where we used the
probability generating function in Chapter II. A pLSt π is infinitely divis-
ible iff for every n ∈N there is a pLSt πn, the n-th order factor of π, such
that

π(s) =
{
πn(s)

}n [n ∈N ].(1.3)

The correspondence between a distribution function F on R+ and its pLSt π
will be expressed by π = F̂ . Further conventions and notations concerning
distributions on R+ and Laplace-Stieltjes transforms (LSt’s) are given in
Section A.3.

For easy comparison of the corresponding results, this chapter is di-
vided in sections in the same way as Chapter II. In order not to distract
the reader who wishes to start with the present chapter, we will not dis-
cuss these correspondences when we meet them; we do sometimes indicate
differences between the two cases. In Section 2 we give some elementary
results and treat the degenerate and gamma distributions as first exam-
ples of infinitely divisible distributions on R+. The important classes of
compound-Poisson, compound-geometric and compound-exponential dis-
tributions are introduced in Section 3. A useful characterization of infinite
divisibility by means of complete monotonicity is given in Section 4; it
leads to a canonical representation for infinitely divisible pLSt’s and to
a functional equation for infinitely divisible distribution functions. These
tools are shown to have analogues for the compound-exponential distrib-
utions (Section 5) and are used to easily prove closure properties in Sec-
tion 6. Relations between moments of an infinitely divisible distribution
and those of the corresponding canonical function are given in Section 7.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



The structure of the support of infinitely divisible distributions is deter-
mined in Section 8, and their tail behaviour is considered in Section 9. In
Section 10 log-convex densities, all of which are infinitely divisible, and
infinitely divisible log-concave densities are considered together with their
canonical functions. An interesting special case of log-convexity is complete
monotonicity, related to mixtures of exponential distributions. Section 11
contains examples and counter-examples, and in Section 12 bibliographical
and other supplementary remarks are made.

Finally we note that this chapter only treats the basic properties of
infinitely divisible distributions on R+. Results for self-decomposable and
stable distributions on R+ can be found in Sections V.2, V.3 and V.8, for
mixtures of gamma distributions in Sections VI.3 and VI.4, and for gen-
eralized gamma convolutions in Section VI.5. Also the remaining sections
of Chapter VI and some sections of Chapter VII contain information on
infinitely divisible distributions on R+.

2. Elementary properties

We start with showing that infinite divisibility of distributions is pre-
served under changing scale, under convolutions and under weak conver-
gence. The first two of these properties follow directly from (1.1) or (1.3).

Proposition 2.1.

(i) If X is an infinitely divisible R+-valued random variable, then so is

aX for every a ∈R+. Equivalently, if π is an infinitely divisible pLSt,

then so is πa with πa(s) := π(as) for every a ∈R+.

(ii) If X and Y are independent infinitely divisible R+-valued random

variables, thenX+Y is an infinitely divisible random variable. Equiv-

alently, if π1 and π2 are infinitely divisible pLSt’s, then their pointwise

product π1π2 is an infinitely divisible pLSt.

Proposition 2.2. If a sequence (X(m)) of infinitely divisible R+-valued

random variables converges in distribution to X, then X is infinitely divis-

ible. Equivalently, if a sequence (π(m)) of infinitely divisible pLSt’s con-

verges (pointwise) to a pLSt π, then π is infinitely divisible.

Proof. Since by (1.3) for every m ∈N there exists a sequence (π(m)
n )n∈N

of pLSt’s such that π(m) =
{
π

(m)
n

}n, the limit π = limm→∞ π(m) can be
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written as

π(s) = lim
m→∞

{
π(m)
n (s)

}n =
{

lim
m→∞

π(m)
n (s)

}n =
{
πn(s)

}n
,

where πn := limm→∞ π
(m)
n is a pLSt for every n ∈N by the continuity the-

orem; see Theorem A.3.1. Hence π is infinitely divisible. 22

Since a pLSt π is positive on R+, for s ≥ 0 relation (1.3) can be rewritten
in the following way:{

π(s)
}1/n = πn(s) [n ∈N ].(2.1)

As a pLSt is determined by its values on R+, it follows that the factors πn
of an infinitely divisible pLSt π, and hence the corresponding distributions,
are uniquely determined by π. For the time being we shall consider pLSt’s
only for values of the argument in R+. We shall return to the possibility of
zeroes for complex arguments later in this section. For any pLSt π and any
t > 0 the function πt = exp [ t log π ] is well defined on R+. We now come
to a first criterion for infinite divisibility. Note that by Bernstein’s theorem
(Theorem A.3.6) the set of pLSt’s equals the set of completely monotone
functions π on (0,∞) with π(0+) = 1.

Proposition 2.3. A pLSt π is infinitely divisible iff πt is a pLSt for all

t ∈T , where T = (0,∞), T = {1/n : n ∈N} or T = {a−k : k ∈N} for any

fixed integer a ≥ 2. Equivalently, π is infinitely divisible iff πt is completely

monotone for all t ∈T with T as above.

Proof. Let π be infinitely divisible. Then by (2.1) π1/n is a pLSt for all
n ∈N, and hence πm/n is a pLSt for all m,n ∈N. It follows that πt is a pLSt
for all positive t ∈Q, and hence, by the continuity theorem, for all t > 0.
Conversely, from (2.1) we know that π is infinitely divisible if π1/n is a
pLSt for every n ∈N. We can even be more restrictive because, for a given
integer a ≥ 2, any t ∈ (0, 1) can be represented as t =

∑∞
k=1 tka

−k with
tk ∈ {0, . . . , a− 1} for all k, and hence for these t{

π(s)
}t = lim

m→∞

m∏
k=1

({
π(s)

}1/ak)tk
.

By the continuity theorem it now follows that if πt is a pLSt for all t of the
form a−k with k ∈N, then so is πt for all t ∈ (0, 1). 22
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Corollary 2.4. If π is an infinitely divisible pLSt, then so is πt for all

t > 0. In particular, the factors Xn of an infinitely divisible R+-valued

random variable X are infinitely divisible.

The continuous multiplicative semigroup (πt)t≥0 of pLSt’s generated
by an infinitely divisible pLSt π, corresponds to the set of one-dimensional
marginal distributions of an R+-valued sii-process, i.e., a process X(·) with
stationary independent increments, started at zero and continuous in prob-
ability; see Section I.3. If X(1), with pLSt π, has distribution function F ,
then for t > 0 the distribution function of X(t), with pLSt πt, will be
denoted by F ?t, so:

F ?t(x) = IP
(
X(t) ≤ x

)
,

∫
R+

e−sx dF ?t(x) =
{
π(s)

}t
.(2.2)

Directly from (1.1), or from (1.2) and the fact that G?n≤ G for any dis-
tribution function G on R+, it follows that the n-th order factor F ?(1/n)

of F satisfies

F ?(1/n)(x) ≥ F (x) [x ∈R ].(2.3)

Of course, examples of infinitely divisible distributions on R+, and hence
of R+-valued sii-processes, are provided by the two examples from Sec-
tion II.2 containing the Poisson distributions and the negative-binomial
distributions. These distributions have the following analogues on R+; this
will be clear from the results in Sections V.5 and VI.6.

Example 2.5. For λ > 0, let X have the degenerate (λ) distribution, so
if π is the pLSt of X, then

IP(X = λ) = 1, π(s) = e−λs.

Then for t > 0 the t-th power πt of π is the pLSt of the degenerate (λt)
distribution, so X is infinitely divisible. The corresponding sii-process is
the deterministic process X(·) with X(t) = λt. 22

Example 2.6. For r > 0 and λ > 0, let X have the gamma (r, λ) distrib-
ution, so its density f on (0,∞) and pLSt π are given by

f(x) =
λr

Γ(r)
xr−1 e−λx, π(s) =

( λ

λ+ s

)r
.
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Then for t > 0 the t-th power πt of π is the pLSt of the gamma (rt, λ)
distribution. From Proposition 2.3 we conclude that the gamma (r, λ) dis-
tribution is infinitely divisible. The corresponding sii-process is a gamma
process. Taking r = 1 one sees that the exponential (λ) distribution is infin-
itely divisible. 22

Sometimes we want to consider a pLSt π for complex values of its ar-
gument; π(z) is well defined at least for all z ∈C with Re z ≥ 0. Of course,
π has no zeroes on R+. The following inequality implies that there are no
zeroes in the closed half-plane Re z ≥ 0 if π is infinitely divisible with

p0 := lim
s→∞

π(s) > 0;

note that p0 is the mass at zero of the distribution corresponding to π.

Proposition 2.7. If π is an infinitely divisible pLSt, then with p0 as above∣∣π(z)
∣∣ ≥ p2

0 [Re z ≥ 0 ].(2.4)

Proof. If G is a distribution function on R+ with G(0) > 1
2 , then for z ∈C

with Re z ≥ 0:∣∣Ĝ(z)
∣∣ ≥ G(0)−

∫
(0,∞)

|e−zx|dG(x) ≥ 2G(0)− 1.

Using the resulting inequality for the n-th order factor πn of an infinitely
divisible pLSt π, we see that

∣∣π(z)
∣∣ with Re z ≥ 0 can be estimated as

follows: ∣∣π(z)
∣∣ =

∣∣πn(z)∣∣n ≥ (2p1/n
0 − 1

)n
,

for all n sufficiently large. Now one easily verifies that for every α > 0
one has the equality limn→∞

(
2α1/n− 1

)n = α2; taking α = p0 finishes the
proof. 22

This result can be extended as follows. Any pLSt π has an abscissa of
convergence, this is the smallest sπ ∈ [−∞, 0 ] such that π(z) is well defined
for all z ∈C with Re z > sπ. Moreover, as noted in Section A.3, sπ is
determined by the tail of the distribution function F corresponding to π in
the following way:

sπ = − lim inf
x→∞

− log
{
1− F (x)

}
x

.
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Now, let π be infinitely divisible with sπ < 0, and take a ∈ (sπ, 0), so we
have π(a) <∞. Note that from (2.3) and the formula for sπ above it
follows that the n-th order factor π1/n of π has abscissa of convergence
≤ sπ. Therefore, Proposition 2.3 can be used to show that the pLSt πa
with πa(s) := π(a+ s)

/
π(a) is infinitely divisible. Hence we can apply

Proposition 2.7 for πa and find∣∣π(z)
∣∣ ≥ p2

0

/
π(a) [ Re z ≥ a ].(2.5)

We conclude that if p0 > 0 then π has no zeroes in its (open) half-plane of
convergence Re z > sπ. There seems to be no non-trivial result analogous
to (2.5) when p0 = 0. Nevertheless, the non-zero property of π also holds
in this case.

Theorem 2.8. Let π be an infinitely divisible pLSt. Then:

(i) π has no zeroes in the closed half-plane Re z ≥ 0.

(ii) π has no zeroes in the open half-plane Re z > sπ, where sπ is the

abscissa of convergence of π.

(iii) If π is an entire function, i.e., if sπ = −∞, then π has no zeroes in C.

Proof. We use the well-known fact that π is analytic on Re z > sπ; as
seen above, the factors πn := π1/n of π are well defined on this half-plane,
and hence are analytic there as well. Now, suppose that π(z0) = 0 for
some z0 satisfying Re z0 > sπ; on some neighbourhood B of z0, π can then
be represented as a power series of the form

π(z) =
∞∑
k=1

ak(z − z0)k [ z ∈B ].

Since also πn(z0) = 0, πn can be represented similarly. By equating coeffi-
cients in the identity π = (πn)n one then sees that necessarily a1 = · · · =
an−1 = 0. Since this holds for all n, π would be zero on B and hence on
all of Re z > sπ; we have obtained a contradiction. So π has no zeroes in
its half-plane of convergence.
The only thing left to prove now is the property that π (with sπ = 0 and
p0 = 0) has no zeroes on the line Re z = 0. This is a special case of the
fact that an infinitely divisible characteristic function φ has no real zeroes;
see Propositions I.2.8 and IV.2.4, also for a proof. 22
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This theorem may be used to show that a given pLSt is not infinitely divis-
ible; an example is given in Section 11. It also implies that if π is an
infinitely divisible pLSt, then log π(z), and hence π(z)t = exp

[
t log π(z)

]
with t > 0, can be defined for Re z ≥ 0 as a continuous function with
log π(0) = 0; see also Section A.3.

3. Compound distributions

Random stopping of processes with stationary independent increments
can be used for constructing new infinitely divisible distributions from given
ones. First we will show this in the discrete-time case. To this end we recall
some facts from Section I.3 specializing them to the present R+-case. Let
(Sn)n∈Z+ be an sii-process generated by an R+-valued random variable Y
(so Sn = Y1 + · · ·+Yn for all n with Y1, Y2, . . . independent and distributed
as Y ), let N be Z+-valued and independent of (Sn), and consider X such
that

X
d= SN (so X

d= Y1 + · · ·+ YN ).(3.1)

Then X is said to have a compound-N distribution, and from (I.3.10) one
sees that its distribution function and pLSt can be expressed in similar
characteristics of Y and N as follows:

FX(x) =
∞∑
n=0

IP(N = n)F ?nY (x), πX(s) = PN
(
πY (s)

)
.(3.2)

In particular, it follows that the composition of a pgf with a pLSt is a
pLSt. Hence, by applying Proposition 2.3 and its discrete counterpart in
Chapter II, we immediately obtain the following general result on infinite
divisibility.

Proposition 3.1. An R+-valued random variableX that has a compound-

N distribution with N Z+-valued and (discrete) infinitely divisible
(
so

IP(N = 0) > 0
)
, is infinitely divisible. Equivalently, the composition P ◦ Ĝ

of an infinitely divisible pgf P with an arbitrary pLSt Ĝ is an infinitely

divisible pLSt.

The compound-Poisson distributions, obtained by choosing N Poisson
distributed, are of special importance. Their pLSt’s have the form

π(s) = exp
[
−λ

{
1− Ĝ(s)

}]
,(3.3)
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where λ > 0 and G is a distribution function on R+. Here the pair (λ,G) is
not uniquely determined by π, but it is, if we choose G such that G(0) = 0,
which can always be done. From Proposition 3.1, or directly from (3.3),
it is clear that the compound-Poisson distributions are infinitely divisible.
Contrary to the Z+-case, not all infinitely divisible distributions on R+

are compound-Poisson, simply because any compound-N distribution with
IP(N = 0) > 0 is a distribution with positive mass at zero. Interestingly,
restriction to such distributions does lead to a converse, as the following
result shows.

Theorem 3.2. An R+-valued random variable X is infinitely divisible

with p0 := IP(X = 0) > 0 iff X has a compound-Poisson distribution.

Proof. Let X be infinitely divisible with p0 > 0 and with pLSt π. Then,
for n ∈N, πn := π1/n is a pLSt with lims→∞ πn(s) = p

1/n
0 , and hence there

exists a distribution function Gn on R+ such that

Ĝn(s) =
πn(s)− p

1/n
0

1− p
1/n
0

= 1− 1− π(s)1/n

1− p
1/n
0

.

Now, let n → ∞ and use the fact that limn→∞ n
(
1 − α1/n

)
= − logα for

α > 0. Then from the continuity theorem we conclude that there exists a
distribution function G on R+ such that

Ĝ(s) = 1− 1
λ

{
− log π(s)

}
with λ := − log p0;(3.4)

note that G(0) = 0. It follows that π can be written in the form (3.3). The
converse statement has already been proved. 22

In the proof just given we saw that n (1−π1/n) tends (pointwise) to − log π
as n tends to ∞. For π this means that

π(s) = lim
n→∞

exp
[
−n

{
1− π1/n(s)

}]
.(3.5)

In view of Proposition 2.2 we obtain the following result, which empha-
sizes the important role played by the compound-Poisson distributions,
also on R+.

Theorem 3.3. A distribution on R+ is infinitely divisible iff it is the weak

limit of compound-Poisson distributions.
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If in (3.1) we takeN geometrically distributed, we obtain the compound-
geometric distributions on R+; by (3.2) their pLSt’s have the form

π(s) =
1− p

1− p Ĝ(s)
,(3.6)

where p ∈ (0, 1) and G is a distribution function on R+. The pair (p,G)
is uniquely determined by π if we choose G such that G(0) = 0, which
can always be done. Since the geometric distribution is infinitely divisible
(cf. Example II.2.6), the following theorem is an immediate consequence of
Proposition 3.1 (and Theorem 3.2).

Theorem 3.4. A compound-geometric distribution on R+, with pLSt of

the form (3.6), is infinitely divisible (and hence compound-Poisson).

We can say more; the compound-geometric distributions turn out to belong
to a class of infinitely divisible distributions that is introduced below. For
this class the compound-geometric distributions play the same role as do
the compound-Poisson distributions for the class of all infinitely divisible
distributions. In fact, we will give analogues to Theorems 3.2 and 3.3.

To this end we again recall some facts from Section I.3, specialized to
our R+-case. Let S(·) be a continuous-time sii-process generated by an
R+-valued random variable Y

(
so S(1) d= Y and Y is infinitely divisible

)
,

let T be R+-valued and independent of S(·), and consider X such that

X
d= S(T ).(3.7)

ThenX is said to have a compound-T distribution, and from (I.3.8) one sees
that the distribution function and pLSt of X can be expressed in similar
characteristics of Y and T by

FX(x) =
∫

R+

F ?tY (x) dFT (t), πX(s) = πT
(
− log πY (s)

)
.(3.8)

Applying Proposition 2.3, both for πX and for πT , yields the following
general result.

Proposition 3.5. An R+-valued random variableX that has a compound-

T distribution with T R+-valued and infinitely divisible, is infinitely divis-

ible. Equivalently, the composition π ◦ (− log π0) where π and π0 are infin-

itely divisible pLSt’s, is an infinitely divisible pLSt.
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The compound-T distributions with T degenerate at one constitute pre-
cisely the set of all infinitely divisible distributions. It is more interesting to
take T standard exponentially distributed. Since then πT (s) = 1

/
(1 + s),

the resulting compound-exponential distributions have pLSt’s of the form

π(s) =
1

1− log π0(s)
,(3.9)

where π0 is an infinitely divisible pLSt. This pLSt, which is sometimes
called the underlying (infinitely divisible) pLSt of π, is uniquely determined
by π because

π0(s) = exp
[
1− 1

/
π(s)

]
.(3.10)

Note that taking T exponential (λ) with λ 6= 1 leads to the same class of
distributions; just use Corollary 2.4. The following theorem is an imme-
diate consequence of Proposition 3.5 and the infinite divisibility of the
exponential distribution; cf. Example 2.6.

Theorem 3.6. A compound-exponential distribution on R+, with pLSt of

the form (3.9), is infinitely divisible.

The compound-exponential distributions are related to the compound-geo-
metric ones. As announced above, we prove analogues to Theorems 3.2
and 3.3; we do so by using these theorems.

Theorem 3.7. An R+-valued random variableX is compound-exponential

with p0 := IP(X = 0) > 0 iff X has a compound-geometric distribution.

Proof. First, let X be compound-exponential with p0 > 0. Then the
pLSt π of X has the form (3.9), and letting s→∞ one sees that the infin-
itely divisible distribution function F0 with pLSt π0 satisfies F0(0) > 0; cf.
(A.3.6). From Theorem 3.2 it follows that π0 is of the form (3.3), so π can
be written as

π(s) =
1

1 + λ
{
1− Ĝ(s)

} =
1− λ

/
(1 + λ)

1−
{
λ
/
(1 + λ)

}
Ĝ(s)

,

which is of the compound-geometric form (3.6). The converse statement is
proved similarly: If π has the form (3.6), then computing the right-hand
side of (3.10) shows that π can be written as in (3.9) with π0 of the form
(3.3); take λ = p

/
(1−p). 22
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Because of Theorems 3.2 and 3.3, a distribution function F0 on R+ is infin-
itely divisible iff it is the weak limit of (a sequence of) infinitely divisible
distribution functions F0,n on R+ with F0,n(0) > 0. From representation
(3.9) and the continuity theorem it follows that a similar characterization
holds for the compound-exponential distributions: A distribution func-
tion F on R+ is compound-exponential iff it is the weak limit of compound-
exponential distribution functions Fn on R+ with Fn(0) > 0. In view of the
preceding theorem we can reformulate this as follows.

Theorem 3.8. A distribution on R+ is compound-exponential iff it is the

weak limit of compound-geometric distributions.

Finally, we return to compound-Poisson random variables X, and trans-
fer representation (3.1) for X, with N Poisson, into an integral represen-
tation in terms of a Poisson process. For the definition of the generalized
inverse of a distribution function see Section A.2.

Theorem 3.9. Let λ > 0, let Nλ(·) be the Poisson process with inten-

sity λ, and let G be a distribution function with G(0) = 0. Then an R+-

valued random variable X is compound-Poisson (λ,G), i.e., its pLSt π is

given by (3.3), iff X can be represented (in distribution) as

X
d=

∫
R+

y dNλ
(
G(y)

)
.(3.11)

Equivalent forms, where (Tk)k∈N is the sequence of jump-points of Nλ(·)
and H is the generalized inverse of G:

X
d=

∫
[0,1]

H(t)dNλ(t) =
Nλ(1)∑
k=1

H(Tk).(3.12)

Proof. The compound-Poisson (λ,G) random variables correspond to the
random variables X of the form

X
d= Y1 + · · ·+ YN ,(3.13)

where Y1, Y2, . . . are independent with distribution function G and N is
independent of (Yj) with N

d= Nλ(1). Letting U1, U2, . . . be independent
random variables with a uniform distribution on (0, 1) and independent
of N , we can rewrite (3.13) as

X
d= H(U1) + · · ·+H(UN ).(3.14)
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Now, we use the well-known fact that the order statistics Un,1, . . . , Un,n of
U1, . . . , Un satisfy

(Un,1, . . . , Un,n)
d=

(
T1, . . . , Tn

∣∣Nλ(1) = n
)
.(3.15)

It follows that for Borel sets B

IP
(
H(U1) + · ·+H(UN ) ∈B

)
=

=
∞∑
n=0

IP
(
H(U1) + · ·+H(Un) ∈B

)
IP(N = n) =

=
∞∑
n=0

IP
(
H(Un,1) + · ·+H(Un,n) ∈B

)
IP(N = n) =

=
∞∑
n=0

IP
(
H(T1) + · ·+H(Tn) ∈B

∣∣Nλ(1) = n
)
IP

(
Nλ(1) = n

)
=

= IP
(
H(T1) + · ·+H(TNλ(1)) ∈B

)
.

We conclude that (3.14) is equivalent to (3.12). The alternative form (3.11)
follows by substitution. 22

Combining Theorems 3.2 and 3.9 shows that an R+-valued random vari-
able X is infinitely divisible with p0 := IP(X = 0) > 0 iff X can be repre-
sented as in (3.11) or (3.12) for some λ and G. A similar representation
result can be given for infinitely divisible random variables X with p0 = 0.
We will not do so; in deriving such a result the canonical representation of
the next section is needed.

4. Canonical representation

According to Proposition 2.3 a necessary and sufficient condition for a
pLSt π to be infinitely divisible is that all functions πt with t > 0 are com-
pletely monotone. We will show that this condition is equivalent to the com-
plete monotonicity of a single function. In doing so we use, without further
comment, some elementary properties of completely monotone functions as
reviewed in Proposition A.3.7. First, note that if πt is completely monotone
for all t > 0, then so is the following function of s > 0:

lim
t↓0

−1
t

d
ds
πt(s) = −π

′(s)
π(s)

= − d
ds

log π(s) =: ρ(s).(4.1)
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This function will be called the ρ-function of π. For the converse statement:
complete monotonicity of the ρ-function implies complete monotonicity of
all functions πt, we need not start from a pLSt π; we allow π to be any
function on (0,∞) with π(0+) = 1 such that (4.1) makes sense. The ρ-
function of π is then well defined, and if we can integrate in (4.1) (e.g., if ρ
is nonnegative, so π nonincreasing), then we can express π in terms of ρ by

π(s) = exp
[
−

∫ s

0

ρ(u) du
]

[ s > 0 ].(4.2)

Now, this relation yields the desired result; it can be formulated as follows.

Theorem 4.1. Let π be a positive, differentiable function on (0,∞) with

π(0+) = 1. Then π is an infinitely divisible pLSt iff its ρ-function is com-

pletely monotone.

Proof. That the ρ-function of an infinitely divisible pLSt π is completely
monotone, we have already seen above; use the limiting relation (4.1).
So suppose, conversely, that the ρ-function ρ of π is completely monotone.
Then ρ is nonnegative, and hence we can use (4.2) to conclude that, for
any t > 0, πt can be written as

πt = ρt ◦ σ, with ρt(s) := e−ts and σ(s) :=
∫ s

0

ρ(u) du.

Since ρt is completely monotone and σ is a function with σ′ = ρ completely
monotone and σ(0+) ≥ 0, it follows that also πt is completely monotone.
Taking t = 1, together with π(0+) = 1, implies that π is a pLSt. Applying
Proposition 2.3 yields the infinite divisibility of π. 22

The criterion for infinite divisibility given by this theorem turns out to
be very useful, both theoretically and practically. We will use it in Exam-
ple 4.9, in proving the closures properties in Section 6 and in some examples
in Section 11. Because of (4.2) it can be reformulated so as to obtain the
following representation theorem for infinitely divisible pLSt’s.

Theorem 4.2. A function π on R+ is the pLSt of an infinitely divisible

distribution on R+ iff π has the form

π(s) = exp
[
−

∫ s

0

ρ(u) du
]

[ s ≥ 0 ](4.3)

with ρ a completely monotone function on (0,∞).
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It is now easy to prove the following representation result, which will be
considered as a canonical representation. Here, as defined in Section A.3,
a function K : R → R is said to be an LSt-able function if K is right-con-
tinuous and nondecreasing withK(x) = 0 for x < 0 and such that its LSt K̂
is finite on (0,∞).

Theorem 4.3 (Canonical representation). A function π on R+ is the

pLSt of an infinitely divisible distribution on R+ iff π has the form

π(s) = exp
[
−

∫
R+

(1− e−sx)
1
x

dK(x)
]

[ s ≥ 0 ](4.4)

with K an LSt-able function; the integrand for x = 0 is defined by conti-

nuity. Here the function K is unique, and necessarily∫
(1,∞)

1
x

dK(x) <∞.(4.5)

Proof. Let π be an infinitely divisible pLSt. Then by Theorem 4.2 π has
the form (4.3) with ρ completely monotone. From Bernstein’s theorem,
i.e., Theorem A.3.6, it follows that there exists an LSt-able function K

such that ρ = K̂. Now, observe that by Fubini’s theorem∫ s

0

K̂(u) du =
∫

R+

(1− e−sx)
1
x

dK(x) [ s ≥ 0 ],(4.6)

so (4.3) takes the form (4.4). Since on (1,∞) the function x 7→ 1− e−sx is
bounded below by a positive constant, we also have condition (4.5) satis-
fied. The function K is unique because ρ is uniquely determined by π.
Suppose, conversely, that π has the form (4.4) with K an LSt-able func-
tion. Then by (4.6) π can be written as in (4.3) with ρ = K̂ completely
monotone. Applying Theorem 4.2 shows that π is an infinitely divisible
pLSt. 22

There is an alternative (more classical) way to obtain this canonical repre-
sentation: Start from the fact that an infinitely divisible pLSt π is the limit
of compound-Poisson pLSt’s as in (3.5), and proceed as indicated around
(I.4.2); then one can show that π has the form (4.4) with K given by

K(x) = lim
n→∞

n

∫
[0,x]

y dF ?(1/n)(y)(4.7)
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for continuity points x of K, where F is the distribution function with
F̂ = π. We further note that Theorem 4.3 guarantees that any LSt-able
function K satisfying (4.5) gives rise, via (4.4), to an infinitely divisible
pLSt π. On the other hand, if a function π has the form (4.4) with K

of bounded variation but not monotone, then π is not an infinitely divis-
ible pLSt, because its ρ-function, which is K̂, is not completely monotone.
Here we used the fact that two different functions of bounded variation,
both vanishing on (−∞, 0) and right-continuous, cannot have the same
LSt. For a concrete example we refer to Section 11.

The function K in Theorem 4.3 will be called the canonical function
of π, and of the corresponding distribution function F and of a correspond-
ing random variable X. Often, it is most easily determined by noting that
its LSt equals the ρ-function of π:

K̂ = ρ.(4.8)

Before giving three simple but basic examples, we prove some useful rela-
tions between (characteristics of) an infinitely divisible distribution and its
canonical function. Note that (4.4) can be rewritten as

π(s) = e−sK(0) exp
[
−

∫
(0,∞)

(1− e−sx)
1
x

dK(x)
]

[ s ≥ 0 ].(4.9)

Proposition 4.4. Let X be an infinitely divisible R+-valued random vari-

able with left extremity `X and canonical function K. Then `X = K(0),
and

IP(X = `X) = e−λ, where λ :=
∫

(0,∞)

1
x

dK(x) (≤ ∞).(4.10)

So IP(X = `X) > 0 iff λ <∞, in which case X− `X (if non-degenerate) is

compound-Poisson; its pLSt has the form (3.3) where G is the distribution

function with G(0) = 0 and

G(x) =
1
λ

∫
(0,x]

1
y

dK(y) [x > 0 ].(4.11)

Proof. We use several properties of LSt’s of LSt-able functions; they can
be found in Section A.3. Let ρ be the ρ-function of the pLSt π of X. Then
by Proposition A.3.3 `X is given by lims→∞ ρ(s). Since in our case ρ = K̂,
it follows that `X = K(0). The equality in (4.10) is now proved by using
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(4.9), the monotone convergence theorem and the fact that IP(X = `X) can
be obtained as lims→∞ π(s) es X̀ . The final assertion follows by rewriting
(4.9); see also Theorem 3.2. 22

Proposition 4.5. Let F be an infinitely divisible distribution function

on R+ with canonical function K. Then:

(i) For t > 0 the canonical function Kt of F ?t is given by Kt = tK.

(ii) If F1 and F2 are infinitely divisible distribution functions on R+ with

canonical functions K1 and K2, respectively, then F = F1 ? F2 iff

K = K1 +K2.

Proof. Both statements immediately follow from representation (4.4) and
the fact that the canonical function is unique. 22

Proposition 4.6. Let F, F1, F2, . . . be infinitely divisible distribution func-

tions on R+ with canonical functions K,K1,K2, . . ., respectively. Then (as

n→∞):

(i) If Fn → F weakly, then Kn → K at all continuity points of K, and

there exists a nonnegative function σ on (0,∞) such that K̂n ≤ σ for

every n.

(ii) If Kn → K at all continuity points of K, and there exists a nonneg-

ative function σ on (0,∞) with
∫ s
0
σ(u) du <∞ for s > 0 such that

K̂n ≤ σ for every n, then Fn → F weakly.

Proof. We use the continuity theorem and an extended version of it, as
stated in Theorems A.3.1 and A.3.5, and put F̂ =: π, F̂n =: πn, K̂ =: ρ
and K̂n =: ρn. First, let Fn → F weakly. Then πn → π and π′n → π′, so
by (4.8) we have

ρn(s) =
−π′n(s)
πn(s)

−→ −π′(s)
π(s)

= ρ(s) [ s > 0 ],

which implies the conclusion in (i) for Kn and K. Conversely, if we start
from such functions Kn and K, where now, in addition, the bound σ is
integrable over (0, s ] for s > 0, then ρn → ρ and we can use the dominated
convergence theorem, together with (4.3), to conclude that for s > 0

πn(s) = exp
[
−

∫ s

0

ρn(u) du
]
−→ exp

[
−

∫ s

0

ρ(u) du
]

= π(s),

so Fn → F weakly. 22
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The need for the integrability condition on the bound σ in (ii) is shown e.g.
by the special case where Kn = e

√
n 1[n,∞).

Example 4.7. The degenerate (λ) distribution of Example 2.5 with pLSt π
given by

π(s) = e−λs,

has canonical function K = λ 1R+ ; just use (4.9). 22

Example 4.8. The gamma (r, λ) distribution of Example 2.6 with pLSt π
given by

π(s) =
( λ

λ+ s

)r
,

has a canonical function K that is absolutely continuous with density k

given by

k(x) = r e−λx [x > 0 ].

This follows from (4.8); the ρ-function of π is ρ(s) = r
/
(λ+ s). 22

Example 4.9. For λ > 0, γ > 0, let π be the function on (0,∞) given by

π(s) = exp [−λ sγ ] [ s > 0 ].

In case γ > 1 this function is not a pLSt; it is not log-convex. For γ = 1
we get Example 4.7. So, let γ < 1. Then we apply Theorem 4.1 and
compute the ρ-function of π: ρ(s) = λγ sγ−1 for s > 0, so ρ is completely
monotone. We conclude that π is an infinitely divisible pLSt with (com-
pletely monotone) canonical density k given by

k(x) =
λγ

Γ(1− γ)
x−γ [x > 0 ];

see (4.8). For λ > 0 and γ ≤ 1 the pLSt π, and the corresponding dis-
tribution, will be called stable (λ) with exponent γ ; this terminology is
justified by the results in Section V.3 where the stable distributions on R+

are studied separately. 22

We make another use of the criterion of Theorem 4.1; it yields the
following useful characterization of infinite divisibility on R+ by means of
a functional equation for the distribution function.
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Theorem 4.10. A distribution function F on R+ is infinitely divisible iff

it satisfies∫
[0,x]

u dF (u) =
∫

[0,x]

F (x− u) dK(u) [x ≥ 0 ](4.12)

for some LSt-able function K. In this case K is the canonical function of F .

Proof. Apply Theorem 4.1. First, suppose that F is infinitely divisible.
Then the ρ-function of F̂ is completely monotone; by (4.8) it is the LSt of
the canonical function K of F . It follows that F satisfies

−F̂ ′(s) = F̂ (s) K̂(s) [ s > 0 ];(4.13)

Laplace inversion now yields the functional equation (4.12). The converse
is proved similarly; if F satisfies (4.12), then we have (4.13), and hence the
ρ-function of F̂ equals K̂, which is completely monotone. 22

The functional equation in this theorem can be used to get information
on Lebesgue properties of an infinitely divisible distribution function F ; we
will give necessary and/or sufficient conditions in terms of the canonical
function K for F or F − F (0) to be discrete or continuous or absolutely
continuous. Here we use, without further comment, some properties from
Section A.2, and we take `F = 0, which is no essential restriction. Then,
by Proposition 4.4, K(0) = 0, so K is continuous at 0. If K is continuous
everywhere, then so is the convolution F ?K, and hence, by the functional
equation (4.12), F−F (0) is continuous. In case F (0) > 0 the converse also
holds. This can be seen by writing

F ? K =
(
F− F (0)

)
? K + F (0)K;(4.14)

if F−F (0) is continuous, then so are
(
F−F (0)

)
? K and, by (4.12), F ? K,

which because of (4.14) implies the continuity of K, as F (0) 6= 0. In
a similar way one shows that if K is absolutely continuous, then so is
F− F (0), and that in case F (0) > 0 the converse holds. When F (0) > 0,
one can also obtain these results by using Proposition 4.4: Then we have
λ :=

∫
(0,∞)

(1/x) dK(x) <∞ and for Borel sets B

mF (B) =
∞∑
n=1

(λn
n!

e−λ
)
mG?n(B)

[
B ⊂ (0,∞)

]
,(4.15)
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where G is the distribution function given by (4.11); now apply (4.15) twice,
with B = {b} and with B having Lebesgue measure zero: m(B) = 0. By
this approach it also follows that if F (0) > 0 and K is not continuous, then
the set of discontinuity points of F is unbounded; cf. the remark following
Proposition I.2.2. In a similar way part (iii) of the following summarizing
proposition is obtained.

Proposition 4.11. Let F be an infinitely divisible distribution function

with `F = 0 and with canonical function K, and let F (0) > 0 or, equiva-

lently, let K satisfy
∫
(0,∞)

(1/x) dK(x) <∞. Then:

(i) F − F (0) is continuous iff K is continuous.

(ii) F − F (0) is absolutely continuous iff K is absolutely continuous.

(iii) F is discrete iff K is discrete.

Part (iii) of this proposition leads to the following characterization of the
infinitely divisible distributions on Z+ which are considered separately in
Chapter II; it follows by comparing the canonical representations (II.4.3)
and (4.4).

Proposition 4.12. Let F be an infinitely divisible distribution function

on R+ with canonical function K. Then F corresponds to an infinitely

divisible distribution (pj)j∈Z+ on Z+ (with p0 > 0) iff K is discrete with

discontinuities restricted to N and
∫
(0,∞)

(1/x) dK(x) <∞. In this case the

canonical sequence (rj)j∈Z+ of (pj) and the canonical function K of F are

related by

rj = K(j + 1)−K(j), K(x) =
∞∑
j=0

rj 1[j+1,∞)(x).(4.16)

When F (0) = 0 or, equivalently,
∫
(0,∞)

(1/x) dK(x) = ∞, the situation
is much more complicated. As we saw above, the continuity of K then is
sufficient for the continuity of F ; similarly for absolute continuity. Applying
these results for the continuous and absolutely continuous components ofK
and using Proposition 4.5 (ii), we get the following sufficient conditions for
continuity and absolute continuity of F .

Proposition 4.13. Let F be an infinitely divisible distribution function

with `F = 0 and with canonical function K. Then:
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(i) F is continuous if the continuous componentKc ofK has the property

that
∫
(0,∞)

(1/x)dKc(x) = ∞.

(ii) F is absolutely continuous if the absolutely continuous componentKac

of K has the property that
∫
(0,∞)

(1/x)dKac(x) = ∞.

Part (i) of this proposition can be improved, however, considerably, as
follows.

Theorem 4.14. Let F be an infinitely divisible distribution function with

`F = 0 and with canonical function K. Then F is continuous iff it is con-

tinuous at zero, so iff
∫
(0,∞)

(1/x) dK(x) = ∞.

Clearly, for proving this theorem it is sufficient to show that an infinitely
divisible distribution function F with `F = 0 satisfies

F not continuous =⇒ F (0) > 0, i.e.,
∫

(0,∞)

1
x

dK(x) <∞.(4.17)

Unfortunately, attempts to apply the functional equation (4.12) for this
only led to partial results. For instance, if DF is the set of discontinuity
points of F , then

x0 ∈DF with x0 > 0 =⇒ ∃ x1 ∈DF : x1 < x0.(4.18)

In fact, if x0 ∈DF with x0 > 0, then by (4.12)
(
note that K(0) = 0

)
mF?K

(
{x0}

)
=

∑
x∈DF∩ [0,x0)

mF

(
{x}

)
mK

(
{x0 − x}

)
> 0.

It follows that in proving (4.17) we may restrict ourselves to discrete dis-
tribution functions F . To see this, let F be infinitely divisible with `F = 0
and DF 6= Ø, and apply (4.17) to Fd( · + x0), where Fd is the discrete
component of F and x0 := `Fd

; note that Fd is infinitely divisible, too,
because of Proposition I.2.2. Then Fd(x0) > 0, so x0 ∈DF . Now, because
of (4.18), assuming x0 > 0 would contradict the definition of x0; so x0 = 0,
and hence F (0) > 0. Not able to prove (4.17) (for discrete F ) using R+-
methods, we appeal to its R-counterpart to be given in Theorem IV.4.20
(which indeed is not based on Theorem 4.14): The Lévy function M of an
infinitely divisible distribution function F that is not continuous, satisfies
M(0+) > −∞. Implication (4.17) then follows because the integral there
equals −M(0+) if `F ≥ 0; cf. Corollary IV.4.14. Now Theorem 4.14 is
proved. Combining it with Theorem 3.2 yields the following generalization
of the latter result.
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Theorem 4.15. Let F be an infinitely divisible distribution function with

`F = 0. Then F has at least one discontinuity point iff F is compound-

Poisson.

Turning to part (ii) of Proposition 4.13 we consider the special case
where K itself is absolutely continuous, in more detail.

Proposition 4.16. Let F be an infinitely divisible distribution function

on R+, and suppose that its canonical function K is absolutely continuous

with density k satisfying
∫∞
0

(1/x) k(x) dx = ∞. Then F is absolutely con-

tinuous and has a unique density f for which

x f(x) =
∫ x

0

f(x− u) k(u) du [x > 0 ].(4.19)

Proof. Note that `F = 0 because K(0) = 0; the condition on k yields
F (0) = 0. As K is absolutely continuous with density k, F ? K (= K ? F )
is absolutely continuous with density h := k ? F , i.e.,

h(x) =
∫

[0,x)

k(x− u) dF (u) [x > 0 ];

see Section A.2, also for the convolutions ? and ∗. Now, according to
Theorem 4.10 we have F ? K = G, where G(x) :=

∫
[0,x]

u dF (u) for x > 0.
It follows that G is absolutely continuous with density h, and hence, as
F (0) = 0, F is absolutely continuous with density f given by f(x) = h(x)

/
x

for x > 0. Clearly, h can now be rewritten as h = k ∗ f = f ∗ k; this yields
the functional equation (4.19) for f . 22

There seems to be no simple necessary and sufficient condition on K for F
to be absolutely continuous. In case of absolute continuity, however, infin-
ite divisibility can be characterized by means of a functional equation for a
density similar to (4.19), as follows; ‘almost all’ is, of course, with respect
to Lebesgue measure m.

Theorem 4.17. Let F be an absolutely continuous distribution function

on R+ with density f . Then F is infinitely divisible iff f satisfies

x f(x) =
∫

[0,x)

f(x− u) dK(u) [ almost all x > 0 ](4.20)

for some LSt-able function K. In this case K is the canonical function of F ;

if f can be chosen to be continuous on R (so f(0+) = 0 also when `F = 0),

then the equality in (4.20) holds for all x > 0.
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Proof. Let F be infinitely divisible with canonical function K, and let G
be as in the proof of the preceding proposition. Then G is absolutely
continuous; as is well known (m is σ-finite), its densities are equal m-
almost-everywhere (m-a.e.). One density is given by g with g(x) = x f(x)
for x > 0. Since by Theorem 4.10 we have G = F ? K, another is given by
h := f ? K, i.e.,

h(x) =
∫

[0,x)

f(x− u) dK(u) [x > 0 ].

It follows that g = h m-a.e., i.e., (4.20) holds. The converse is trivial; if
g = h m-a.e., then G = F ? K, so F is infinitely divisible.
Finally, let F be infinitely divisible having a density f that is continuous
on R. Then f is bounded on every finite interval, so the dominated con-
vergence theorem can be applied to conclude that h is continuous on R.
Since g is also continuous and by (4.20) g = h m-a.e., it follows that g = h

everywhere. 22

Before using the criterion of Theorem 4.1 for obtaining closure prop-
erties, in the next section we briefly consider the subclass of compound-
exponential distributions, and show that analogues can be given of several
results from the present section.

5. Compound-exponential distributions

The compound-exponential distributions, introduced in Section 3, are
particularly interesting. They occur quite frequently in practice, e.g., in
queueing situations (cf. Chapter VII), and they contain the distributions
with completely monotone or log-convex densities, the infinite divisibility
of which will be proved in Section 10. In the present section we focus on
another interesting aspect; the class of compound-exponential distributions
turns out to have many properties very similar to the class of all infinitely
divisible distributions.

To show this we recall that a compound-exponential pLSt π is deter-
mined by (and determines) an infinitely divisible pLSt π0, the underlying
pLSt of π, as follows:

π(s) =
1

1− log π0(s)
, so π0(s) = exp

[
1− 1

/
π(s)

]
.(5.1)
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Now observe that the ρ-function of π0, i.e., the function ρ0 = −(log π0)′,
can be expressed in terms of π as follows:

ρ0(s) =
d
ds

1
π(s)

= − π′(s){
π(s)

}2 [ s > 0 ].(5.2)

This function will be called the ρ0-function of π, also for functions π that
are not yet known to be pLSt’s (but are such that (5.2) makes sense). The
following analogue to Theorem 4.1 is easily proved by applying this theorem
to π0 in (5.1).

Theorem 5.1. Let π be a positive, differentiable function on (0,∞) with

π(0+) = 1. Then π is the pLSt of a compound-exponential distribution

on R+ iff its ρ0-function is completely monotone.

Let π be a compound-exponential pLSt with corresponding distribution
function F and canonical function K. Let F0 and K0 be the analogous
quantities for the underlying infinitely divisible pLSt π0 in (5.1). From
(5.2) it is seen that the ρ- and ρ0-function of π are related by

ρ(s) = π(s) ρ0(s) [ s > 0 ].(5.3)

Now use the fact that the left extremity `F of F can be obtained as `F =
lims→∞ ρ(s), and similarly for `F0 ; cf. Proposition A.3.3. Then one sees
that `F = F (0) `F0 , so `F = 0 also when F (0) = 0. Moreover, combining
(5.3) with (4.8) shows that

K = F ? K0 ;(5.4)

since by Proposition I.2.3 F has unbounded support, it follows that the
same holds for K. We summarize.

Proposition 5.2. Let F be a compound-exponential distribution function

on R+ with canonical function K. Then F has zero left extremity `F
(
and

hence K(0) = 0
)
, and K has unbounded support.

An analogue to Theorem 4.10 is obtained, as in the proof of this theo-
rem, by rewriting (5.2) as

−π′(s) =
{
π(s)

}2
ρ0(s) [ s > 0 ],(5.5)

and using Theorem 5.1 and Bernstein’s theorem. The resulting functional
equation will be used and interpreted in Section VII.5 on renewal processes.
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Theorem 5.3. A distribution function F on R+ is compound-exponential

iff it satisfies∫
[0,x]

u dF (u) =
∫

[0,x]

F ?2(x− u) dK0(u) [x ≥ 0 ](5.6)

for some LSt-able function K0. In this case the LSt of K0 equals the ρ0-

function of F̂ , and necessarily∫
(1,∞)

1
x

dK0(x) <∞.(5.7)

The degenerate distribution of Example 2.5 is not compound-exponen-
tial because of Proposition 5.2. The gamma distribution of Example 2.6
turns out not to be compound-exponential for all values of the shape pa-
rameter.

Example 5.4. The gamma (r, λ) distribution with pLSt π given by

π(s) =
( λ

λ+ s

)r
,

is compound-exponential iff r ≤ 1. This follows from Theorem 5.1; the
ρ0-function of π is given by ρ0(s) = rλ−r (λ + s)r−1, which is completely
monotone iff r ≤ 1. In case r < 1 the canonical function K0 of the under-
lying infinitely divisible distribution, which satisfies K̂0 = ρ0, is absolutely
continuous with density k0 given by

k0(x) =
rλ−r

Γ(1− r)
x−r e−λx [x > 0 ].

In the exponential case where r = 1, we have K0 = (1/λ) 1R+ . 22

Next we consider the subclass of compound-exponential distributions
on R+ with positive mass at zero; according to Theorem 3.7 they correspond
to the compound-geometric distributions on R+. Their pLSt’s π can be
characterized by the complete monotonicity of a function that is somewhat
simpler than the ρ0-function of π; cf. Theorem 5.1. This is due to the
fact that now π(∞) := lims→∞ π(s) > 0; the complete monotonicity of ρ0

is equivalent to that of the function s 7→ 1/π(∞) − 1/π(s), so to that of
the σ-function of π, which is defined by

σ(s) := 1− π(∞)
π(s)

[ s > 0 ].(5.8)
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We may start here from any function π on (0,∞) for which (5.8) makes
sense. Thus we arrive at the following criterion; it may also be derived
directly from representation (3.6) for a compound-geometric pLSt π.

Theorem 5.5. Let π be a positive function on (0,∞) with π(0+) = 1 and

such that π(∞) := lims→∞ π(s) exists in (0,∞). Then π is the pLSt of

a compound-geometric distribution on R+ iff its σ-function is completely

monotone.

The relation between a pLSt π and its σ-function can be rewritten as

π(s)− π(∞) = π(s)σ(s) [ s > 0 ].(5.9)

Laplace-inversion, together with Bernstein’s theorem and Theorem 5.5,
now yields the following characterization of the compound-geometric dis-
tributions on R+ by means of a functional equation for the distribution
function.

Theorem 5.6. A distribution function F on R+ is compound-geometric

iff it satisfies F (0) > 0 and

F (x)− F (0) =
∫

[0,x]

F (x− u) dL(u) [x ≥ 0 ](5.10)

for some LSt-able function L. In this case the LSt of L equals the σ-function

of F̂ , and necessarily L(0) = 0 and

lim
x→∞

L(x) = 1− F (0), and hence lim
x→∞

L(x) < 1.(5.11)

Note that the condition F (0) > 0 in this theorem is essential; equation
(5.10) with F (0) = 0 has only trivial solutions, whereas its analogue (4.12)
characterizes all infinitely divisible distributions on R+, not only the com-
pound-Poisson distributions.

Finally we state one instance of a Lebesgue property. Because of Propo-
sition 5.2 we can apply Theorem 4.14 to conclude that a compound-expon-
ential distribution function F on R+ is continuous iff it is continuous at
zero. Combining this with Theorem 3.7 yields the following generalization
of the latter result; cf. Theorem 4.15.

Theorem 5.7. Let F be a compound-exponential distribution function

on R+. Then F has at least one discontinuity point iff F is compound-

geometric.
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6. Closure properties

In Propositions 2.1 and 2.2 we saw that the class of infinitely divisible
pLSt’s is closed under pointwise products and limits, provided these limits
are pLSt’s. Corollary 2.4 states that if π is an infinitely divisible pLSt, then
so is πa for all a > 0. In the following proposition this property is restated
together with similar properties.

Proposition 6.1. Let π be an infinitely divisible pLSt and let a > 0.

Then πa is an infinitely divisible pLSt as well, where πa is any of the

following functions:

(i) πa(s) =
{
π(s)

}a;
(ii) πa(s) = π(as);

(iii) πa(s) = π(a+ s)/π(a);

(iv) πa(s) = π(a)π(s)/π(a+ s).

Proof. Apply Theorem 4.1 twice in each of the four cases; note that we
do not know in advance that the functions πa in (i) and (iv) are pLSt’s.
The ρ-function ρa of πa can be expressed in that of π by

ρa(s) = a ρ(s), a ρ(as), ρ(a+ s), ρ(s)− ρ(a+ s),

respectively. Now, use some elementary properties of completely monotone
functions as listed in Proposition A.3.7. 22

The pLSt’s in (i), (ii) and (iii) can be interpreted in terms of random
variables. Let X be a random variable with (infinitely divisible) pLSt π.
Then πa in (i) is the pLSt of X(a), where X(·) is the continuous-time sii-
process generated by X. The function in (ii) is, of course, the pLSt of the
multiple aX of X. We note in passing that the more general multiple AX,
where A is independent of X with IP(A = a) = 1− IP(A = 0) = α for some
α ∈ [ 0, 1 ], need not be infinitely divisible; take X degenerate, for instance.
For a more interesting counter-example we refer to Section 11. Thus we
have for α ∈ (0, 1):

π infinitely divisible =⇒/ 1− α+ απ infinitely divisible.(6.1)

In particular, it follows that the class of infinitely divisible distributions is
not closed under mixing; see, however, Proposition 10.9 and Chapter VI.
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Turning to πa in (iii), we take independent sequences (Xn)n∈N and (Yn)n∈N

of independent random variables such that Xn
d= X and Yn

d= Y for all n,
where Y is independent of X and exponentially distributed with parameter
λ = a. Define N := inf {n ∈N : Xn < Yn}; then N is finite a.s. and for XN

we have XN
d= (X |X < Y ). Since

IE e−sX1{X<Y } =
∫

R+

e−sx IP(Y > x) dFX(x) = π(a+ s),

and hence IP(X < Y ) = π(a), we conclude that the random variable XN

has pLSt πa as given by (iii). Note that in terms of distribution functions
the closure property (iii) reads as follows: If F is an infinitely divisible
distribution function on R+, then so is Fa for every a > 0, where

Fa(x) =
1

π(a)

∫
[0,x]

e−ay dF (y) [x ≥ 0 ].(6.2)

There does not seem to exist an obvious interpretation of the pLSt πa
in part (iv) of Proposition 6.1. We note that πa is not necessarily a pLSt
if π is not infinitely divisible. The infinite divisibility of πa turns out to be
not only necessary for the infinite divisibility of π but also sufficient.

Proposition 6.2. Let a > 0, let π be a pLSt, and define

πa(s) :=
π(a)π(s)
π(a+ s)

.

Then π is infinitely divisible iff πa is the pLSt of an infinitely divisible

distribution.

Proof. Again, we use Theorem 4.1. As noted in the proof of Proposi-
tion 6.1, the ρ-functions of π and πa are related by

ρa(s) = ρ(s)− ρ(a+ s).(6.3)

Hence, if ρ is completely monotone, then so is ρa. To prove the converse
statement, we solve (6.3) for ρ, and find

ρ(s) =
∞∑
k=0

ρa(ka+ s) + `F ,

where we used the fact that lims→∞ ρ(s) = `F if F is the distribution func-
tion corresponding to π; cf. Proposition A.3.3. It follows that ρ is com-
pletely monotone if ρa is completely monotone. 22

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



In the characterization of infinite divisibility just proved the condition
that πa is an infinitely divisible pLSt for a fixed a > 0, may be replaced by
the condition that πa is just a pLSt for all a > 0, or for all a ∈ (0, ε) for some
ε > 0. We formulate this result as a ‘self-decomposability’ characterization
of infinite divisibility; cf. Chapter V.

Theorem 6.3. A pLSt π is infinitely divisible iff for all a > 0 there exists

a pLSt πa such that

π(s) =
π(a+ s)
π(a)

πa(s).(6.4)

Proof. Suppose that for all a > 0 the pLSt π can be factorized in two
pLSt’s as in (6.4). Then for all a > 0 the function s 7→ π(s)/π(a+ s) is
completely monotone, and hence so is the function ρa defined by

ρa(s) :=
1
a

{ π(s)
π(a+ s)

− 1
}
.

Now let a ↓ 0; since then ρa(s)→ −π′(s)
/
π(s), it follows that the ρ-function

of π is completely monotone. Hence π is infinitely divisible by Theorem 4.1.
The converse statement immediately follows from Proposition 6.1 (iv) or
Proposition 6.2. 22

Note that for an infinitely divisible pLSt π both factors in (6.4) are infin-
itely divisible, while the second factor is even compound-Poisson because
πa(s) → π(a) ea`F > 0 as s→∞; see Proposition A.3.3 for the formula
for `F that we used here.

The result of Proposition 3.5 can also be viewed as a closure property:
If π and π0 are pLSt’s, then

π, π0 infinitely divisible =⇒ π ◦ (− log π0) infinitely divisible.(6.5)

For instance, taking here π exponential shows that if π0 is an infinitely
divisible pLSt, then so is π with π(s) = 1

/(
1− log π0(s)

)
; π is compound-

exponential. On the other hand, taking for π0 a stable pLSt as considered
in Example 4.9, we obtain the following useful special case.

Proposition 6.4. If π is an infinitely divisible pLSt, then so is s 7→ π(sγ)
for every γ ∈ (0, 1 ].
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The closure property of Proposition 6.1 (iii) holds for general a ∈R when
adapted as follows: If π is a pLSt with π(a) <∞, then

π infinitely divisible =⇒ π(a+ ·)
/
π(a) infinitely divisible;(6.6)

the same proof can be used, but one can also use Proposition 2.3, as was
done for deriving (2.5). Now, combining the closure properties (6.5) and
(6.6) yields the following generalization.

Proposition 6.5. Let π and π0 be pLSt’s, and let a ∈R be such that

π(a) <∞. Then the following implication holds:

π, π0 infinitely divisible =⇒ π◦ (a−log π0)
π(a)

infinitely divisible.(6.7)

For a pLSt π one might consider more general compositions π ◦ σ with σ

such that this composition is completely monotone. For this to be the case
we only have the sufficient condition that σ′ is completely monotone

(
cf.

Proposition A.3.7 (vi)
)
; as in the proof of Theorem 4.3 one shows, however,

that σ then necessarily has the form a− log π0 with a ∈R and π0 an infin-
itely divisible pLSt.

7. Moments

Let X be an infinitely divisible R+-valued random variable with dis-
tribution function F . We are interested in the moments of X of any non-
negative order; for r ≥ 0 let

µr := IEXr =
∫

R+

xr dF (x) [≤ ∞ ].

We will relate the µr to moments of the canonical function K of X. To
this end we use the functional equation of Theorem 4.10:∫

[0,x]

u dF (u) =
∫

[0,x]

F (x− u) dK(u) [x ≥ 0 ],(7.1)

and recall thatK is an LSt-able function satisfying
∫
(1,∞)

(1/x) dK(x) <∞.
A first result is obtained by letting x → ∞ in (7.1) or, equivalently, s ↓ 0
in (4.13); then one sees that the expectation of X itself is given by

IEX = lim
x→∞

K(x).(7.2)
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Another use of (7.1) shows that for α ≥ 0 the moment of order r = α+ 1
can be obtained as µα+1 =

∫
R+
xα d(F ? K)(x), and hence, by (A.2.3),

µα+1 =
∫

R2
+

(u+ v)α dF (u) dK(v).(7.3)

The moment of K of order α ≥ 0 is denoted by να, so

να :=
∫

R+

xα dK(x) [≤ ∞ ].

We first take α = n ∈Z+ in (7.3). Then using the binomial formula for
(u + v)n one sees that the moment sequences (µn)n∈Z+ and (νn)n∈Z+ are
related by

µn+1 =
n∑
j=0

(
n

j

)
µj νn−j [n ∈Z+ ].(7.4)

Since these relations have exactly the same structure as those in (A.2.20)
for (µn)n∈Z+ and the sequence (κn)n∈N of cumulants of F , one is led to the
following result.

Theorem 7.1. Let F be an infinitely divisible distribution function on R+

with canonical function K, and let n ∈Z+. Then the (n+ 1)-st order mo-

ment µn+1 of F is finite iff the n-th order moment νn of K is finite:

µn+1 <∞ ⇐⇒ νn <∞.(7.5)

In this case the (n+ 1)-st order cumulant κn+1 of F equals νn:

κn+1 = νn.(7.6)

Corollary 7.2. The cumulants of an infinitely divisible distribution on R+

(as far as they exist) are nonnegative.

Next we use the basic formula (7.3) for general α ≥ 0 and show that
the equivalence in (7.5) can be generalized as follows.

Theorem 7.3. Let F be an infinitely divisible distribution function on R+

with canonical function K, and let α ≥ 0. Then the (α+ 1)-st order mo-

ment µα+1 of F is finite iff the α-th order moment να of K is finite:

µα+1 <∞ ⇐⇒ να <∞.(7.7)
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Proof. When α = 0, by (7.2) or (7.3) we have µ1 = ν0, so let α > 0 and
apply (7.3). Since vα ≤ (u + v)α ≤ 2α (uα + vα) for all (u, v) ∈R2

+, it is
then seen that

να ≤ µα+1 ≤ 2α (µα ν0 + να).(7.8)

The implication to the right in (7.7) now immediately follows. To prove
the converse, suppose that να <∞, and let bαc = n ( ∈Z+). Then νn <∞
and hence, because of (7.5), µn+1 <∞. But then we also have µα <∞,
and so by (7.8) µα+1 <∞. 22

If we let α ∈ (−1, 0) in Theorem 7.3, then we have to adapt the result
somewhat. For such an α we set

να :=
∫

(0,∞)

xα dK(x), ν′α :=
∫

(1,∞)

xα dK(x) [ both ≤ ∞ ],

and note that να and ν′α are simultaneously finite in case IP(X = `X) > 0,
since then

∫
(0,1)

(1/x) dK(x) < ∞; see Proposition 4.4. Further, we need
the following generalization of (7.3), which is proved in a similar way: For
α > −1 and c ≥ 0

IEXα+1 1{X>c} =
∫
{(u,v)∈R2

+:u+v>c}
(u+ v)α dF (u) dK(v).(7.9)

Theorem 7.4. Let F be an infinitely divisible distribution function on R+

with canonical function K, and let α ∈ (−1, 0). Then the (α + 1)-st order

moment µα+1 of F is finite iff the α-th order moment ν′α of K, as defined

above, is finite:

µα+1 <∞ ⇐⇒ ν′α <∞.(7.10)

Proof. First, apply (7.9) with c = 0, and let b ≥ 0 be such that F (b) > 0.
Since (u+ v)α ≥ (b+ v)α for all (u, v) ∈ [ 0, b ]× (0,∞), it is then seen that

µα+1 ≥ F (b)
∫

(0,∞)

(b+ v)α dK(v).

The implication to the right in (7.10) now immediately follows. Next, apply
(7.9) with c = 2, and observe that{

(u, v) ∈R2
+ : u+ v > 2

}
⊂

(
(1,∞)× [ 0, 1 ]

)
∪

(
R+ × (1,∞)

)
;
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since we have (u+ v)α ≤ 1 for all (u, v) ∈ (1,∞)× [ 0, 1 ] and (u+ v)α ≤ vα

for all (u, v) ∈R+ × (1,∞), it follows that

µα+1 ≤ IEXα+1 1{X≤2} +
{
1− F (1)

}
K(1) + ν′α.

Clearly, this estimation proves the reverse implication in (7.10). 22

As is well known, the (α+ 1)-st order moment µα+1 of a distribution
function F on R+ is finite iff the α-th order moment of the function with F
as a density is finite, where F := 1− F is the tail function corresponding
to F . Hence for an infinitely divisible F Theorems 7.3 and 7.4 give infor-
mation on the asymptotic behaviour of F (x) as x → ∞. In Section 9 we
will return to this and give more detailed results. But first, in the next
section, we pay attention to the support of F .

8. Support

Let F be a distribution function on R+. As agreed in Section A.2, by
the support S(F ) of F we understand the set of points of increase of F ;
equivalently, S(F ) is the smallest closed subset S of R+ with mF (S) = 1.
According to (A.3.1) the support of the convolution of two distribution
functions on R+ is equal to the (direct) sum of the supports:

S(F ? G) = S(F )⊕ S(G).(8.1)

For functions on R+ more general than distribution functions, such as LSt-
able functions, the support is defined similarly and (8.1) still holds.

Let F be infinitely divisible with n-th order factor Fn, say, so F = F ?nn .
Then from (8.1) it follows that

S(F ) = S(Fn)⊕n [n ∈N ].(8.2)

Also, if F is non-degenerate, then by Proposition I.2.3 S(F ) is unbounded.
We can say more, and first consider the case where F (0) > 0. Then by
Theorem 3.2 F is compound-Poisson and can be represented as in (4.15):

F (x) = e−λ +
∞∑
n=1

(λn
n!

e−λ
)
G?n(x) [x ≥ 0 ],(8.3)
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where λ > 0 and G is a distribution function with G(0) = 0. From this it
is immediately seen that

S(F ) ⊃ {0} ∪
∞⋃
n=1

S(G?n);

we need not have equality here, but we have, if we replace the union over n
in the right-hand side by its closure. This is easily verified by showing that a
non-zero element outside the closure cannot belong to S(F ); cf. the second
part of the proof of Proposition A.2.1. Since for t > 0 the convolution
power F ?t of F satisfies (8.3) with λ replaced by λt, it follows that its
support S(F ?t) does not depend on t, and hence, by (8.2), the support
S(F ) of F is closed under addition. This can also be seen by applying
(8.1): S(G?n) = S(G)⊕n for all n, and hence

⋃∞
n=1 S(G?n) is equal to the

additive semigroup generated by S(G); notation: sg
{
S(G)

}
. Here we can

replace G by the canonical function K of F ; since G and K are related as
in (4.11), we have S(G) = S(K). We conclude that

S(F ) = {0} ∪ sg
{
S(K)

}
.(8.4)

This relation implies that S(F ) is a proper subset of R+ as soon as K has
a positive left extremity. If `K = 0, however, then S(F ) = R+; this is an
immediate consequence of the following lemma

(
and the fact that K(0) = 0

if F (0) > 0
)
.

Lemma 8.1. Let K be a nonnegative nondecreasing function on R with

K(0) = 0 and `K = 0. Then the support S(K) of K satisfies

sg
{
S(K)

}
= R+.

Proof. Put S := sg
{
S(K)

}
, and suppose that R+\ S 6= Ø. Then there

exist c > 0 and ε0 > 0 such that (c − ε0, c + ε0) ∩ S = Ø. On the other
hand, since K(0) = 0 and `K = inf S(K) = 0, there is a sequence (an)n∈N

in S(K) satisfying 0 < an ↓ 0 as n→∞. Hence we can take n0 such that
an0 < 2ε0. This implies, however, that man0 ∈ (c − ε0, c + ε0) for some
m ∈N, whereas man0 ∈S: a contradiction. 22

This lemma also enables us to easily deal with the case of an infin-
itely divisible F without mass at zero. Supposing, as usual, that `F = 0(
and hence K(0) = 0

)
, we will show that also in this case the support of F
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is all of R+. In doing so we start from the functional equation given by
Theorem 4.10:∫

[0,x]

u dF (u) = (F ? K)(x) [x ≥ 0 ],(8.5)

where K is the canonical function of F . Since F (0) = 0, this equation
implies that S(F ) = S(F ? K), so by (8.1) we have S(F ) = S(F )⊕ S(K).
By iteration it follows that

S(F ) = S(F )⊕
∞⋃
n=1

S(K)⊕n = S(F )⊕ sg
{
S(K)

}
,

and hence, as 0 ∈S(F ) and S(F ) is closed, sg
{
S(K)

}
⊂ S(F ). Since by

Proposition 4.4 F (0) = 0 implies that
∫ 1

0
(1/x) dK(x) = ∞, we have `K = 0;

an application of Lemma 8.1 now shows that S(F ) = R+. We summa-
rize; the first statement in the corollary also follows by applying Proposi-
tion 4.5 (i).

Theorem 8.2. Let F be an infinitely divisible distribution function on R+

with `F = 0 and with canonical function K. Then the support of F is equal

to the closure of the additive semigroup generated by the support of K

supplemented with 0:

S(F ) = {0} ∪ sg
{
S(K)

}
.

Moreover, S(F ) = R+ iff `K = 0, which is the case if F (0) = 0.

Corollary 8.3. Let F be an infinitely divisible distribution function on R+

with `F = 0. Then S(F ?t) = S(F ) for all t > 0, and S(F ) is closed under

addition.

From Theorem 8.2 it follows that an infinitely divisible distribution
function F with `F = 0 has an interval of constancy only when `K > 0(
and hence F (0) > 0

)
; in this case F (x) = F (0) for all x ∈ [ 0, `K) and F

may be constant on several other intervals. This is, of course, illustrated
by the special case of distributions on Z+. For (arbitrary) distributions
p = (pk)k∈Z+ on Z+ the support of p reduces to

S(p) = {k ∈Z+ : pk > 0},

so the support of p and the set of zeroes of p are complementary sets
in Z+. For densities f on R+ the situation is not that simple; a problem is
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that f is not uniquely defined. However, f can always be chosen such that
f(x) = 0 for all x 6∈S(F ); we then have

S(F ) = {x > 0 : f(x) > 0}.

Now, let F be infinitely divisible with `F = 0 and with a density f that is
continuous on (0,∞). Since by Theorem 8.2 S(F ) = R+, for no interval
(a, b) in R+ f vanishes on all of (a, b); nevertheless, it could have zeroes
in (0,∞). It turns out, however, that this does not happen. To show this,
we use the functional equation of Theorem 4.17; there is a set C ⊂ (0,∞)
with m

(
(0,∞) \ C

)
= 0 such that

x f(x) =
∫

[0,x)

f(x− u) dK(u) [x ∈C ].(8.6)

Theorem 8.4. Let F be an infinitely divisible distribution function on R+

with `F = 0 and with a density f that is continuous on (0,∞). Then

f(x) > 0 for all x > 0.

Proof. Take x1 > 0 such that f(x1) > 0. We will show that f has no
zeroes in the interval (x1,∞). The theorem will then be proved, because
by the assumption that `F = 0, we can choose x1 arbitrarily small.
Suppose that f does have a zero in (x1,∞); by the continuity (from the
right) of f there is a smallest one, say x0. Now use (8.6); then it is seen
that

x f(x) ≥
∫

(x−x0,x−x1]

f(x− u) dK(u) [x ∈C, x > x0 ].

Next let x ↓ x0 through C; as f is continuous on (0,∞) and hence bounded
on every finite closed interval in (0,∞), we can then apply the dominated
convergence theorem to conclude that

0 = x0f(x0) ≥
∫

(0,x0−x1]

f(x0 − u) dK(u).

Since f(x) > 0 for all x ∈ [x1, x0), it follows that K(x0−x1) = 0 and hence
by (8.6) that f(x) = 0 for all x ≤ x0−x1. This contradicts our assumption
that `F = 0; we conclude that f(x) > 0 for all x > x1. 22

From the proof it will be clear that this non-zero result also holds for
infinitely divisible densities f that are only right-continuous on (0,∞) and
bounded on every finite closed interval in (0,∞).
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9. Tail behaviour

For infinitely divisible densities f on R+ we cannot expect a simple
asymptotic behaviour, because f does not necessarily satisfy f(x) → 0 as
x → ∞; see Section 11 for an example. Therefore, we will not consider
these local tail functions; we shall concentrate on the global tail function F

of an infinitely divisible random variable X with distribution function F :

F (x) := IP(X > x) = 1− F (x) [x ≥ 0 ].

We look at F in a rather crude way, and restrict ourselves to the asymptotic
behaviour of − logF (x) for x→∞; it will appear that it is determined by
the right extremity rK of the canonical function K of F .

We first take a look at the tails of infinitely divisible distributions on R+

with positive mass at zero; by Theorem 3.2 these are the compound-Poisson
distributions on R+. So, let X d= SN , where (Sn)n∈Z+ is an sii-process

generated by a positive random variable Y , say (so S1
d= Y ), and N is

Poisson distributed and independent of (Sn). Then the tail function F

of X can be written as

F (x) =
∞∑
n=1

IP(N = n) IP(Sn > x) [x ≥ 0 ].

Hence, on the one hand we have

F (x) ≥ IP(N = 1) IP(Y > x) [x ≥ 0 ];(9.1)

this means that an infinitely divisible distribution can have an arbitrarily
thick tail. On the other hand, if a > 0 is such that IP(Y > a) > 0, then

F (ka) ≥ IP(N = k)
{
IP(Y > a)

}k [ k ∈N ],(9.2)

and hence, as by Lemma II.9.1 − log IP(N= k) ∼ k log k as k →∞,

lim sup
k→∞

− logF (ka)
k log k

≤ 1.

Now, for x > 0 let kx ∈N be such that (kx−1) a < x ≤ kxa, so we have
F (x) ≥ F (kxa). Then observing that (kx log kx)

/
(x log x) →1/a as x→∞

and letting a tend to the right extremity rG of the distribution function G
of Y , we conclude that

lim sup
x→∞

− logF (x)
x log x

≤ 1
rG
,(9.3)
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where 1/rG := 0 if rG = ∞. When rG is finite, F can also be estimated
above. In fact, as Sn ≤ n rG a.s., we then have for k ∈N

F (k rG) =
∞∑

n=k+1

IP(N = n) IP(Sn > k rG) ≤ IP(N > k),(9.4)

and hence, as by Lemma II.9.1 − log IP(N> k) ∼ k log k as k →∞,

lim inf
k→∞

− logF (k rG)
k log k

≥ 1.

Now, similarly to the way (9.3) is obtained, this inequality implies that

lim inf
x→∞

− logF (x)
x log x

≥ 1
rG
.(9.5)

Finally, we combine the results (9.3) and (9.5), and use the relation be-
tween G and the canonical function K of F given by (4.11) to be able to
replace rG by the right extremity rK of K. Thus we arrive at the follow-
ing property of the tail function F of an infinitely divisible distribution
function F on R+ with F (0) > 0 and with canonical function K:

lim
x→∞

− logF (x)
x log x

=
1
rK

.(9.6)

This limiting result turns out to hold also for infinitely divisible dis-
tribution functions F with `F = 0 without mass at zero. To show this we
take such an F , and split its canonical function K as K = K1 +K2, where
K2 =

{
K−K(a)

}
1(a,∞) for some a ∈ (0, rK). Then from Proposition 4.5 (ii)

it follows that if F1 and F2 are infinitely divisible distribution functions
on R+ with canonical functions K1 and K2, respectively, then F = F1 ? F2

or, in terms of random variables, X d= X1 +X2 with X1 and X2 indepen-
dent. Now, asK2 vanishes on (0, a), F2 has positive mass at zero, and hence
its tail function F 2 satisfies (9.6) with rK replaced by rK2 . By construction,
however, we have rK2 = rK ; moreover,

F (x) = IP(X1 +X2 > x) ≥ IP(X2 > x) = F 2(x) [x ≥ 0 ].(9.7)

We conclude that (9.6) holds with ‘lim’ and ‘=’ replaced by ‘lim sup’ and
‘≤’. For the reverse inequality we may suppose r := rK <∞. Then by the
functional equation (4.12), for x > 0 we can estimate, also when F (0) > 0,
as follows:
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F (x) =
(x,∞)

dF (u) =
(x,∞)

1
u

d(F ? K)(u) ≤

≤ 1
x

∫
(x,∞)

d(F ? K)(u) =
1
x

∫
(0,r]

F (x− u) dK(u) ≤

≤ 1
x
F (x− r)K(r),

and hence, as by (7.2) we have K(r) = limx→∞K(x) = IEX,

F (x) ≤ IEX
x

F (x− r) [x > 0 ].(9.8)

Note that for x ∈ (0, r) this inequality reduces to Markov’s inequality. Now,
take x = kr in (9.8) with k ∈N; then by iteration it follows that

F (kr) ≤ (IEX/r)k

k!
F (0) [ k ∈N ],(9.9)

i.e., for F (kr) we have obtained a Poisson-type upperbound. Therefore,
we can proceed as before, including an application of Lemma II.9.1, and
conclude that (9.6) holds with ‘lim’ and ‘=’ replaced by ‘lim inf’ and ‘≥’.
Thus we have proved (9.6) as stated, also when F (0) = 0 and `F = 0. For
non-degenerate F the condition that `F = 0 can be dropped; this is seen
by applying the result to H := F (`F + ·) with `H = 0. We summarize.

Theorem 9.1. Let F be a non-degenerate infinitely divisible distribution

function on R+ with canonical function K. Then the tail function F satis-

fies

lim
x→∞

− logF (x)
x log x

=
1
rK

,(9.10)

where rK is the right extremity of K, possibly ∞, in which case 1/rK := 0.

What is a bit surprising is not the rate at which the tails of infinitely
divisible distributions tend to zero, but the regularity, i.e., the existence of
a limit in (9.10). When rK is finite, Theorem 9.1 gives the exact rate with
which − logF tends to infinity. In case rK = ∞ we only know that

lim
x→∞

− logF (x)
x log x

= 0.(9.11)

In general not more than this can be said; the convergence in (9.11) can be
arbitrarily slow. For compound-exponential distributions, which by Propo-
sition 5.2 satisfy (9.11), it can be shown, however, that

{
− logF (x)

}/
x has

a finite limit as x→∞; we shall not do this.
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10. Log-convexity

This section not only parallels Section II.10 on log-convex (and log-
concave) distributions on Z+, but also leans on it rather heavily. Several
results for densities (of absolutely continuous distributions on R+) will be
obtained by discretization and taking limits.

In Section II.10 we used the fact that for any distribution (pk)k∈Z+

on Z+ with p0 > 0 the recurrence relations

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ](10.1)

determine a sequence (rk)k∈Z+ of real numbers; in Theorem II.10.1 we
showed that if (pk) is log-convex, then these rk are nonnegative, so that
(pk) is infinitely divisible. Consider the analogue of (10.1) for a density f
on (0,∞) as given in Theorem 4.17:

x f(x) =
∫

[0,x)

f(x− u) dK(u) [ almost all x > 0 ].(10.2)

Now it is not clear that for every f this functional equation determines a
function K of bounded variation. Even if it did, it would be very difficult to
show, along the lines of the proof of Theorem II.10.1, that if f is log-convex,
then K is nondecreasing, so that f is infinitely divisible.

Thus it seems that the only way to deal with log-convex densities, is
via discretization. There are, of course, several ways to write a distribution
function F on R+ as the (weak) limit of a sequence of lattice distribution
functions. The following one turns out to be convenient for our purposes:

F (x) = lim
h↓0

Fh(x) [x ∈R ],(10.3)

where Fh corresponds to the distribution
(
pk(h)

)
k∈Z+

on the lattice hZ+

with

pk(h) =

{
F (h) , if k = 0,

F
(
(k +1)h

)
− F (kh) , if k ≥ 1.

(10.4)

If F is absolutely continuous with density f , then we have

pk(h) =
∫ (k+1)h

kh

f(x) dx =
∫ h

0

f(kh+ θ) dθ [ k ∈Z+ ].(10.5)
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Now, suppose that f is log-convex on (0,∞), i.e. (cf. Section A.3), f satisfies
the inequalities{

f
(

1
2 (x+ y)

)}2 ≤ f(x) f(y) [x > 0, y > 0 ].(10.6)

Then for any h > 0 the lattice distribution
(
pk(h)

)
k∈Z+

is log-convex as
well: {

pk(h)
}2 ≤ pk−1(h) pk+1(h) [ k ∈N ];(10.7)

this follows from (10.5) and Proposition II.10.6, as in the proof of Propo-
sition II.10.8. Conversely, if

(
pk(h)

)
in (10.5) is log-convex for all h > 0,

then f is log-convex; this can be proved by observing that F is also the
weak limit, as h ↓ 0, of the distribution function with (log-convex) den-
sity fh, where fh is obtained from

(
pk(h)

)
by log-linear interpolation, i.e.,

by linear interpolation of
(
log pk(h)

)
. In fact, one can say somewhat more:

If Fn → F weakly as n→∞ with F (0) = 0, and Fn has a log-convex, and
hence nonincreasing, density fn so that Fn is concave, then F is concave
and hence has a nonincreasing density f ; moreover, using Helly’s selection
theorem one shows that the log-convexity of fn implies the log-convexity
of f . Thus we have (briefly) shown the validity of the following useful
lemma.

Lemma 10.1. Let F be a distribution function on R+ with F (0) = 0.

Then the following three assertions are equivalent:

(i) F has a density f that is log-convex on (0,∞).

(ii) F is the weak limit, as h ↓ 0, of a distribution function Fh corre-

sponding to a log-convex distribution
(
pk(h)

)
on the lattice hZ+.

(iii) F is the weak limit, as n→∞, of a distribution function Fn having

a density fn that is log-convex on (0,∞).

Since results for distributions on Z+ have an obvious translation to dis-
tributions on the lattice hZ+, we can use this lemma to obtain results for
log-convex densities on (0,∞) from their discrete counterparts. We start
with a continuous version of Theorem II.10.1.

Theorem 10.2. If F is a distribution function on R+ having a density f

that is log-convex on (0,∞), then F is infinitely divisible.
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Proof. Let F have a log-convex density f . By the lemma, F can then
be seen as the weak limit, as h ↓ 0, of a log-convex distribution

(
pk(h)

)
on

the lattice hZ+. Now, on account of Theorem II.10.1
(
pk(h)

)
is infinitely

divisible on hZ+, and hence on R+. Since by Proposition 2.2 the set of
infinitely divisible distributions on R+ is closed under weak convergence,
we conclude that F is infinitely divisible as well. 22

Next, we will give a sufficient condition in terms of the canonical func-
tion K for an infinitely divisible distribution function F to have a log-
convex density f . In fact, we will prove a continuous version of Theo-
rem II.10.2; in view of this we will suppose that K has a log-convex den-
sity k. In this case k is convex

(
see (A.3.12)

)
, and hence nonincreasing

because
∫∞
1

(1/x) k(x) dx <∞.
We first consider the general situation with a nonincreasing canonical

density k in more detail; it is also of importance in Chapter V when study-
ing the self-decomposable distributions on R+. Since k(0+) then exists
in (0,∞], we have

∫∞
0

(1/x) k(x) dx = ∞, so by Proposition 4.16 F has a
unique density f satisfying

x f(x) =
∫ x

0

f(x− u) k(u) du [x > 0 ].(10.8)

It will become clear that for the behaviour of f the case k(0+)=1 is critical.
To see why this might be so, we refer to Example 11.15. In the following
proposition we state a special case of this example; it is needed in the proof
of the subsequent theorem.

Proposition 10.3. Let r > 0, and let F be the infinitely divisible dis-

tribution function with `F = 0 for which the canonical function K has

(nonincreasing) density k given by k = 1(0,r). Then F has a density f

that is constant on (0, r), and continuous and nonincreasing on (0,∞); in

particular, f is bounded on (0,∞).

Theorem 10.4. Let F be an infinitely divisible distribution function on

R+ with canonical function K having a density k that is nonincreasing on

(0,∞). Then F has a unique density f satisfying (10.8); f is continuous

and positive on (0,∞), and it is bounded on (0,∞) if k(0+) > 1. Moreover:

(i) If f is nonincreasing near 0 with f(0+) = ∞, then k(0+) ≤ 1.

(ii) If f(0+) exists in (0,∞), then k(0+) = 1.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



(iii) If f is nondecreasing near 0 with f(0+) = 0, then k(0+) ≥ 1.

Proof. Above we saw that F has a unique density f satisfying (10.8). By
Theorem 8.4 f is positive on (0,∞) as soon as f is continuous on (0,∞).
To show the continuity of f we denote the right-hand side of (10.8) by h(x),
and start with the case where k(0+) ≤ 1; take k right-continuous. Then h
can be written as

h(x) = k(0+)
{
F (x)− (G ? F )(x)

}
[x > 0 ],

where G is a distribution function on R+: G(x) = 1− k(x)
/
k(0+) for

x > 0. From the continuity of F it now follows that h is continuous on
(0,∞). Since x f(x) = h(x) for x > 0, f is continuous as well.
Next, suppose that k(0+) > 1, possibly k(0+) = ∞. Then we can write k
as the sum of two canonical densities k1 and k2 with k1 as in the pre-
ceding proposition, where r > 0 is such that k(x) ≥ 1 for 0 < x < r. For
i = 1, 2 let Fi be the infinitely divisible distribution function with canonical
density ki; since ki(0+) > 0, Fi is absolutely continuous with density fi,
say. By Proposition 4.5 (ii) we have F = F1 ? F2, so, besides f , also the
function f̃ with

f̃(x) :=
∫ x

0

f1(x− y) f2(y) dy [x > 0 ],

is a density of F . Now, by Proposition 10.3 f1 can be chosen to be bounded
and continuous on (0,∞). Clearly, it follows that f̃ is bounded as well. It
is also continuous. To see this, take x > 0 and ε > 0, and write∣∣f̃(x+ ε)− f̃(x)

∣∣ ≤ ∫ x

0

∣∣f1(x+ ε− y)− f1(x− y)
∣∣ f2(y) dy +

+
∫ x+ε

x

f1(x+ ε− y) f2(y) dy.

Because of the boundedness of f1 the second integral tends to zero as ε ↓ 0
and we can apply the dominated convergence theorem, together with the
continuity of f1, to see that also the first integral tends to zero. Thus f̃ is
right-continuous on (0,∞); left-continuity is proved similarly. We finally
return to h, which may be written as h(x) =

∫ x
0
f̃(x−u) k(u) du for x > 0.

Since f̃ here is bounded and continuous on (0,∞), we can proceed as above
for f̃ to show that h is continuous on (0,∞). It follows that also f is con-
tinuous. Hence f = f̃ , so f is bounded.
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Finally, we prove (i), (ii) and (iii), and use the fact that F (x)
/
x→ f(0+)

as x ↓ 0, if f(0+) exists; similarly for K and k(0+). First, let f(0+) exist
in (0,∞). Since by (10.8) and the monotonicity of k we have x f(x) ≥
k(x)F (x) for x > 0, it is then seen that k(0+) ≤ 1. Now we can estimate
as follows: x f(x) ≤ k(0+)F (x) for x > 0, so we also have k(0+) ≥ 1. This
proves (ii). Parts (i) and (iii) are shown similarly; use (10.8) and the
monotonicity of f rather than that of k. 22

We are now ready to return to the situation above where k is log-convex.
From parts (i) and (ii) of the preceding theorem it then follows that if F
has a density f that is log-convex, and hence continuous and nonincreasing,
then necessarily k(0+) ≤ 1. We show that the converse of this holds, too.

Theorem 10.5. Let F be an infinitely divisible distribution function on

R+ with canonical function K having density k. If k is log-convex, then F

has a log-convex density f iff k(0+) ≤ 1.

Proof. Let k be log-convex; then k is positive and nonincreasing on
(0,∞). Suppose that k(0+) ≤ 1; we then have to show that F has a log-
convex density f .
We first do so assuming that k(0+) < 1, and apply a discretization of K
analogous to that of F given in the beginning of this section; for h > 0 set

rj(h) := K
(
(j +1)h

)
−K(jh) =

∫ (j+1)h

jh

k(x) dx [ j ∈Z+ ],

and let Kh be the step function with Kh(x) = 0 for x < h and with a
jump rj(h) at (j +1)h for j ∈Z+, so Kh is a step function with discontinu-
ities restricted to hN. Since∫ ∞

0

1
x

dKh(x) =
∞∑
j=0

rj(h)
(j +1)h

≤ r0(h)
h

+
∫ ∞

h

1
x

dK(x) <∞,

from Proposition 4.12 it follows thatKh is the canonical function of an infin-
itely divisible distribution function Fh that corresponds to a distribution(
pj(h)

)
j∈Z+

on the lattice hZ+. Moreover, Kh → K pointwise as h ↓ 0,

and K̂h ≤ K̂ for h > 0 because Kh ≤ K; cf. (A.3.2). Since
∫ s
0
K̂(u) du =

− log F̂ (s) <∞ for s > 0, from Proposition 4.6 (ii) it follows that Fh → F

weakly as h ↓ 0. In view of Lemma 10.1 it is therefore sufficient to show
that

(
pj(h)

)
is log-convex for all h > 0 sufficiently small. To this end we
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note that, by the functional equation (4.12) applied to Fh, the sequences(
pj(h)

)
and

(
rj(h)

)
are related by

(n+ 1)h pn+1(h) =
n∑
j=0

pj(h) rn−j(h) [n ∈Z+ ],

so
(
pj(h)

)
satisfies (10.1) with rj := rj(h)/h. Now, as k is log-convex,(

rj(h)
)

is log-convex
(
cf. the proof of (10.7)

)
, and hence so is (rj). Applying

Theorem II.10.2, we obtain the desired log-convexity of
(
pj(h)

)
if we can

show that r1 ≥ r20, i.e.,

h r1(h) ≥
{
r0(h)

}2
.

At this point the condition k(0+)<1 comes in; it implies k(h) ≥ k(0+) k(x)
for x ∈ (0, h) and h sufficiently small. Since because of the log-convexity of k
the function k

/
k(· + h) is nonincreasing, we also have k(0+) k(y + h) ≥

k(h) k(y) for y > 0. Hence for h sufficiently small

k(y + h) ≥ k(x) k(y)
[
x, y ∈ (0, h)

]
.

Integration (with respect to x and y) over (0, h)2 yields the desired inequal-
ity, so

(
pj(h)

)
is log-convex. This completes the proof in case k(0+) < 1.

Finally, consider the boundary case where k(0+) = 1. Then we write
K = limn→∞Kn with Kn := (1−1/n)K. Since Kn has a log-convex den-
sity kn satisfying kn(0+) < 1, from what we just proved above, we conclude
that the distribution function Fn with canonical function Kn has a log-
convex density fn. By Proposition 4.5 (i), however, we have Fn = F ?(1−1/n),
so Fn→ F weakly as n→∞; therefore we can apply Lemma 10.1 to con-
clude that f is log-convex as well. 22

The gamma (r, λ) distribution provides a simple illustration of this theorem.
Its canonical function K has a log-convex density k given by k(x) = r e−λx

for x > 0; see Example 4.8. Since k(0+) = r, Theorem 10.5 yields the
well-known fact that the gamma (r, λ) density is log-convex iff r ≤ 1; cf.
Example 5.4.

The gamma distribution with shape parameter r ≥ 1 has a density f

that is log-concave on (0,∞), i.e. (cf. Section A.2), f satisfies the inequali-
ties {

f
(

1
2 (x+ y)

)}2 ≥ f(x) f(y) [x > 0, y > 0 ].(10.9)
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We note in passing that, contrary to log-convex densities, log-concave den-
sities are not necessarily restricted to a half-line; for example, the normal
densities are log-concave. Though many infinitely divisible densities are
log-concave, not every log-concave density is infinitely divisible. Neverthe-
less, there is an analogue of Theorem 10.5.

Theorem 10.6. Let F be an infinitely divisible distribution function on

R+ with canonical function K having density k. If k is log-concave, then F

has a log-concave density f iff k(0+) ≥ 1.

Proof. Let k be log-concave. Then k1 := log k is concave, so k1 is mono-
tone near zero with k1(0+) <∞. Hence k is monotone near zero with
k(0+) <∞, and k is continuous and bounded on finite intervals. Now,
proceeding as for f̃ in the proof of Theorem 10.4 one shows that a density f
of F that satisfies (10.8), is continuous on (0,∞); rewrite the right-hand
side of (10.8) as

∫ x
0
k(x− u) f(u) du. Moreover, one easily verifies that the

assertions in (i), (ii), (iii) of Theorem 10.4 still hold for such an f . It follows
that if f is log-concave, and hence monotone near zero with f(0+) <∞ and
continuous on (0,∞), then necessarily k(0+) ≥ 1. For the converse state-
ment we use the method of proof of Theorem 10.5: Discretize K in case
k(0+) > 1, use Lemma 10.1 with ‘log-convex’ replaced by ‘log-concave’,
and apply Theorem II.10.3. We don’t give the details. 22

The exponential density is log-linear : both log-convex and log-concave.
Moreover, it is a simple example of a completely monotone density. Recall
that a density f on (0,∞) is said to be completely monotone if it has
alternating derivatives:

(−1)n f (n)(x) ≥ 0 [n ∈Z+; x > 0 ].(10.10)

By Bernstein’s theorem (Theorem A.3.6) f is completely monotone iff there
exists an LSt-able function G such that

f(x) =
∫

R+

e−λx dG(λ) [x > 0 ].(10.11)

Combining the Bernstein representation and Schwarz’s inequality shows
that a completely monotone function is log-convex; see Proposition A.3.8.
Together with Theorem 10.2 this leads to the following result.
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Theorem 10.7. If a probability density f on (0,∞) is completely mono-

tone, then it is log-convex, and hence infinitely divisible.

The completely monotone densities can be identified within the class of
infinitely divisible densities. We state the result without proof; it can be
obtained from its discrete counterpart, Theorem II.10.5, by discretization
again. An alternative proof will be given, however, in Chapter VI.

Theorem 10.8. A distribution function F with F (0) = 0 has a completely

monotone density iff it is infinitely divisible having a canonical density k

such that x 7→ k(x)
/
x is completely monotone with Bernstein representa-

tion of the form

1
x
k(x) =

∫ ∞

0

e−λx v(λ) dλ [x > 0 ],(10.12)

where v is a measurable function on (0,∞) satisfying 0 ≤ v ≤ 1 and neces-

sarily ∫ 1

0

1
λ
v(λ) dλ <∞.(10.13)

The theorem can be used, for instance, to easily show that the (log-convex)
gamma density with shape parameter r ≤ 1 is completely monotone; cf.
Example 4.8.

We return to log-convexity, and treat some closure properties. Clearly,
log-convexity is preserved under pointwise multiplication: If f and g are
log-convex densities on (0,∞), then so is c fg, where c > 0 is a norming
constant, provided that the product function is integrable. The following
consequence of Proposition A.3.10 is less trivial: If f and g are log-convex
densities on (0,∞), then so is α f+(1−α) g for every α ∈ [ 0, 1 ]. This result
can be extended to general mixtures, because log-convexity is defined in
terms of weak inequalities and hence is preserved under taking limits.

Proposition 10.9. The class of log-convex densities on (0,∞) is closed

under mixing: If, for every θ in the support Θ of a distribution function G,

f(· ; θ) is a log-convex density on (0,∞), then so is f given by

f(x) =
∫

Θ

f(x; θ) dG(θ) [x > 0 ].(10.14)
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This result can be used to prove the infinite divisibility of a large class of
densities that occur in renewal theory.

Proposition 10.10. Let F be a distribution function on R+ having a log-

convex density f and finite first moment µ. Then the function g defined

by

g(x) =
1
µ

{
1− F (x)

}
[x > 0 ],

is a probability density on (0,∞) that is log-convex and hence infinitely

divisible.

Proof. From (A.2.4) it follows that g is a probability density on (0,∞).
Since g can be written as

g(x) =
1
µ

∫ ∞

0

f(x+ θ) dθ [x > 0 ],

it is seen that g is a mixture of log-convex densities on (0,∞), and hence
is log-convex, by Proposition 10.9. 22

Because of Proposition A.3.7 (iii) it will be no surprise that the results
above also hold with ‘log-convexity’ replaced by ‘complete monotonicity’;
we don’t give the details.

11. Examples

So far, we have only seen the gamma distributions (including exponen-
tial) and the stable distributions as concrete examples of infinitely divis-
ible distributions on R+; the gamma distribution with shape parameter
r ≤ 1 is compound-exponential, and has a log-convex, and even completely
monotone, density. Now, in this section some more concrete examples are
presented illustrating the scope of the results in the previous sections; the
examples are not always in the same order as these results.

We start with some examples around the exponential distribution. Its
pLSt π is given by π(s) = λ

/
(λ + s) for some λ > 0, and has canonical

representation

π(s) = exp
[
−

∫ ∞

0

(1− e−sx)
1
x
k(x) dx

]
,(11.1)

with canonical density k given by k(x) = e−λx for x > 0; see Example 4.8.
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Example 11.1. Let A and Y be independent, where A has a Bernoulli ( 1
2 )

distribution on {0, 1} and Y has a standard gamma (r) distribution with
shape parameter r = 3. Consider X such that X d= AY . Then the pLSt π
of X can be written as

π(s) = 1
2 + 1

2

( 1
1 + s

)3

=

=
(2 + s)(1 + s+ s2)

2(1 + s)3
=

( 1
1 + s

)3/ 3∏
j=1

µj
µj + s

,

where µ1 := 2, µ2 := µ and µ3 := µ with µ := 1
2{1+ i

√
3}. Applying (11.1)

for the exponential (λ) distribution, including an extension to complex λ,
we conclude that π satisfies (11.1) with k given by

k(x) = 3 e−x −
3∑
j=1

e−µjx = 3 e−x − e−2x − 2 e−
1
2x cos ( 1

2x
√

3),

where x > 0. For x sufficiently large and such that 1
2x
√

3 is a multiple
of 2π, however, k(x) is negative. Hence, as noted in the comments on
the canonical representation of Theorem 4.3, X is not infinitely divisible.
Alternatively, the zero −µ of π is inside the half-plane of analyticity given
by Re z > −1, so X is not infinitely divisible by Theorem 2.8. Thus we
have shown that a mixture of the form 1− α + απ0, with π0 an infinitely
divisible pLSt, is not necessarily infinitely divisible; cf. (6.1).
We note that changing the shape parameter into r = 2 does yield infinite
divisibility of X; as above, one shows that the pLSt π of X then satisfies
(11.1) with k given by

k(x) = 2 e−x (1− cosx) [x > 0 ],

which is nonnegative for all x. Similarly, when r = 1, π satisfies (11.1) with

22k(x) = e−x (1− e−x) [x > 0 ].

Example 11.2. Let Y have a standard exponential distribution, and con-
sider X such that X d=

√
Y . Then X has an absolutely continuous distrib-

ution with density f given by

f(x) = 2x e−x
2

[x > 0 ].

Since F (x) = IP(X > x) = e−x
2
, we have

(
− logF (x)

)/
(x log x) →∞, soX

is not infinitely divisible by Theorem 9.1. In a similar way one shows that
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if X d= |Y | with Y standard normal, then X is not infinitely divisible; its
half-normal density g is given by

g(x) =
2√
2π

e−
1
2x

2
[x > 0 ].

If, however, X d= eY with Y standard normal, then the log-normal density h
of X is given by

h(x) =
1√
2π

1
x

e−
1
2 (log x)2 [x > 0 ],

and X turns out to be infinitely divisible. We cannot show this here, but
will give a proof in Chapter VI. 22

Example 11.3. Let Y have a standard exponential distribution, and con-
sider X such that X d= Y 2. Then X has an absolutely continuous distrib-
ution with density f given by

f(x) =
1

2
√
x

e−
√
x [x > 0 ].

Now, differentiating log f twice, one sees that f is log-convex and hence
infinitely divisible. Using some elementary properties of completely mono-
tone functions as listed in Proposition A.3.7, one shows that f is even
completely monotone. In the same way one can show that, more gener-
ally, a density f of the following form is log-convex, and even completely
monotone:

f(x) =
α

Γ(r)
xαr−1 exp [−xα] [x > 0 ],

where α ∈ (0, 1 ] and r ∈ (0, 1/α ]. The corresponding distribution is known
as the generalized-gamma (r, α) distribution; for r = 1 we get the Weibull
distribution with parameter α. 22

We proceed with some more examples of completely monotone or log-
convex densities. The first one shows, among other things, that moments
alone do not decide the infinite divisibility of a distribution. From subse-
quent examples it will appear that, though two densities may seem rather
similar, the infinite divisibility of the one may be much harder to prove
than that of the other.
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Example 11.4. Consider the probability densities fα on (0,∞) given by

fα(x) = 1
24 (1− α sinx

1
4 ) exp [−x 1

4 ] [x > 0 ],

where α ∈ [ 0, 1 ]. Using integration by parts one can show that these den-
sities all have the same moment sequence; the moment µn of order n ∈Z+

is given by µn = 1
6 (4n+ 3)!. As noted in Example 11.3, f0 is completely

monotone and hence infinitely divisible. Because of Theorem 8.4, however,
f1 is not infinitely divisible; f1(x) = 0 for x = ( 1

2π + 2kπ)4 with k ∈Z+. By
Proposition 2.2 it follows that there must be infinitely many α in (0, 1) for
which fα is not infinitely divisible. 22

Example 11.5. For r > 1 consider the probability density f on (0,∞)
given by

f(x) = (r−1)
1

(1 + x)r
[x > 0 ].

Since f has alternating derivatives, it is completely monotone and hence
infinitely divisible. This distribution is known as the Pareto distribution.
For r = 2 we obtain a density very similar to the half-Cauchy density g,
which is given by

g(x) =
2
π

1
1 + x2

[x > 0 ].

The infinite divisibility of this density is much harder to prove; see Chap-
ter VI. 22

Example 11.6. Consider the probability density f on (0,∞) given by

f(x) =
1

e− 1
exp

[
−(x− e−x)

]
[x > 0 ].

Differentiating log f twice, one sees that f is log-convex and hence infin-
itely divisible. Using some elementary properties of completely monotone
functions as listed in Proposition A.3.7, one shows that f is even completely
monotone.
Now, change a minus-sign into a plus-sign; consider the density g given by

g(x) =
e

e− 1
exp

[
−(x+ e−x)

]
[x > 0 ].
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Then g is log-concave, and it can be shown that g is infinitely divisible;
we will do so in Chapter VI, where a similar proof is given of the infinite
divisibility of the half-Cauchy distribution. Note that g can be recognized
as a half-Gumbel density. 22

Example 11.7. Consider the probability density f on (0,∞) given by

f(x) = 9
14 e−x

√
1 + 3 e−x [x > 0 ].

Then f is log-convex, and hence infinitely divisible, but not completely
monotone. To see this, we write f as

f(x) = 9
7

√
1
4 e−2x + 3

4 e−3x = 9
7

√
π(x),

where π is the pLSt of a Bernoulli distribution on {2, 3}. Since a pLSt is a
log-convex function, f is a log-convex density. One easily verifies, however,
that the distribution corresponding to π, is not 2-divisible; so

√
π, and

hence f , is not completely monotone. 22

Next we present some functions π of which we do not know in advance
whether they are pLSt’s or not. Still, most of them will be shown to be
pLSt’s of infinitely divisible distributions.

Example 11.8. Let π be the quotient of the pLSt’s of two different expo-
nential distributions, so π is of the form

π(s) =
λ

λ+ s

/ λ+ a

λ+ a+ s
[ s > 0 ],

where λ > 0 and a > −λ, a 6= 0. We further take a > 0, since otherwise
π(s) > 1 for large s so that π is not a pLSt. Then π is an infinitely divis-
ible pLSt. To show this one can compute the ρ-function of π and apply
Theorem 4.1. Alternatively, one can use Proposition 6.1 (iv); π can be
written as

π(s) =
π1(a)π1(s)
π1(a+ s)

with π1(s) =
λ

λ+ s
.

A third way is writing π as

π(s) =
λ

λ+ a
+

a

λ+ a

λ

λ+ s
,
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so π is a mixture of a distribution degenerate at zero and an exponential dis-
tribution; now proceed as in the last part of Example 11.1. By computing
the σ-function of π and applying Theorem 5.5 one sees that π is even
compound-geometric. 22

Example 11.9. Let π be the function on R+ given by

π(s) = 1 + s−
√

(1 + s)2 − 1 [ s ≥ 0 ].

In order to determine whether π is an infinitely divisible pLSt, we compute
its ρ -function and find for s > 0

ρ(s) := − d
ds

log π(s) =
1√

(1 + s)2 − 1
=

1√
s

1√
2 + s

.

Clearly, ρ is completely monotone, so by Theorem 4.1 the function π is an
infinitely divisible pLSt. An alternative way of showing this is noting that π
can be written as

π(s) =
1

1 + s
P

({ 1
1 + s

}2 )
with P (z) :=

1−
√

1− z

z
;

now use Propositions 2.1 and 3.1, and the fact (cf. Example II.11.11) that P
is an infinitely divisible pgf. The function P is the pgf of the ‘reduced’ first-
passage time 1

2 (T1− 1) from 0 to 1 in the symmetric Bernoulli walk; see the
beginning of Section VII.2. In Example VII.7.1 we shall see that π can be
interpreted as the transform of a first-passage time as well. Finally, let Ir
be the modified Bessel function of the first kind of order r; cf. Section A.5.
Then it can be shown (see Notes) that π is the Lt of the density f given
by

f(x) =
1
x

e−x I1(x) =
1
π

∫ 2

0

e−λx
√
λ (2− λ) dλ [x > 0 ],

and that ρ is the Lt of the (canonical) density k given by

k(x) = e−x I0(x) =
1
π

∫ 2

0

e−λx
1√

λ (2− λ)
dλ [x > 0 ].

It follows that both f and k are completely monotone. 22
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Example 11.10. Let π be the function on (0,∞) given by

π(s) = 2
√

1 + s− 1
s

=
2

1 +
√

1 + s
[ s > 0 ].

In order to decide whether or not π is an infinitely divisible pLSt, one is
tempted to compute the ρ -function of π:

ρ(s) = − d
ds

log π(s) = 1
4

1√
1 + s

π(s).

Clearly, s 7→ 1/
√

1 + s is completely monotone; we do not know yet, how-
ever, that π is completely monotone. But we don’t need this, because in
the ρ0-function of π the factor π disappears:

ρ0(s) =
d
ds

1
π(s)

= 1
4

1√
1 + s

.

From Theorem 5.1 we now conclude that π is a pLSt that is compound-
exponential and hence infinitely divisible. With a little more effort one can
say more. Expansion of π(s) in positive powers of (1 + s)−

1
2 and Laplace

inversion (together with use of the dominated convergence theorem) shows
that π is the Lt of a probability density f with

f(x) = 2
∞∑
n=1

(−1)n−1 1
Γ( 1

2n)
x

1
2n−1 e−x =

= 2 e−x
∞∑
k=0

1
Γ(k + 1

2 )
xk−

1
2 − 2.

Using the facts that Γ(k+ 1
2 ) = (k− 1

2 ) Γ(k− 1
2 ) and Γ( 1

2 ) =
√
π, for f ′ we

find

f ′(x) = − 1√
π
x−

3
2 e−x [x > 0 ].

This means that limx→∞ f(x) = 0; it follows that f can be written as

f(x) =
1√
π

∫ ∞

x

y−
3
2 e−y dy [x > 0 ].

Since −f ′ is a completely monotone function, we conclude that f is com-
pletely monotone. We return to this example in Chapter VI, where we will
represent π as the pLSt of a mixture of gamma ( 1

2 ) distributions. 22
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Example 11.11. Let π be the function on (0,∞) given by

π(s) =
1

1 + sγ
[ s > 0 ],

where γ ∈ (0, 1 ]. Since π(s) = π0(sγ) with π0 the pLSt of the standard
exponential distribution, from Proposition 6.4 it follows that π is an infin-
itely divisible pLSt. Use of Example 4.9 shows that π is even compound-
exponential. Note that the pLSt π1 with π1(s) = π(1 + s)

/
π(1), which

by Proposition 6.1 (iii) is infinitely divisible, reduces to the pLSt of Exam-
ple 11.10 if one takes γ = 1

2 . 22

Example 11.12. Let π be the function on (0,∞) given by

π(s) =
1

cosh
√
s

=
2

e
√
s + e−

√
s

[ s > 0 ].

Then π is an infinitely divisible pLSt. To show this one is tempted to use
Proposition 6.4 and consider π1 given by

π1(s) =
1

cosh s
=

2
es + e−s

[ s > 0 ];

then π(s) = π1(
√
s). One easily verifies, however, that the ρ-function of π1

is not completely monotone, so if π1 is a pLSt, then it is not infinitely
divisible. But π1 is not even a pLSt because

lim
n→∞

{
π1(s/

√
n)

}n = exp
[
− 1

2s
2
]
,

and the limit function is not completely monotone. That π is indeed an
infinitely divisible pLSt, will be shown only in Chapter VII. 22

Example 11.13. For r > 1 let π be the function on R+ given by

π(s) =
ζ(r + s)
ζ(r)

[ s ≥ 0 ],

where ζ is the Riemann zeta function: ζ(r) :=
∑∞
n=1 1

/
nr. Then one easily

shows that π is the pLSt of a random variableX with a discrete distribution
(Riemann zeta distribution) given by

IP(X = log n) = cr
1
nr

[n ∈N; cr := 1
/
ζ(r) ].

Note that X d= log (Y + 1) with Y discrete Pareto (r) distributed on Z+;
in Example II.11.6 we showed that Y is infinitely divisible. Now, we
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prove that X also is infinitely divisible; note that the support of X is
closed under addition (cf. Corollary 8.3). We use the well-known fact that
ζ(r) =

∏
j∈P(1− j−r)−1 where P is the set of primes. Then it follows

that π can be written as

π(s) =
∏
j∈P

1− j−r

1− j−r e−s log j
=

∏
j∈P

πj(s),

where πj is the pLSt of the geometric (j−r) distribution on the lattice
(log j) Z+. Since πj is infinitely divisible for every j, from Propositions 2.1
and 2.2 we conclude that π is infinitely divisible as well. 22

Finally we present some examples that are obtained in a more construc-
tive way. The first one shows that infinitely divisible densities can be rather
wild.

Example 11.14. Consider the probability density f on (0,∞) given by

f(x) =
1

2
√
π

e−x
bxc∑
k=0

1√
x− k

( 1
2e)k [x > 0 ].

Though f has poles at all nonnegative integers
(
f(n+) = ∞ for all n ∈Z+

)
,

it is an infinitely divisible density. In fact, it is the density ofX+Y , whereX
and Y are independent, X has a geometric ( 1

2 ) distribution and Y has a
standard gamma ( 1

2 ) distribution. This example also shows that for an
infinitely divisible density f we need not have limx→∞ f(x) = 0. 22

Example 11.15. Let a > 0 and r > 0, and let F be the infinitely divisible
distribution function with `F = 0 for which the canonical function K is
absolutely continuous with density k given by

k(x) =

{
a , if 0 < x < r,

0 , otherwise.

Since
∫∞
0

(1/x) k(x) dx = ∞, from Proposition 4.16 it follows that F is ab-
solutely continuous with unique density f satisfying the functional equation
(4.19), which in our case reduces to

x f(x) =

{
aF (x) , if 0 < x ≤ r,

a
{
F (x)− F (x− r)

}
, if x > r.
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By the continuity of F it follows that f is continuous on (0,∞); hence F
is differentiable on (0,∞) with F ′ = f . The equation above then implies
that f is differentiable on (0,∞)\{r} with

x f ′(x) =

{
(a− 1) f(x) , if 0 < x < r,

(a− 1) f(x)− a f(x− r) , if x > r.

Solving the differential equation on (0, r) we find that f satisfies

f(x) = c xa−1 [ 0 < x < r ],

for some c > 0. It follows that f(0+) and k(0+) (= a) are related by

f(0+) =


∞ , if k(0+) < 1,
c , if k(0+) = 1,
0 , if k(0+) > 1.

We further consider the special case where a = 1. It shows that an infin-

itely divisible density may be constant on an arbitrarily long interval (0, r).
The constant value c can be determined from the pLSt π = F̂ ; by Propo-
sition A.3.4 we have

c = f(0+) = lim
s→∞

s π(s) = lim
s→∞

s exp
[
−

∫ r

0

1− e−sx

x
dx

]
=

=
1
r

exp
[
− lim
t→∞

(∫ t

0

1− e−y

y
dy − log t

)]
=

1
r

e−γ ,

where γ is Euler’s constant (see Section A.5). Finally, we note that from
the differential equation on (r,∞) it is seen that f ′ < 0 on (r,∞), so f is
nonincreasing on (0,∞); in particular, f is bounded on (0,∞). 22

12. Notes

Infinitely divisible random variables with values in R+ were first con-
sidered separately and in detail in Feller (1971), where the subject is linked
to complete monotonicity. The information about the zeroes of pLSt’s in
Theorem 2.8 can also be deduced from results on zeroes of characteristic
functions as given in Lukacs (1970). A representation similar to that in
Theorem 3.9 can be found in Vervaat (1979).

The canonical representation of Theorem 4.3 is given in Feller (1971).
The functional equation in Theorem 4.10 was first given and used by
Steutel (1970). It would be nice to know whether this equation yields
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a direct proof of Theorem 4.14. Important work in the area of Lebesgue
properties has been done by Blum and Rosenblatt (1959), and by Tucker
(1962, 1964, 1965); we come back to this in Chapter IV. The functional
equation in Theorem 4.17 seems to have no analogue for compound-expon-
ential densities; cf. the remark following Theorem 5.6. Such an analogue
does exist for generalized compound-exponential densities as considered in
van Harn (1978). Here also the ‘self-decomposability’ result of Theorem 6.3
can be found.

The theorems on moments in Section 7 are basically due to Wolfe
(1971b). Relations (7.6) and (7.7) make it possible to introduce ‘fractional
cumulants’ by defining κα+1 := να for α ≥ 0. Embrechts et al. (1979), and
Embrechts and Goldie (1981) give relations between the tails of an infinitely
divisible distribution and its canonical function.

Theorem 8.4 about zeroes of infinitely divisible densities is given by
Steutel (1970); a similar theorem for infinitely divisible densities on R is
given by Sharpe (1969a) under rather severe restrictions. The tail be-
haviour of infinitely divisible distributions on R has been studied by many
authors; here we only name Kruglov (1970) and Sato (1973). As in the
case of supports, the functional equation of Theorem 4.10 makes our proofs
on R+ in Section 9 essentially simpler.

The infinite divisibility of log-convex densities occurs in Steutel (1970).
For continuously differentiable densities a condition, somewhat more gen-
eral than log-convexity, is given in Bondesson (1987). Theorem 10.6 is
proved by Yamazato (1982) and, in a different way, by Hansen (1988b),
from which we also took Theorem 10.5. Here Lemma 10.1 is used with-
out proof; the analogue of this lemma for log-concave densities is given in
Dharmadhikari and Joag-Dev (1988).

Example 11.4 is taken from Feller (1971). The integral representations
of f and k in Example 11.9 follow from formulas in Abramowitz and Ste-
gun (1992). Example 11.13 was first given by Khintchine (1938); see also
Gnedenko and Kolmogorov (1968); generalizations are considered by Lin
and Hu (2001). Example 11.14 was suggested by J. Keilson many years
ago (personal communication). Example 11.15 gives the distribution of
the random variable r

∑∞
k=1(X1X2 · · ·Xk)1/a, where the Xj are indepen-

dent and uniformly distributed on (0, 1); the example is studied in Vervaat
(1979) and occurs in various applications.
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Chapter IV

INFINITELY DIVISIBLE DISTRIBUTIONS

ON THE REAL LINE

1. Introduction

Most properties proved in this chapter can be specialized to properties
for distributions on R+ or Z+. Quite often the properties thus obtained will
be less informative than the ones proved earlier in Chapters II and III of this
book. On the other hand, many results obtained for distributions on R+

or Z+ will not be available for distributions on R, or less generally true, or
harder to prove. Since in the literature one usually deals with results for
general distributions on R (the books by Feller are exceptions), these results
are more easily available than those for distributions on R+ or Z+. With
this in mind we will only give an outline of the rather technical proof of
the Lévy-Khintchine representation of an infinitely divisible characteristic
function. It is convenient, and occasionally inevitable, to use some results
from Chapters II and III; but if one is willing to accept these few results,
then the present chapter can be read independent of the preceding ones.

We repeat the definition of infinite divisibility, now for general R-valued
random variables. A random variable X is said to be infinitely divisible if
for every n ∈N a random variable Xn exists, the n-th order factor of X,
such that

X
d= Xn,1 + · · ·+Xn,n,(1.1)

where Xn,1, . . . , Xn,n are independent and distributed as Xn. Note that
if X takes its values in W ⊂ R, then the factors Xn of X are not necessarily
W -valued. We have seen this in Chapter II for W = Z+; the factors have
their values in Z+ iff IP(X= 0) > 0. In the case whereW = Z, which we will
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encounter in the present chapter, the condition IP(X= 0) > 0 is necessary
but not sufficient for the Xn to be Z-valued; this will be shown in the
next section. Mostly we tacitly exclude the trivial case of a distribution
degenerate at zero, so we then assume that IP(X= 0) < 1.

In Section I.2 we agreed that the distribution and transform of an infin-
itely divisible random variable X will be called infinitely divisible as well.
The distribution of X will mostly be represented by its distribution func-
tion F . It follows that a distribution function F on R is infinitely divisible
iff for every n ∈N there is a distribution function Fn on R, the n-th order
factor of F , such that F is the n-fold convolution of Fn with itself:

F (x) = F ?nn (x) [n ∈N ].(1.2)

As
{
max {Y1, . . , Yn} ≤ x

}
⊂

{
Y1+··+Yn ≤ nx

}
⊂

{
min {Y1, . . , Yn} ≤ x

}
,

we have the following useful inequalities for F and its factor Fn:{
Fn(x)

}n ≤ F (nx) ≤ 1−
{
1− Fn(x)

}n [x ∈R ].(1.3)

A reformulation similar to (1.2) can be given for a density f of F in case of
absolute continuity (with respect to Lebesgue measure) of all factors. As
a tool we use characteristic functions and, more generally, Fourier-Stieltjes
transforms (FSt’s). A characteristic function φ is infinitely divisible iff for
every n ∈N there is a characteristic function φn, the n-th order factor of φ,
such that

φ(u) =
{
φn(u)

}n [n ∈N ].(1.4)

The correspondence between a distribution function F on R and its charac-
teristic function φ will be expressed by φ = F̃ . For further conventions and
notations concerning distributions on R and FSt’s we refer to Section A.2.

In this chapter we review the basic properties of infinitely divisible dis-
tributions on R more or less parallel to Chapters II and III. For reasons
made clear above there will be some deviations. In Section 2 we state some
elementary properties and give the normal, Cauchy and Laplace distrib-
utions as first examples of infinitely divisible distributions on R. The im-
portant classes of compound-Poisson, compound-geometric and compound-
exponential distributions are introduced in Section 3. The Lévy-Khintchine
and Lévy canonical representations for an infinitely divisible characteristic
function are presented in Section 4; several special cases are considered, and
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important sufficient conditions are given in terms of the canonical quanti-
ties for an infinitely divisible distribution function F to be continuous or
absolutely continuous. In Section 5 we briefly return to the compound-
exponential distributions on R; Section 6 is devoted to closure properties.
Relations between moments of an infinitely divisible distribution and those
of the corresponding canonical function are given in Section 7. The struc-
ture of the support of infinitely divisible distributions is determined in Sec-
tion 8, and their tail behaviour is considered in Section 9. Log-convexity
is the subject of Section 10; since log-convex densities on R do not exist,
we restrict ourselves to densities that are symmetric around zero and log-
convex on (0,∞). It is also of some interest, however, to look at log-convex
(real) characteristic functions. As usual, the final two sections, 11 and 12,
contain examples and bibliographical remarks.

Finally we note that this chapter only treats the basic properties of
infinitely divisible distributions on R. Results for self-decomposable and
stable distributions on R can be found in Sections V.6 and V.7, for mix-
tures of zero-mean normal distributions and of sym-gamma distributions
in Sections VI.9 and VI.10, and for generalized sym-gamma convolutions
in Section VI.11. Also Section VII.6 on shot noise contains information on
infinitely divisible distributions on R.

2. Elementary properties

We start by giving some simple closure properties. The first two of them,
stated in the following proposition, follow directly from (1.1) or (1.4).

Proposition 2.1.

(i) If X is an infinitely divisible random variable, then so is aX for every

a ∈R. Equivalently, if φ is an infinitely divisible characteristic func-

tion, then so is φa with φa(u) := φ(au) for every a ∈R. In particular,

if φ is an infinitely divisible characteristic function, then so is φ, the

complex conjugate of φ.

(ii) If X and Y are independent infinitely divisible random variables,

then X + Y is an infinitely divisible random variable. Equivalently,

if φ and ψ are infinitely divisible characteristic functions, then their

pointwise product φψ is an infinitely divisible characteristic function.
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Let φ be a characteristic function. Then so is |φ|2 = φφ; it is the charac-
teristic function of X−X ′ if X and X ′ are independent with characteristic
function φ. Combining both parts of Proposition 2.1 we see that if φ is
infinitely divisible, then so is |φ|2. Now, consider |φ| with φ infinitely divis-
ible; by (1.4) we can write |φ| as∣∣φ(u)

∣∣ =
{∣∣φ2n(u)

∣∣2}n [n ∈N ],(2.1)

where φ2, φ4, . . . are characteristic functions. Taking n = 1 we see that
|φ| = |φ2|2, so |φ| is a characteristic function; this is generally not true if φ
is not infinitely divisible. Further, (2.1) implies that |φ| is even infinitely
divisible. Thus we have proved the following result.

Proposition 2.2. If φ is an infinitely divisible characteristic function, then

so is |φ|.

The last closure property we mention here, states that infinite divisibility
is preserved under weak convergence; its proof takes more effort than in
the R+-case.

Proposition 2.3. If a sequence (X(m)) of infinitely divisible random vari-

ables converges in distribution to X, then X is infinitely divisible. Equiv-

alently, if a sequence (φ(m)) of infinitely divisible characteristic functions

converges (pointwise) to a characteristic function φ, then φ is infinitely

divisible.

Proof. Let φ(m) be an infinitely divisible characteristic function with
φ(m) = F̃ (m), and suppose that φ(m) → φ as m→∞, where φ = F̃ is a
characteristic function. Then, by (1.4), for every m ∈N there exist charac-
teristic functions φ(m)

n = F̃
(m)
n with n ∈N such that φ(m) =

{
φ

(m)
n

}n. More-
over, from (1.3) it is seen that{

F (m)
n (x)

}n ≤ F (m)(nx) ≤ 1−
{
1− F (m)

n (x)
}n [x ∈R ].

Consider the sequence (F (m)
n )m∈N with n fixed. According to Helly’s se-

lection theorem there is a subsequence (F (mk)
n )k∈N with the property that

F
(mk)
n → Fn in continuity points of Fn as k →∞, where Fn is a sub-distrib-

ution function. In order to show that Fn is a distribution function, in the
inequalities above we take m = mk and let k →∞; since by the continuity
theorem F (m)→ F weakly as m→∞, it then follows that for every x ∈R
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that is a continuity point of Fn and for which nx is a continuity point of F ,
we have {

Fn(x)
}n ≤ F (nx) ≤ 1−

{
1− Fn(x)

}n
.

Letting x→∞ and → −∞ now shows that Fn is a distribution function. It
follows that, as k →∞, F (mk)

n → Fn weakly, and hence φ(mk)
n → φn, where

φn := F̃n is a characteristic function. Since φ can now be written as

φ(u) = lim
k→∞

φ(mk)(u) = lim
k→∞

{
φ(mk)
n (u)

}n =
{
φn(u)

}n
,

we conclude that φ is infinitely divisible with n-th order factor φn. 22

One may ask whether the factors φn of an infinitely divisible charac-
teristic function φ are uniquely determined by φ. Whereas pgf’s and pLSt’s
are trivially non-zero on (0, 1 ] and [ 0,∞), respectively, characteristic func-
tions can be zero for real values of the argument. Therefore, it will be clear
that if φ is just n-divisible, i.e., satisfies the equation in (1.4) for a fixed n,
then the factor φn will generally not be unique. On the other hand, |φn| is
indeed determined by φ because |φn| = |φ|1/n. In case of infinite divisibil-
ity of φ, however, there are no problems because of the following important
property.

Proposition 2.4. Let φ be an infinitely divisible characteristic function.

Then φ has no real zeroes: φ(u) 6= 0 for u ∈R.

Proof. From Proposition 2.2 it follows that |φ|1/n is a characteristic func-
tion for every n ∈N. Now, consider the pointwise limit of these charac-
teristic functions:

ψ(u) := lim
n→∞

∣∣φ(u)
∣∣1/n =

{
1 , if φ(u) 6= 0,

0 , if φ(u) = 0.

As φ is continuous and φ(0) = 1, ψ is continuous at 0. Hence, by the
continuity theorem ψ is a characteristic function and therefore continuous.
This forces ψ to be identically one. Consequently, φ(u) 6= 0 for all u. 22

On account of this result we can uniquely define the logarithm of an infin-
itely divisible characteristic function φ in such a way that log φ is continuous
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with log φ(0) = 0; see Section A.2. Defining then φt := exp [ t log φ ] for
t > 0 with log φ as indicated, we can rewrite (1.4) as{

φ(u)
}1/n = φn(u) [n ∈N ].(2.2)

It follows that the factors φn are uniquely determined by φ. Moreover,
we can formulate a first criterion for infinite divisibility. Recall that by
Bochner’s theorem (see Section A.2) the set of characteristic functions
equals the set of nonnegative definite (C-valued) functions φ on R with
φ(0) = 1.

Proposition 2.5. A nonvanishing characteristic function φ is infinitely

divisible iff φt is a characteristic function for all t ∈T , where T = (0,∞),
T = {1/n : n ∈N} or T = {a−k : k ∈N} for any fixed integer a ≥ 2. Equiv-

alently, φ is infinitely divisible iff φt is nonnegative definite for all t ∈T

with T as above.

Proof. Let φ be infinitely divisible. Then by (2.2) φ1/n is a characteristic
function for all n ∈N, and hence φm/n is a characteristic function for all
m,n ∈N. It follows that φt is a characteristic function for all positive t ∈Q
and hence, by the continuity theorem, for all t > 0.
Conversely, from (2.2) we know that φ is infinitely divisible if φ1/n is a
characteristic function for every n ∈N. We can even be more restrictive
because, for a given integer a ≥ 2, any t ∈ (0, 1) can be represented as t =∑∞
k=1 tka

−k with tk ∈ {0, . . . , a−1} for all k, and hence for these t{
φ(u)

}t = lim
m→∞

m∏
k=1

({
φ(u)

}1/ak)tk
.

By the continuity theorem it follows that if φt is a characteristic function
for all t of the form a−k with k ∈N, then so is φt for all t ∈ (0, 1). 22

Corollary 2.6. If φ is an infinitely divisible characteristic function, then

so is φt for all t > 0. In particular, the factors Xn of an infinitely divisible

random variable X are infinitely divisible.

The continuous multiplicative semigroup (φt)t≥0 of characteristic func-
tions generated by an infinitely divisible characteristic function φ, corre-
sponds to the set of one-dimensional marginal distributions of an sii-process,
i.e., a process X(·) with stationary independent increments, started at zero
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and continuous in probability; see Section I.3. If X(1), with characteristic
function φ, has distribution function F , then for t > 0 the distribution
function of X(t), with characteristic function φt, will be denoted by F ?t,
so:

F ?t(x) = IP
(
X(t) ≤ x

)
,

∫
R

eiux dF ?t(x) =
{
φ(u)

}t
.(2.3)

Of course, examples of infinitely divisible distributions on R, and hence of
R-valued sii-processes, are provided by the basic examples from Chapter II,
viz. the negative-binomial distributions and the stable distributions on Z+,
and those from Chapter III, viz. the gamma distributions and the stable dis-
tributions on R+. We now add three important distributions not supported
by R+. They can be viewed as symmetric counterparts of the distributions
just mentioned; see, however, also Example 4.9.

Example 2.7. For σ2 > 0, let X have the normal (0, σ2) distribution, so
its density f and characteristic function φ are given by

f(x) =
1

σ
√

2π
e−

1
2x

2/σ2
, φ(u) = e−

1
2σ

2u2
.

Then for t > 0 the t-th power φt of φ is recognized as the characteristic
function of

√
tX with normal (0, tσ2) distribution. From Proposition 2.5 we

conclude that the normal (µ, σ2) distribution is infinitely divisible for µ = 0
and hence for µ ∈R. The corresponding sii-process is Brownian motion. It
is also a stable process with exponent 2; see Chapter V. 22

Example 2.8. For λ > 0, let X have the Cauchy (λ) distribution, so its
density f and characteristic function φ are given by

f(x) =
1
π

λ

λ2 + x2
, φ(u) = e−λ|u|.

Then for t > 0 the t-th power φt of φ is recognized as the characteristic func-
tion of tX with Cauchy (tλ) distribution. We conclude that the Cauchy (λ)
distribution is infinitely divisible. The corresponding sii-process is a Cauchy
process. It is also a stable process with exponent 1; see Chapter V. 22

Example 2.9. For λ > 0, let X have the Laplace (λ) distribution, so its
density f and characteristic function φ are given by

f(x) = 1
2λ e−λ|x|, φ(u) =

λ2

λ2 + u2
=

λ

λ− iu

λ

λ+ iu
.
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From the second representation of φ it follows that X d= Y − Y ′, where Y
and Y ′ are independent and have the same exponential distribution. Since
this distribution is infinitely divisible (see Example III.2.6), from Proposi-
tion 2.1 it immediately follows that the Laplace (λ) distribution is infinitely
divisible. Now, for r > 0 consider the r-th power of φ or, equivalently, let Y
and Y ′ above have a gamma (r, λ) distribution. Then it follows that the
sym-gamma (r, λ) distribution with characteristic function φr given by

φr(u) =
( λ2

λ2 + u2

)r
,

is infinitely divisible as well; here ‘sym-gamma’ stands for ‘symmetrized-
gamma’. Let fr be a corresponding density. Then, for example,

f2(x) = 1
4λ

(
1 + λ|x|

)
e−λ|x|;

for general r there is an expression for fr in terms of a modified Bessel
function of the second kind. 22

Sometimes we want to consider a characteristic function φ for complex
values of its argument. If φ corresponds to an R+-valued random vari-
able X, then φ(z) is well defined at least for al z ∈C with Im z ≥ 0. In
Proposition III.2.7 we have seen that if such an X is infinitely divisible
with p0 := IP(X = 0) > 0, then∣∣φ(z)

∣∣ ≥ p2
0 [ Im z ≥ 0 ];(2.4)

hence φ has no zeroes in the closed upper half-plane. The characteristic
function φ of a general (R-valued) infinitely divisible random variable X
with p0 > 0 may be well defined on the real line only, so one may only hope
to have the inequality in (2.4) for z = u ∈R. Unfortunately, the technique
used in the R+-case does not easily lead to such a result; it can be used,
however, to prove a somewhat different inequality in case X is Z-valued
and has finite variance.

Before showing this we consider the factors Xn of an infinitely divis-
ible random variable X that has its values in Z. Letting n → ∞ in (2.2)
and using the continuity theorem, we see that necessarily Xn

d−→ 0 as
n→∞. Hence, if the Xn are Z-valued, too, then IP(Xn = 0) > 0 for all n
sufficiently large, so by (1.1) IP(X = 0) > 0. The converse statement is not
true in general; the factor Xn of X := Y − 1, with Y Poisson distributed,
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has values in −1/n + Z+. When we start from a symmetric distribution
on Z, we do have a converse.

Proposition 2.10. Let X have a symmetric infinitely divisible distrib-

ution. Then the factors Xn of X satisfy

IP(Xn = 0) ≥ IP(X = 0) [n ∈N ],(2.5)

and if X is Z-valued, then the Xn are also Z-valued iff IP(X = 0) > 0.

Proof. Let φ be the characteristic function ofX. Since φ is continuous and
real, and by Proposition 2.4 has no zeroes, we have φ(u) > 0 for all u ∈R.
Since the characteristic function φn of the factor Xn is given by φn = φ1/n,
it follows that φn(u) ≥ φ(u) for all u ∈R. Now, use the inversion formula
(A.2.14) implying that

IP(X = 0) = lim
t→∞

1
2t

∫ t

−t
φ(u) du,

and similarly for Xn and φn; this immediately yields inequality (2.5).
Next let X be Z-valued. Above we saw that if the Xn are also Z-valued,
then IP(X = 0) > 0. For the converse we suppose that IP(X = 0) > 0 and
let n ∈N; then by (2.5) we have IP(Xn = 0) > 0. As by (1.1)

IP(X = x) ≥ n IP(Xn = x)
{
IP(Xn = 0)

}n−1 [x 6= 0 ],

it follows that any possible value of Xn is also a possible value of X. We
conclude that Xn is Z-valued, too. 22

Proposition 2.11. Let φ be the characteristic function of an infinitely

divisible, Z-valued random variable X with σ2 := VarX <∞. Then:∣∣φ(u)
∣∣ ≥ e−2σ2

[u ∈R ].(2.6)

Proof. First, consider the special case where X has a symmetric distrib-
ution with IP(X = 0) > 0. Then we can apply the preceding proposition to
conclude that the factors Xn of X are Z-valued. Since by (1.1) IEXn = 0
and VarXn = σ2/n, by Chebyshev’s inequality it follows that

IP(Xn = 0) = 1− IP
(
|Xn| ≥ 1

)
≥ 1− σ2/n.
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Now, we note that any characteristic function ψ = F̃Y can be estimated as
follows: ∣∣ψ(u)

∣∣ ≥ IP(Y = 0)−
∣∣∣∫

R\{0}
eiuy dFY (y)

∣∣∣ ≥ 2IP(Y = 0)− 1.

Taking here Y = Xn with characteristic function φ1/n, we then see that
for n sufficiently large∣∣φ(u)

∣∣ =
∣∣φ1/n(u)

∣∣n ≥ (
2IP(Xn = 0)− 1

)n ≥ (1− 2σ2/n)n,

from which by letting n→∞ we obtain (2.6). Finally, consider the general
case. Then the random variable X0 := X −X ′, where X and X ′ are in-
dependent with characteristic function φ, satisfies the conditions of the
special case we considered first. Hence we have (2.6) with φ replaced by |φ|2

and σ2 replaced by 2σ2. Taking square roots yields (2.6) as stated. 22

It is not hard to find examples of infinitely divisible distributions with
infinite second moment for which there exists δ > 0 such that its charac-
teristic function φ satisfies

∣∣φ(u)
∣∣ ≥ δ for all u ∈R; see Section 11.

We briefly return to considering a characteristic function φ for com-
plex values of its argument, and recall some well-known facts from Sec-
tion A.2. Any φ has two abscissas of convergence; these are the largest
numbers uφ and vφ in [ 0,∞ ] such that φ(z) is well-defined for all z ∈C
with −uφ < Im z < vφ. The set of these values of z (if non-empty) is called
the strip of analyticity of φ, because φ can be shown to be analytic on this
set. Moreover, uφ and vφ are determined by the (left- and right-) tails of
the corresponding distribution function F in the following way:

uφ = lim inf
x→∞

− log
{
1− F (x)

}
x

, vφ = lim inf
x→∞

− logF (−x)
x

.(2.7)

Using these results we can easily prove the following generalization of
Proposition 2.4.

Theorem 2.12. Let φ be an infinitely divisible characteristic function.

Then:

(i) φ has no zeroes in R.

(ii) φ has no zeroes in its strip of analyticity.

(iii) If φ is an entire function, i.e., if φ is analytic on all of C, then φ has

no zeroes in C.
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Proof. We only need to prove part (ii). Let S be the strip of analyticity
of φ; assume that S 6= Ø. Then the factors φn of φ are also well defined
on S, and hence analytic there; this immediately follows from (2.7) and the
inequalities in (1.3). Now, suppose that φ(z0) = 0 for some z0 ∈S; on some
neighbourhood B of z0, φ would then have an expansion of the form

φ(z) =
∞∑
k=1

ak (z − z0)k [ z ∈B ].

Since also φn(z0) = 0, φn can be represented similarly. By equating coef-
ficients in the identity φ = (φn)n one then sees that a1 = · · · = an−1 = 0.
Since this would hold for any n ∈N, it would follow that φ is zero on B and
hence on all of S, which is impossible. 22

This theorem may be used to show that a given characteristic function is
not infinitely divisible; an example is given in Section 11. It also implies
that if φ is an infinitely divisible characteristic function, then log φ(z), and
hence φt(z) with t > 0, can be defined for z in the strip of analyticity of φ
as a continuous function with log φ(0) = 0; see also Section A.2.

3. Compound distributions

Important classes of infinitely divisible distributions can be obtained by
random stopping of processes with stationary independent increments. We
will show this first in the discrete-time case. To this end we recall some
facts from Section I.3. Let (Sn)n∈Z+ be an sii-process generated by Y (so
Sn = Y1 + · · · + Yn for all n with Y1, Y2, . . . independent and distributed
as Y ), let N be Z+-valued and independent of (Sn), and consider X such
that

X
d= SN (so X

d= Y1 + · · ·+ YN ).(3.1)

Then X is said to have a compound-N distribution, and from (I.3.10) one
sees that its distribution function and characteristic function can be ex-
pressed in similar characteristics of Y and N as follows:

FX(x) =
∞∑
n=0

IP(N = n)F ?nY (x), φX(u) = PN
(
φY (u)

)
.(3.2)

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



In particular, it follows that the composition of a pgf with a characteristic
function is a characteristic function. Also, note that if N is infinitely divis-
ible, then by Theorem II.2.8 its pgf PN has no zeroes in the closed disk
|z| ≤ 1, so that φX in (3.2) does not vanish anywhere on R. Therefore,
we can apply Proposition 2.5 and its discrete counterpart in Chapter II to
obtain the following result.

Proposition 3.1. A random variable X that has a compound-N distrib-

ution with N Z+-valued and infinitely divisible
(
in the discrete sense, so

IP(N = 0) > 0
)
, is infinitely divisible. Equivalently, the composition P ◦ G̃

of an infinitely divisible pgf P with an arbitrary characteristic function G̃

is an infinitely divisible characteristic function.

The best-known compound distributions that are infinitely divisible are
the compound-Poisson distributions, for which N above is Poisson distrib-
uted. By (3.2) their characteristic functions have the form

φ(u) = exp
[
−λ

{
1− G̃(u)

}]
,(3.3)

where λ > 0 and G is a distribution function. Here G can always be chosen
to be continuous at zero. The pair (λ,G) is then uniquely determined by φ;
this is easily verified from the uniqueness theorem for FSt’s. Of course,
the infinite divisibility of the compound-Poisson distributions immediately
follows from Proposition 3.1 or from (3.3). We formally state this result.

Theorem 3.2. The compound-Poisson distributions, with characteristic

functions given by (3.3), are infinitely divisible.

From the first part of (3.2) with FY = G it is clear that a compound-
Poisson distribution is a distribution with positive mass at zero and, if G is
continuous, with no mass at any other point. Now, for such distributions
infinite divisibility turns out to be equivalent to being compound-Poisson.
We formulate this in terms of random variables.

Theorem 3.3. Let X be a random variable satisfying IP(X = 0) > 0 and

IP(X = x) = 0 for all x 6= 0. Then X is infinitely divisible iff it has a

compound-Poisson distribution.
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Proof. Let X be infinitely divisible with characteristic function φ, and
set p0 := IP(X = 0). By (1.1) the n-th order factor Xn of X, with charac-
teristic function φ1/n, satisfies IP(Xn = x) = 0 for all x 6= 0, and hence
IP(Xn = 0) = p

1/n
0 . So there exists a distribution function Gn such that

G̃n(u) =
φ1/n(u)− p

1/n
0

1− p
1/n
0

= 1− 1− φ1/n(u)

1− p
1/n
0

.

Now, let n→∞ and use the fact that limn→∞ n
(
1− α1/n

)
= − logα for

α ∈C with α 6= 0. Then from the continuity theorem we conclude that there
exists a distribution function G such that

G̃(u) = 1− 1
λ

{
− log φ(u)

}
with λ := − log p0.(3.4)

It follows that φ can be written in the form (3.3) with, necessarily, G con-
tinuous. The converse statement is contained in Theorem 3.2. 22

In the next section we will generalize this result to distributions with at least
one atom. The compound-Poisson distributions are basic among the infin-
itely divisible distributions on R. This is also apparent from the following
limit result; it is obtained by applying Proposition 2.3 and using the fact
that, as in the proof of Theorem 3.3, an infinitely divisible characteristic
function φ can be written as

φ(u) = lim
n→∞

exp
[
−n

{
1− φ1/n(u)

}]
.(3.5)

Theorem 3.4. A distribution on R is infinitely divisible iff it is the weak

limit of compound-Poisson distributions.

The compound-N distributions withN geometrically distributed will be
called compound-geometric. Their characteristic functions have the form

φ(u) =
1− p

1− p G̃(u)
,(3.6)

where p ∈ (0, 1) and G is a distribution function. As for the compound-
Poisson distributions one can show that the pair (p,G) is uniquely de-
termined by φ if we choose G to be continuous at zero, which can al-
ways be done. Since the geometric distribution is infinitely divisible, from
Proposition 3.1 it is immediately clear that the compound-geometric dis-
tributions are infinitely divisible. They are even compound-Poisson. This
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follows from the fact that if N has a geometric (p) distribution, then N is
compound-Poisson: PN = PM ◦Q, where M is Poisson (λ) distributed with
λ := − log (1− p) and Q is the pgf of the logarithmic-series (p) distribution
on N, so Q(z) =

{
− log (1− pz)

}/
λ. Hence φ := PN ◦ G̃ can be written as

φ = PM ◦ (Q ◦ G̃), so φ is compound-Poisson. We summarize.

Theorem 3.5. A compound-geometric distribution, with characteristic

function of the form (3.6), is compound-Poisson, and hence infinitely divis-

ible.

Next we randomly stop continuous-time processes with stationary in-
dependent increments, and again recall some facts from Section I.3. Let
S(·) be a continuous-time sii-process generated by Y

(
so S(1) d= Y and Y

is infinitely divisible
)
, let T be R+-valued and independent of S(·), and

consider X such that

X
d= S(T ).(3.7)

Then X is said to have a compound-T distribution, and from (I.3.8) one
sees that the distribution function and characteristic function of X can be
expressed in similar characteristics of Y and T by

FX(x) =
∫

R+

F ?tY (x) dFT (t), φX(u) = πT
(
− log φY (u)

)
.(3.8)

Note that if T is infinitely divisible, then by Theorem III.2.8 its pLSt πT
has no zeroes in the closed half-plane Re z ≥ 0, so that φX in (3.8) does
not vanish anywhere on R. Therefore, we can apply Proposition 2.5 and
its R+-counterpart in Chapter III to obtain the following general result.

Proposition 3.6. A random variable X that has a compound-T dis-

tribution with T R+-valued and infinitely divisible, is infinitely divisible.

Equivalently, the composition π ◦ (− log φ0) where π is an infinitely divis-

ible pLSt and φ0 is an infinitely divisible characteristic function, is an

infinitely divisible characteristic function.

The compound-T distributions with T degenerate at one constitute pre-
cisely the set of all infinitely divisible distributions. It is more interesting to
take T standard exponentially distributed. Since then πT (s) = 1

/
(1 + s),

the resulting compound-exponential distributions have characteristic func-
tions of the form
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φ(u) =
1

1− log φ0(u)
,(3.9)

where φ0 is an infinitely divisible characteristic function. The function φ0,
which is sometimes called the underlying (infinitely divisible) characteristic
function of φ, is uniquely determined by φ because

φ0(u) = exp
[
1− 1

/
φ(u)

]
.(3.10)

Note that taking T exponential (λ) with λ 6= 1 leads to the same class of
distributions; just use Corollary 2.6. The following theorem is an imme-
diate consequence of Proposition 3.6 and the infinite divisibility of the
exponential distribution.

Theorem 3.7. A compound-exponential distribution, with characteristic

function of the form (3.9), is infinitely divisible.

It turns out that within the class of compound-exponential distrib-
utions the compound-geometric distributions play the same role as do the
compound-Poisson distributions in the class of all infinitely divisible dis-
tributions. In fact, there are analogues to Theorems 3.2, 3.3 and 3.4; we
will show this by using these theorems.

Theorem 3.8. A distribution on R is compound-geometric iff it is com-

pound-exponential having an underlying infinitely divisible distribution

that is compound-Poisson.

Proof. First, let φ be a characteristic function of the form (3.9) with φ0

compound-Poisson (and hence infinitely divisible, because of Theorem 3.2).
Then φ0 has the form (3.3), so φ can be written as

φ(u) =
1

1 + λ
{
1− G̃(u)

} =
1− λ

/
(1 + λ)

1−
{
λ
/
(1 + λ)

}
G̃(u)

,

which is of the compound-geometric form (3.6). The converse statement is
proved similarly: If φ has the form (3.6), then computing the right-hand
side of (3.10) shows that φ can be written as in (3.9) with φ0 of the form
(3.3); take λ = p

/
(1−p). 22

Theorem 3.9. Let X be a random variable satisfying IP(X = 0) > 0 and

IP(X = x) = 0 for all x 6= 0. Then X is compound-exponential iff it is

compound-geometric.
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Proof. For both implications we use Theorem 3.8; the implication to the
left is then immediate, so we consider the one to the right. Let X have
a compound-exponential distribution. Then X

d= S(T ) where S(·) is an
sii-process generated by Y

(
so Y d= S(1)

)
, and T is standard exponentially

distributed and independent of S(·). We will show that for x ∈R

Ax :=
{
t ≥ 0 : IP

(
S(t) = x

)
> 0

}
=

{
R+ , if x = 0,

Ø , if x 6= 0,
(3.11)

which implies that Y , like X, has a single atom at zero. Then we are
done because by Theorem 3.3 Y then is compound-Poisson, so that X is
compound-geometric. To prove (3.11) we note that, similar to the first part
of (3.8),

IP(X = x) =
∫ ∞

0

IP
(
S(t) = x

)
e−t dt [x ∈R ],

so in view of the conditions put on X for x ∈R we have (m being Lebesgue
measure)

m(Ax)

{
> 0 , if x = 0,

= 0 , if x 6= 0.
(3.12)

Now, using general properties of sii-processes one easily verifies that

t1 ∈A0, t2 ∈Ax =⇒ t1 + t2 ∈Ax [x ∈R ].(3.13)

In particular, A0 is closed under addition. Since we also have m(A0) > 0,
there then exists, as is well known, a0 ≥ 0 such that A0 ⊃ (a0,∞). A
second combination of (3.12) and (3.13) now shows that Ax = Ø for x 6= 0.
This means that for every t0 ≥ 0 we have IP

(
S(t0) = x

)
= 0 for all x 6= 0.

Suppose that t0 6∈A0. Then S(t0) would have a continuous distribution,
and hence so has S(mt0), having the same distribution as the sum of m
independent copies of S(t0); so mt0 6∈A0 for all m ∈N. For t0 > 0, however,
this contradicts the fact that A0 ⊃ (a0,∞). We conclude that we may take
a0 = 0, so A0 = R+, and (3.11) is proved. 22

Theorem 3.10. A distribution on R is compound-exponential iff it is the

weak limit of compound-geometric distributions.

Proof. Use Theorem 3.4 for the underlying infinitely divisible distribution
of a compound-exponential distribution, and then apply Theorem 3.8. 22
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In Section 5 we briefly return to the class of compound-exponential distrib-
utions. Since they correspond one-to-one to the infinitely divisible distrib-
utions (via the underlying distributions), the results of the next section are
also of importance for this class.

4. Canonical representation

In the preceding section we found several classes of infinitely divisible
characteristic functions. We now want to characterize all such functions.
This is achieved by the so-called Lévy-Khintchine canonical representation.
Since a full proof of this formula is rather technical and can be found in
several textbooks, we do not give all the details.

Let φ = F̃ be an infinitely divisible characteristic function. Then φ is
the limit of characteristic functions that are compound-Poisson; by (3.5)
we have

log φ(u) = lim
n→∞

n
{
φ1/n(u)− 1

}
= lim
n→∞

∫
R
(eiux− 1)µn(dx),(4.1)

where µn is the Stieltjes measure induced by the function nF ?(1/n). To get
a canonical representation we would like to actually take the limit in (4.1).
To this end we use, without further comment, some well-known results on
weak convergence as mentioned in Section A.2. First, note that for large n
the measure µn will be concentrated near zero. In fact, it can be proved
that

sup
n

∫
[−1,1]

x2 µn(dx) <∞, sup
n

∫
R\[−1,1]

µn(dx) <∞.

We therefore rewrite (4.1) as

log φ(u) = lim
n→∞

∫
R
(eiux− 1)

1 + x2

x2
dGn(x),(4.2)

where Gn defined by

Gn(x) :=
∫

(−∞,x]

y2

1 + y2
µn(dy) [x ∈R ],

is a nondecreasing, bounded function satisfying supnGn(∞) <∞; here and
in similar cases Gn(∞) is the short-hand notation for limx→∞Gn(x). By
Helly’s selection theorem it follows that there exists a subsequence (Gnk

)k∈N

with the property that Gnk
→ G in continuity points of G as k →∞,
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where G is a nondecreasing, right-continuous function on R. Since one
can show that the Stieltjes measure mGn

induced by Gn satisfies

lim
t→∞

sup
n

mGn

(
R\(−t, t ]

)
= 0,

we also have Gnk
(∞) → G(∞). Hence we could apply Helly’s theorem on

convergence of integrals of continuous bounded functions if the integrand
in (4.2) were not unbounded near zero. To remedy this we rewrite (4.2) as

log φ(u) = lim
n→∞

{
iuan +

∫
R

(
eiux− 1− iux

1 + x2

) 1 + x2

x2
dGn(x)

}
,(4.3)

where an :=
∫

R x
/
(1 + x2)µn(dx). Now, the integrand is continuous and

bounded on R\{0} with limit − 1
2u

2 as x → 0. It follows that along the
subsequence (nk) the integral in (4.3) converges to the integral with Gn

replaced by G. Since then necessarily also ank
→ a for some a ∈R, we

conclude that

log φ(u) = iua+
∫

R

(
eiux− 1− iux

1 + x2

) 1 + x2

x2
dG(x).(4.4)

This is the so-called Lévy-Khintchine representation for φ. Note that if G
has a positive jump σ2 at zero, then in the right-hand side of (4.4) we get
a term − 1

2u
2σ2, so φ has a normal factor.

Conversely, any (nonvanishing) function φ that satisfies (4.4) for some
a ∈R and some bounded, nondecreasing function G, is the characteristic
function of an infinitely divisible distribution on R. This can be shown by
approximating the integral in (4.4) by Riemann sums. After some rear-
rangement of terms one then sees that φ is the pointwise limit of a product
of infinitely divisible characteristic functions, viz. of a (possibly degener-
ate) normal distribution and of Poisson distributions on different lattices.
Letting u→ 0 in (4.4) and using the bounded convergence theorem shows
that φ is continuous at zero. One can now apply Proposition 2.3 to con-
clude that φ is an infinitely divisible characteristic function. Thus we have
obtained the following celebrated result.

Theorem 4.1 (Lévy-Khintchine representation). A C-valued func-

tion φ on R is the characteristic function of an infinitely divisible distrib-

ution iff φ has the form

φ(u) = exp
[
iua+

∫
R

(
eiux− 1− iux

1 + x2

) 1 + x2

x2
dG(x)

]
,(4.5)

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



where a ∈R and G is a bounded, nondecreasing, right-continuous function

on R with G(x) → 0 as x→ −∞ (for x = 0 the integrand is defined by

continuity: − 1
2u

2).

As it should be in a canonical representation, the canonical pair (a,G)
is uniquely determined by φ. We will prove a bit more and allow G to be of
finite total variation, so G can be written as the difference of two bounded,
nondecreasing functions.

Proposition 4.2. Let φ be a function of the form (4.5) with a ∈R and G a

right-continuous function of finite total variation withG(x)→ 0 as x→−∞.

Then a and G are uniquely determined by φ.

Proof. Let k(u, x) be the integrand in (4.5); then log φ can be written as

log φ(u) = iua+
∫

R
k(u, x) dG(x).

First, consider the (infinitely divisible) case where G is nondecreasing. We
evaluate the following function ψ, using Fubini’s theorem:

ψ(u) :=
∫ 1

0

[
log φ(u)− 1

2

{
log φ(u+ h) + log φ(u− h)

} ]
dh =

=
∫ 1

0

(∫
R

[
k(u, x)− 1

2

{
k(u+ h, x) + k(u− h, x)

} ]
dG(x)

)
dh =

=
∫ 1

0

(∫
R

eiux(1− coshx)
1 + x2

x2
dG(x)

)
dh =

=
∫

R
eiux

(∫ 1

0

(1− coshx) dh
) 1 + x2

x2
dG(x).

So ψ is the Fourier-Stieltjes transform L̃ of the function L defined by

L(y) :=
∫

(−∞,y]

`(x) dG(x), with `(x) :=
(
1− sinx

x

) 1 + x2

x2
;

note that ` is bounded. By the uniqueness theorem for Fourier-Stieltjes
transforms it follows that L is determined by ψ and hence by φ. Since the
function ` is bounded away from 0, we can write

G(x) =
∫

(−∞,x]

1
`(y)

dL(y),
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so G also is determined by φ; the constant a in (4.5) is then unique as well.
Next, consider the general case. Suppose that φ has two representations
of the form (4.5) determined by the pairs (a,G), (b,H), with G and H of
finite total variation. Write G = G1−G2 and H = H1−H2 with G1, G2,
H1 and H2 bounded, nondecreasing and right-continuous. Then it follows
that

iua+
∫

R
k(u, x) d

{
G1(x) +H2(x)

}
=

= iub+
∫

R
k(u, x) d

{
H1(x) +G2(x)

}
.

Now, since G1 +H2 and H1 +G2 are nondecreasing, we are in the case that
was considered first. Hence a = b and G1 +H2 = H1 +G2, so G = H. 22

This proposition can be used to show that a given characteristic function
is not infinitely divisible; cf. Example III.11.1. Also, the uniqueness of the
canonical pair (a,G) in the infinitely divisible case implies, together with
the continuity theorem, the following not surprising limit result; we do not
give details.

Proposition 4.3. Let F and Fn with n ∈N be infinitely divisible dis-

tribution functions with canonical pairs (a,G) and (an, Gn), respectively.

Then, as n→∞, Fn → F weakly iff an → a and Gn → G at continuity

points of G.

Several characteristics of an infinitely divisible distribution can be ex-
pressed in terms of its canonical quantities. Before showing this and giving
some examples, we prefer to switch from the Lévy-Khintchine representa-
tion to the so-called Lévy representation, because the latter is more directly
related to the corresponding distribution. In fact, we switch from the Lévy-
Khintchine canonical pair (a,G) to the Lévy canonical triple (a, σ2,M)
where

σ2 = mG

(
{0}

)
, M(x) =


∫

(−∞,x]

1 + y2

y2
dG(y) , if x < 0,

−
∫

(x,∞)

1 + y2

y2
dG(y) , if x > 0.

(4.6)

Theorem 4.1 can now be reformulated as follows; the uniqueness assertion
is, of course, a consequence of Proposition 4.2.
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Theorem 4.4 (Lévy representation). A C-valued function φ on R is

the characteristic function of an infinitely divisible distribution iff φ has

the form

φ(u) = exp
[
iua− 1

2u
2σ2 +

∫
R\{0}

(
eiux− 1− iux

1 + x2

)
dM(x)

]
,(4.7)

where a ∈R, σ2 ≥ 0 and M is a right-continuous function that is nonde-

creasing on (−∞, 0) and on (0,∞) with M(x) → 0 as x→ −∞ or x→∞
and ∫

[−1,1]\{0}
x2 dM(x) <∞.(4.8)

The canonical triple (a, σ2,M) is uniquely determined by φ.

Clearly, the first two quantities in the canonical triple (a, σ2,M) of an infin-
itely divisible characteristic function φ = F̃ represent a shift and a normal
component, respectively, in F . The third quantity is often called the Lévy
function of φ and of F . From (4.6) and the discussion in the beginning
of the present section it follows that (a, σ2,M) can be obtained from F in
the following way (the expression for M only holds for continuity points x
of M): 

a = lim
n→∞

n

∫
R

x

1 + x2
dF ?(1/n)(x),

σ2 = lim
ε↓0

lim
n→∞

n

∫
(−ε,ε]

x2

1 + x2
dF ?(1/n)(x),

M(x) =

 lim
n→∞

nF ?(1/n)(x) , if x < 0,

− lim
n→∞

n
{
1− F ?(1/n)(x)

}
, if x > 0.

(4.9)

By the uniqueness of the canonical representation we easily obtain the
following simple, but useful relations.

Proposition 4.5. Let X be an infinitely divisible random variable with

distribution function F and canonical triple (a, σ2,M). Then:

(i) The canonical triple of −X is (−a, σ2,M−) where M− is given by

M−(x) := −M
(
(−x)−

)
.

(ii) For α > 0 the canonical triple of αX is
(
aα, α

2σ2,M(·/α)
)

with aα

given by aα := αa+α(1−α2)
∫

R\{0} x
3
/
{(1 + x2)(1 +α2x2)}dM(x).
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(iii) For t > 0 the canonical triple of F ?t is (ta, tσ2, tM).

(iv) If F1, F2 are infinitely divisible distribution functions with canonical

triples (a1, σ
2
1 ,M1), (a2, σ

2
2 ,M2), then F = F1 ? F2 iff a = a1 + a2,

σ2 = σ2
1 + σ2

2 and M = M1 +M2.

We determine the canonical representations of the three examples from
Section 2, and add a fourth basic example which generalizes the first two.

Example 4.6. The normal (0, σ2) distribution of Example 2.7 with charac-
teristic function φ given by

φ(u) = e−
1
2σ

2u2
,

has canonical triple (0, σ2, 0), so with Lévy function M that vanishes every-
where. This immediately follows by comparing the expression for φ with
representation (4.7). 22

Example 4.7. The Cauchy (λ) distribution of Example 2.8 with charac-
teristic function φ given by

φ(u) = e−λ|u|,

has canonical triple (0, 0,M) with M absolutely continuous with density

m(x) =
λ

πx2
[x 6= 0 ].

This can be verified directly by integration from (4.7). It can be found
from the relations in (4.9) by using the dominated convergence theorem
and the well-known fact, which easily follows from the expression for φ,
that the Cauchy distribution function F has the (stability) property that
F ?(1/n)(x) = F (nx) for x ∈R and n ∈N. Note that by (4.6) the Lévy-
Khintchine canonical function G is given by G(x) = λF (λx), so the stan-
dard Cauchy distribution has G = F . 22

Example 4.8. The sym-gamma (r, λ) distribution of Example 2.9 with
characteristic function φ given by

φ(u) =
( λ2

λ2 + u2

)r
,

has canonical triple (0, 0,M) with M absolutely continuous with density

m(x) =
r

|x|
e−λ|x| [x 6= 0 ].
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To show this we recall that φ can be viewed as the characteristic function
of Y − Y ′ with Y and Y ′ independent and gamma (r, λ) distributed. Now,
in Example III.4.8 we have seen that Y has (R+-) canonical density k given
by k(x) = r e−λx; for the characteristic function φY of Y this implies:

φY (u) = exp
[∫ ∞

0

(eiux− 1)
r

x
e−λx dx

]
.

By comparing this expression with (4.7) we conclude that Y has canonical
triple (a1, 0,M1) withM1 absolutely continuous, where a1 and a densitym1

of M1 are given by

a1 =
∫ ∞

0

r

1 + x2
e−λx dx, m1(x) =

 0 , if x < 0,
r

x
e−λx , if x > 0.

Finally, applying Proposition 4.5 (i), (iv) yields the result stated above. 22

Example 4.9. For λ > 0, γ > 0, let φ be the function on R given by

φ(u) = exp
[
−λ |u|γ

]
[u ∈R ].

In case γ > 2 this function is not a characteristic function because φ′(0) =
φ′′(0) = 0, so if φ = φX , then we would have IEX = IEX2 = 0. For γ = 2
we get Example 4.6, and for γ = 1 Example 4.7. Now take general γ ≤ 2.
Then γ = 2δ with δ ∈ (0, 1 ], so φ can be written as

φ(u) = π(u2), with π(s) := exp
[
−λ sδ

]
.

Since by Example III.4.9 the function π is an infinitely divisible pLSt, we
can apply Proposition 3.6 with φ0 normal to conclude that φ is an infin-
itely divisible characteristic function. When γ < 2, φ has canonical triple
(0, 0,M) with M absolutely continuous with density

m(x) =
c

|x|1+γ
[x 6= 0 ],

where c > 0 is a constant depending on λ and γ. This can be verified
directly by integration from (4.7). For more details, including the value
of c, we refer to Section V.7; in view of the results given there, for λ > 0
and γ ∈ (0, 2 ] the characteristic function φ, and the corresponding distrib-
ution, will be called symmetric stable (λ) with exponent γ. 22
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Generally, it is not so easy to determine the canonical triple (a, σ2,M)
for a given infinitely divisible characteristic function φ. The proof of Propo-
sition 4.2 shows a way to obtain σ2 and M (via G) from φ, but in practice
this will not be very helpful. For σ2 there is an alternative; it can be used
in the preceding examples.

Proposition 4.10. Let φ be an infinitely divisible characteristic function

with canonical triple (a, σ2,M). Then σ2 can be obtained as

σ2 = lim
u→∞

−2 log φ(u)
u2

.(4.10)

Proof. By (4.7) it suffices to show that as u→∞∫
R\{0}

gu(x) dM(x) → 0, if gu(x) :=
1
u2

(
eiux− 1− iux

1 + x2

)
.

Obviously, we have limu→∞ gu(x) = 0 for x 6= 0. Moreover, using the fact
that |eiy − 1− iy| ≤ 1

2y
2 for y ∈R, we see that

∣∣gu(x)∣∣ is bounded by 3 for
|x| > 1 and by 3

2x
2 for |x| ≤ 1, uniformly in u ≥ 1. Because of (4.8) we can

now apply the dominated convergence theorem. 22

For distributions on R+ things are less complicated. As shown in Sec-
tion III.4, the (R+-) canonical function K of an infinitely divisible dis-
tribution function F on R+ with pLSt π = F̂ can be obtained from π via
the relation K̂ = ρ, where ρ := (− log π)′ = −π′/π. Moreover, the relation
−π′ = π K̂ yields a useful functional equation for F . Returning to distrib-
utions on R, one is tempted to consider the function (log φ)′ if φ is given
by (4.7). Such a derivative need not exist, however, and if it does, it has
no simple relation with the canonical function M .

Still, some conclusions can be drawn from (4.7). We will characterize
several interesting classes of infinitely divisible distributions in terms of
the canonical quantities and give simplified representations for the corre-
sponding characteristic functions. In doing so we will focus on a precise
formulation of the results; the proofs, which mainly consist of manipulat-
ing representations and verifying integrability conditions, will be brief. We
start with considering infinitely divisible distributions that are symmetric.
They are closely related to distributions on R+, and occur frequently in
practice. Moreover, they have the pleasant property that because of Propo-
sition 2.4 their characteristic functions are positive on R.
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Theorem 4.11. Let F be a distribution function on R with characteristic

function φ. Then the following three assertions are equivalent:

(i) F is symmetric and infinitely divisible.

(ii) F is infinitely divisible with canonical triple (0, σ2,M) with σ2 ≥ 0
and M satisfying M = M−, where M−(x) := −M

(
(−x)−

)
.

(iii) φ has the form

φ(u) = exp
[
− 1

2u
2σ2 + 2

∫
(0,∞)

(cos ux− 1)dM(x)
]
,

where σ2 ≥ 0 and M is a right-continuous, nondecreasing function on

(0,∞) with limx→∞M(x) = 0 and
∫
(0,1]

x2 dM(x) <∞.

In this case σ2 in (iii) equals σ2 in (ii) and M in (iii) is the Lévy function

restricted to (0,∞).

Proof. The equivalence of (i) and (ii) immediately follows from Propo-
sition 4.5 (i). The equivalence of (ii) and (iii) is obtained by rewriting
(4.7); one can also start from (i) and use the fact that φ then satisfies
φ = |φ| = exp [Re log φ]. 22

There is a simple 1–1 correspondence between the symmetric distributions
on R and the distributions on R+. In fact, by taking Y := |X| one sees that
a random variable X has a symmetric distribution iff

X
d= AY, with Y R+-valued,(4.11)

where A has a Bernoulli (1
2 ) distribution on {−1, 1} and is independent

of Y . In terms of distribution functions and, in case of absolute continuity,
densities this relation reads as follows:

F (x) = 1
2

{
1 +G(x)

}
for x ≥ 0, f(x) = 1

2 g
(
|x|

)
for x ∈R.(4.12)

In view of these simple relations one might think that if Y is infinitely
divisible, then so is X, but this is not so; for a counter-example we refer to
Section 11 and for some positive results of this type to Section 10. On the
other hand, not every (symmetric) infinitely divisible X has the property
that Y is infinitely divisible; in Example III.11.2 it is noted that the half-
normal distribution is not infinitely divisible (whereas the half-Cauchy dis-
tribution and, of course, the half-Laplace distribution are infinitely divis-
ible). It would be interesting to know which symmetric infinitely divisible
distributions stem from infinitely divisible distributions on R+ as above.
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We do not go further into this, and turn to a similar problem that
is easier to solve. To this end, in stead of (4.11), we consider random
variables X such that

X
d= Y − Y ′, with Y R+-valued,(4.13)

where Y ′ is independent of Y with Y ′ d= Y . Clearly, such an X has a
symmetric distribution, and if Y is infinitely divisible, then so is X; cf.
Example 4.8. Note that, conversely, a symmetric infinitely divisible X can
be written as in (4.13) with Y infinitely divisible, but not necessarily R+-
valued; one can take Y d= X2, the 2-nd order factor of X, in which case Y
has a symmetric distribution, too. Therefore, it is not trivial to ask for
the (symmetric infinitely divisible) distributions that can be obtained from
infinitely divisible distributions on R+ as in (4.13).

To answer this question we first consider the class of infinitely divisible
distributions with finite left extremity ; they share in the advantages of dis-
tributions on the positive half-line. At this point it is easiest to make use
of some results on R+.

Lemma 4.12. Let F be an infinitely divisible distribution function with

characteristic function φ. Then `F > −∞ iff φ has the form

φ(u) = exp
[
iuγ +

∫
(0,∞)

(eiux− 1)
1
x

dK(x)
]
,(4.14)

where γ ∈R and K is an LSt-able function with K(0) = 0 and satisfying∫
(1,∞)

(1/x) dK(x) <∞. In this case the pair (γ,K) is uniquely determined

by F , and `F = γ and F (`F ) = e−λ, where λ :=
∫
(0,∞)

(1/x) dK(x) (≤ ∞).

If 0 < λ <∞, then F is shifted compound-Poisson on R+:

φ(u) = exp
[
iu`F + λ

{
G̃(u)− 1

}]
,(4.15)

where G is the distribution function with G(x) = (1/λ)
∫
(0,x]

(1/y) dK(y)
for x > 0 and G(0) = 0.

Proof. All the assertions immediately follow from Theorem III.4.3 and
Proposition III.4.4; when `F > −∞, these are applied for the infinitely
divisible distribution function H := F (`F + ·) for which `H = 0. 22

The first part of this lemma yields the following result on the Lévy rep-
resentation of an infinitely divisible distribution with finite left extremity.
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The subsequent corollary characterizes the infinitely divisible distributions
on R+, which are considered separately in the preceding chapter; recall
that K(0) = `F .

Theorem 4.13. Let F be a distribution function on R with characteristic

function φ. Then the following three assertions are equivalent:

(i) F is infinitely divisible with `F > −∞.

(ii) F is infinitely divisible with canonical triple (a, 0,M) with a ∈R,

M(0−) = 0 and
∫
(0,1]

xdM(x) <∞.

(iii) φ has the form

φ(u) = exp
[
iuγ +

∫
(0,∞)

(eiux− 1)dM(x)
]
,

where γ ∈R and M is a right-continuous, nondecreasing function on

(0,∞) with limx→∞M(x) = 0 and
∫
(0,1]

xdM(x) <∞.

In this case γ = `F = a −
∫
(0,∞)

x
/
(1 + x2) dM(x) and M in (iii) is the

Lévy function restricted to (0,∞).

Proof. Let F satisfy (i). Then by Lemma 4.12 φ has the form (4.14) with
γ = `F . Since b :=

∫
(0,∞)

1
/
(1 + x2) dK(x) <∞, φ can be rewritten as

φ(u) = exp
[
iu(γ + b) +

∫
(0,∞)

(
eiux− 1− iux

1 + x2

) 1
x

dK(x)
]
.

Comparing with (4.7) one sees that F has canonical triple (a, 0,M) with
a = γ + b, M(0−) = 0 and M(x) = −

∫
(x,∞)

(1/y) dK(y) for x > 0, so we
have

∫
(0,1]

xdM(x) = K(1).
The rest of the proof is similar. If F satisfies (ii), then (4.7) can be rewritten
as in (iii), and if φ has the form given in (iii), then we have (4.14) with
K(x) =

∫
(0,x]

y dM(y) for x > 0. The various integrability conditions are
easily verified. 22

Corollary 4.14. Let F be an infinitely divisible distribution function on R
with canonical triple (a, σ2,M). Then F is a distribution function on R+

iff σ2 = 0, γ := a−
∫
(0,∞)

x
/
(1 + x2) dM(x) ≥ 0,

∫
(0,1]

xdM(x) <∞ and

M(0−) = 0. In this case the (R+-) canonical function K and the Lévy

canonical quantities a and M are related by
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
K(x) = γ +

∫
(0,x]

y dM(y) for x ≥ 0;

a =
∫

R+

1
1 + x2

dK(x), M(x) = −
∫

(x,∞)

1
y

dK(y) for x > 0.
(4.16)

From the theorem it follows that the condition M = 0 on (−∞, 0) is not
sufficient for an infinitely divisible distribution without normal component
(σ2 = 0) to have a finite left extremity; if

∫
(0,1]

xdM(x) = ∞
(
and, of

course, still
∫
(0,1]

x2 dM(x) <∞
)
, then the support of the distribution is

unbounded below. Clearly, Theorem 4.13 has an obvious counterpart for
the right extremity rF of F ; we do not make it explicit.

The relations in (4.16) can sometimes be used to determine the canoni-
cal triple of a given infinitely divisible distribution with finite left extremity,
like the gamma distribution; cf. Example 4.8. There we used Proposi-
tion 4.5 (i), (iv) in order to handle also the sym-gamma distribution. Now,
in a similar way this proposition leads to the following result.

Theorem 4.15. Let X be a random variable with characteristic func-

tion φ. Then the following three assertions are equivalent:

(i) X d= Y − Z with Y and Z independent and infinitely divisible with

`Y > −∞ and `Z > −∞.

(ii) X is infinitely divisible with canonical triple (a, 0,M) with a ∈R
and M satisfying

∫
[−1,1]\{0} |x|dM(x) <∞.

(iii) φ has the form

φ(u) = exp
[
iuγ +

∫
R\{0}

(eiux− 1)dM(x)
]
,

where γ ∈R and M is right-continuous, nondecreasing on (−∞, 0)
and on (0,∞) with M(x) → 0 as x→ −∞ or x→∞ and satisfying∫
[−1,1]\{0} |x|dM(x) <∞.

In this case γ = `Y − `Z = a −
∫

R\{0} x
/
(1 + x2)dM(x) and M in (iii) is

the Lévy function.

Proof. As suggested above, combining Proposition 4.5 (i), (iv) with The-
orem 4.13 shows that (i) implies (ii). The converse statement follows by
writing M = M1 + M2 with M1 = 0 on (−∞, 0) and M2 = 0 on (0,∞).
The equivalence of (i) and (iii), or (ii) and (iii), is proved similarly. 22
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The quantity γ in this theorem is sometimes called the shift parameter
of the infinitely divisible distributions having Lévy functions M satisfying∫
[−1,1]\{0} |x|dM(x) <∞. We further note that Y and Z in (i) are not

uniquely determined by X; only (the distributions of) Y − `Y and Z − `Z ,
and the value of `Y − `Z , are unique. It follows that Y and Z can be
chosen to be R+-valued. Requiring Z d= Y in this case leads, together with
Theorem 4.11, to the following answer to the question on symmetric infin-
itely divisible distributions that was raised in connection with (4.13).

Corollary 4.16. A random variable X can be written (in distribution) as

X
d= Y − Y ′, with Y infinitely divisible and R+-valued,

where Y ′ is independent of Y with Y ′ d= Y , iff X is infinitely divisible

having canonical triple (0, 0,M) with M satisfying
∫
(0,1]

xdM(x) <∞ and

M = M−, where M−(x) := −M
(
(−x)−

)
.

The Lévy function M of a general infinitely divisible distribution has
the property that

∫
[−1,1]\{0} x

2 dM(x) <∞. In Theorem 4.15 we consid-
ered the special case where M satisfies

∫
[−1,1]\{0} |x|dM(x) <∞. Now,

we will be even more specific and require that
∫
[−1,1]\{0} dM(x) <∞ or,

equivalently, M(0−) <∞ and M(0+) > −∞, i.e., M bounded. As before
we start with the one-sided case, and can then use the second part of
Lemma 4.12.

Theorem 4.17.Let F be a non-degenerate distribution function on R with

characteristic function φ. Then the following three assertions are equiva-

lent:

(i) F is infinitely divisible with `F > −∞ and F (`F ) > 0.

(ii) F is infinitely divisible with canonical triple (a, 0,M) with a ∈R,

M(0−) = 0 and M bounded.

(iii) φ is shifted compound-Poisson on R+; it has the form

φ(u) = exp
[
iuγ + λ

{
G̃(u)− 1

} ]
,

where γ ∈R, λ > 0 and G is a distribution function with G(0) = 0.

In this case γ = `F = a −
∫
(0,∞)

x
/
(1 + x2) dM(x), λ = − log F (`F ) =

−M(0+) and G = 1 +M/λ on (0,∞).

Proof. Use Lemma 4.12 and (the proof of) Theorem 4.13; M and K are
related as in (4.16). 22
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Theorem 4.18. Let X be a non-degenerate random variable with charac-

teristic function φ. Then the following three assertions are equivalent:

(i) X d= Y − Z with Y and Z independent and infinitely divisible with

`Y > −∞, `Z > −∞, IP(Y = `Y ) > 0 and IP(Z = `Z) > 0.

(ii) X is infinitely divisible with canonical triple (a, 0,M) with a ∈R and

with M bounded.

(iii) φ is shifted compound-Poisson; it has the form

φ(u) = exp
[
iuγ + λ

{
G̃(u)− 1

} ]
,

where γ ∈R, λ > 0 and G is a distribution function that is continuous

at zero.

In this case (γ, λ,G) can be obtained as follows:
γ = `Y − `Z = a−

∫
R\{0} x

/
(1 + x2) dM(x),

λ = − log IP(Y = `Y ;Z= `Z) = M(0−)−M(0+),

G = M/λ on (−∞, 0), G = 1 +M/λ on (0,∞).

(4.17)

Proof. Similar to the proof of Theorem 4.15: Combine Proposition 4.5 (i),
(iv) with Theorem 4.17, and write M = M1 +M2 with M1(0−) = 0 and
M2(0+) = 0. 22

The preceding theorem leads us to consider Lebesgue properties of an
infinitely divisible distribution function F . Clearly, if F has a normal com-
ponent, then F is absolutely continuous. Therefore, we further suppose
that F has canonical triple (a, 0,M). According to Theorem 4.18 we then
have

M bounded ⇐⇒ F shifted compound-Poisson.(4.18)

In this case F has at least one discontinuity point; the following partial
converse is implied by Theorem 3.3:

F has exactly one discontinuity point =⇒

=⇒ F shifted compound-Poisson.
(4.19)

By using some elementary properties of continuous and absolutely con-
tinuous functions, as mentioned in Section A.2, we can say more.

Proposition 4.19. Let F be an infinitely divisible distribution function

with canonical triple (a, 0,M). Then:
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(i) F has exactly one discontinuity point iff M is bounded and con-

tinuous.

(ii) F has exactly one discontinuity point γ, say, and is absolutely con-

tinuous on R\{γ} iff M is bounded and absolutely continuous.

Proof. Combine (4.18) and (4.19), and use the fact that if F is compound-
Poisson, shifted over γ, then for Borel sets B

mF (B + γ) =
∞∑
n=1

(λn
n!

e−λ
)
mG?n(B)

[
B ⊂ R\{0}

]
,(4.20)

where λ > 0 and G is a distribution function that is continuous at zero; G is
related to M as stated in Theorem 4.18. Now (i) follows by taking B = {b}
with b 6= 0, and (ii) by taking B ⊂ R\{0} having Lebesgue measure zero:
m(B) = 0. 22

In addition to (i) and (ii) in this proposition we have the following proper-
ties:

(iii) F has at least one discontinuity point iff M is bounded.

(iv) F has at least two discontinuity points iff M is bounded and not

continuous.

(v) F is discrete iff M is bounded and discrete.

(vi) F corresponds to a distribution on Z iff M is bounded and discrete

with discontinuities restricted to Z\{0}, and the shift parameter γ

belongs to Z.

Here (the direct part of) (iii) is the crucial property; it will be proved as
Theorem 4.20 below. The remaining properties then easily follow, as in
the proof of Proposition 4.19. Note that (iii), because of (4.18), can be
reformulated so as to improve (4.19):

F has at least one discontinuity point ⇐⇒

⇐⇒ F shifted compound-Poisson.
(4.21)

Another reformulation is given in the following theorem. To prove it is
not so easy; we will use a result on random walks that can be found in
Section A.5.

Theorem 4.20. Let F be an infinitely divisible distribution function with

canonical triple (a, 0,M). Then F is continuous iff M is unbounded.
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Proof. From (4.18) it is seen that if F is continuous, thenM is unbounded.
To prove the converse it suffices to show that a symmetric infinitely divisible
distribution with unbounded Lévy function has no mass at zero. To see this,
observe that if X is a random variable with FX = F and unbounded M ,
and if X := X −X ′ with X and X ′ independent and X ′ d= X, then by
Proposition 4.5 (i), (iv) X has a symmetric infinitely divisible distribution
with unbounded Lévy function M and

IP(X = 0) ≥
{
IP(X = x)

}2 [x ∈R ].

So, let F be symmetric with M unbounded; note that by Theorem 4.11
a = 0 and M = M− where M−(x) := −M

(
(−x)−

)
. Take X such that

FX = F ; we have to show that IP(X = 0) = 0. To do so, for n ∈N we write
M = Mn +Nn where

Mn(x) :=


M(x) , if x < −1/n or x ≥ 1/n,

M(−1/n) , if − 1/n ≤ x < 0,

M
(
(1/n)−

)
, if 0 < x < 1/n.

The functions Mn and Nn can be viewed as canonical functions, so we
can take independent infinitely divisible random variables Xn and Yn with
canonical triples (0, 0,Mn) and (0, 0, Nn), respectively; then X d= Xn + Yn

because of Proposition 4.5 (iv). Also, from the first part of this proposition
it will be clear that Mn and Nn are constructed in such a way that Xn

and Yn inherit the symmetry of X. Therefore, we can proceed as in the
proof of Proposition 2.10 to show that

IP(X = 0) ≤ IP(Xn = 0) [n ∈N ].

Now, take n so large that Mn is not identically zero; then Xn is non-
degenerate. Since Mn is bounded, Theorem 4.18 guarantees that Xn has a
compound-Poisson distribution, so

IP(Xn = 0) =
∞∑
k=0

(λkn
k!

e−λn

)
IP(S(n)

k = 0),

where λn := Mn(0−)−Mn(0+) = 2M(−1/n) > 0 and (S(n)
k )k∈Z+ is a ran-

dom walk with a step-size distribution that is symmetric and has no mass
at zero. For such random walks it can be shown that for all ` ∈Z+, respec-
tively `→∞:
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IP(S(n)
2`+1 = 0) ≤ IP(S(n)

2` = 0) ≤

≤ IP(T2` = 0) = u2` :=
(

2`
`

) (
1
2

)2` ∼ 1√
π`
,

where (Tk)k∈Z+ is the symmetric Bernoulli walk; see Proposition A.5.1.
Hence we can estimate as follows:

IP(Xn = 0) ≤
∞∑
k=0

(λkn
k!

e−λn

)
tk,

where tk := uk if k is even, and := uk−1 if k is odd. Finally, use the fact
that M is unbounded; it implies that λn →∞ as n→∞. Since tk → 0 as
k →∞, it follows that the upperbound for IP(Xn = 0) tends to zero. We
conclude that IP(X = 0) = 0. 22

We state some consequences of this result; cf. Theorems 4.13 and 4.17.

Corollary 4.21. Let F be an infinitely divisible distribution function with

`F = −∞ and with Lévy function M satisfying M(0−) = 0. Then F is con-

tinuous.

Corollary 4.22. Let F be an infinitely divisible distribution function with

`F > −∞. Then F is continuous iff it is continuous at `F .

There seems to be no simple necessary and sufficient condition on M for
an infinitely divisible distribution function F without normal component
to be absolutely continuous. We restrict ourselves to the following sufficient
condition.

Theorem 4.23. Let F be an infinitely divisible distribution function with

canonical triple (a, 0,M) such that the absolutely continuous part of M is

unbounded. Then F is absolutely continuous.

Proof. We take a = 0; this is no essential restriction. By Proposi-
tion 4.5 (iv) we can write F = F1 ? F2, where F1 and F2 are infinitely
divisible distribution functions with canonical functions given by the sin-
gular part Ms and the absolutely continuous part Mac of M , respectively.
Evidently, F will be absolutely continuous if F2 is absolutely continuous.
Therefore, without loss of generality, we may assume that M itself is ab-
solutely continuous (and unbounded). For similar reasons we may suppose
that M vanishes everywhere on (−∞, 0).
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In order to show that such an M yields an absolutely continuous F , we
write M as M =

∑∞
n=1Mn with

Mn(x) :=


M(x)−M(εn−1) , if εn ≤ x < εn−1,

M(εn)−M(εn−1) , if 0 < x < εn,

0 , elsewhere,

where ε0 := ∞
(
and M(∞) := 0

)
and (εn)n∈N is a sequence that decreases

to zero. For n ∈N let Xn be an infinitely divisible random variable with
canonical triple (0, 0,Mn), and take the Xn independent; then by Propo-
sition 4.5 (iv)

∑k
n=1Xn has Lévy function

∑k
n=1Mn. Since this function

tends to M as k → ∞, and Xn and X have no normal components, from
(4.6) and Helly’s theorem it follows that

∑k
n=1Gn→ G at continuity points

of G, where Gn and G are the Lévy-Khintchine canonical functions corre-
sponding to Mn and M . Hence we can apply Proposition 4.3 to con-
clude that the series

∑
n≥1Xn converges in distribution and hence, as is

well known, almost surely, and its sum
∑∞
n=1Xn has distribution func-

tion F . Now, observe that Mn is absolutely continuous and bounded.
Hence by Theorem 4.18 there exist γn ∈R and independent random vari-
ables Yn,1, Yn,2, . . . with the same absolutely continuous distribution such
that

Xn
d= γn + (Yn,1 + · · ·+ Yn,Nn

) =: X̂n,

where Nn is independent of the Yn,i and has a Poisson (λn) distribution
with λn given by λn := −Mn(0+) = M(εn−1)−M(εn); the unbounded-
ness of M makes it possible to choose (εn) such that λn > 0 for all n.
Of course, in view of the independence of the Xn we take the sequences
(Nn, Yn,1, Yn,2, . . .) with n ∈N independent as well. Then the unbounded-
ness of M also ensures that K := inf {n ∈N : Nn 6= 0} is not defective:

IP(K = ∞) = IP
( ∞⋂
n=1

{Nn = 0}
)

= exp
[
−

∞∑
n=1

λn

]
= eM(0+) = 0.

With pk,` := IP(K = k; Nk = `) = IP(N1 = 0; · · · ;Nk−1 = 0; Nk = `) for
k, ` ∈N we can now write F as

F (x) = IP
(∑∞

n=1Xn ≤ x
)

=
∞∑
k=1

IP
(∑∞

n=1X̂n ≤ x; K = k
)

=
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=
∞∑
k=1

∞∑
`=1

pk,` IP
(∑k

n=1γn +
∑`
j=1Yk,j +

∑∞
n=k+1X̂n ≤ x

)
=

=
∞∑
k=1

∞∑
`=1

pk,` IP
(
Yk,1 + Uk,` ≤ x

)
,

where Uk,` is independent of Yk,1 for all k and `. As Yk,1 has an absolutely
continuous distribution, we conclude that F has been represented as a
mixture of absolutely continuous distribution functions and hence is itself
absolutely continuous. 22

Finally, we note that in Section 7 we will characterize the infinitely
divisible distributions with finite variances. The resulting representation
for the corresponding characteristic functions is known as the Kolmogorov
canonical representation.

5. Compound-exponential distributions

The compound-exponential distributions, introduced in Section 3, form
an interesting class of infinitely divisible distributions. They occur fre-
quently in practice, and contain the distributions with densities that are
completely monotone on both sides of zero; the infinite divisibility of such
densities will be proved in Section 10 (symmetric case) and Chapter VI
(general case). In the present section we prove some special properties of
the Lévy canonical triples of compound-exponential distributions, we give
some illustrative examples, and we characterize the compound-geometric
distributions among the compound-exponential ones.

Recall from Section 3 that a random variable X and its distribution
function F are called compound-exponential if

X
d= S(T ), F (x) =

∫ ∞

0

F ?t0 (x) e−t dt,(5.1)

where S(·) is an sii-process generated by an infinitely divisible distribution
function F0, and T is standard exponentially distributed and independent
of S(·). The corresponding characteristic function φ can be written in terms
of φ0 = F̃0 as

φ(u) =
1

1− log φ0(u)
, so φ0(u) = exp

[
1− 1

/
φ(u)

]
.(5.2)
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Hence F0 is uniquely determined by F ; it is called the underlying (infinitely
divisible) distribution function of F . In this section we will use (5.1) rather
than (5.2); properties of F0 from Section 4 are shown to imply special
properties of F . We first consider the left extremity.

Proposition 5.1.The left extremity `F of a compound-exponential dis-

tribution function F is either −∞ or zero. In fact, `F = −∞ if `F0 < 0,

and `F = 0 if `F0 ≥ 0; here F0 is the underlying distribution function of F .

Proof. Let F satisfy (5.1). If (a0, σ
2
0 ,M0) is the Lévy triple of F0, then

by Proposition 4.5 (iii) for t > 0 the canonical triple of F ?t0 is given by
(ta0, tσ

2
0 , tM0). From Theorem 4.13 it follows that

`F?t
0

= t `F0 [ t > 0 ],(5.3)

also when `F0 = −∞. Now apply (5.1); we conclude that if `F0 < 0 then
`F = −∞, and if `F0 ≥ 0 then `F = 0. 22

This proposition rules out analogues of results in Section 4 with finite
`F 6= 0, whereas results with `F = 0 are covered in Chapter III. Therefore,
the subsequent statements are only interesting in the case where `F = −∞.
According to Theorem 4.13 for the canonical triple (a, σ2,M) of F this
means that σ2 > 0 or M(0−) > 0 or

∫
(0,1]

xdM(x) = ∞. It turns out,
however, that both the first and the third of these conditions cannot be
satisfied by any compound-exponential distribution.

To show this we extend (5.1) as in Section I.3 as follows: If X(·) is the
sii-process generated by X and T (·) is the one generated by T , then for
r > 0

X(r) d= S
(
T (r)

)
, F ?r(x) =

∫ ∞

0

F ?t0 (x)
1

Γ(r)
tr−1 e−t dt.(5.4)

Now use (4.9), which expresses M in terms of F ?r for r ↓ 0. By the mono-
tone convergence theorem and the fact that (1/n) Γ(1/n) = Γ(1/n+ 1) → 1
as n→∞, it then follows that for continuity points x < 0 of M :

M(x) = lim
n→∞

nF ?(1/n)(x) =

= lim
n→∞

n

Γ(1/n)

∫ ∞

0

F ?t0 (x) t1/n−1 e−t dt =

=
∫ ∞

0

F ?t0 (x) t−1 e−t dt,
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and similarly for continuity points x > 0 of M :

M(x) = lim
n→∞

n
{
1−F ?(1/n)(x)

}
= −

∫ ∞

0

{
1−F ?t0 (x)

}
t−1 e−t dt,

expressions that are quite similar to that in (5.1) for F (x). Therefore,
as in the proof of Proposition 5.1 one shows that `F0 < 0 iff `M = −∞,
and that this condition on M (here) is equivalent to M(0−) > 0. From
Proposition 5.1 itself it now follows that

`F = −∞ ⇐⇒ M(0−) > 0.(5.5)

We can say more; note that in case M(0−) = 0 the integrability condition
in (ii) and parts (iii) and (iv) of the following theorem are implied by (5.5),
Theorem 4.13 and Proposition 5.1.

Theorem 5.2. Let F be a compound-exponential distribution function.

Then the Lévy canonical triple (a, σ2,M) of F has the following properties:

(i) The Lévy function M can be expressed, for continuity points x, in

terms of the underlying infinitely divisible distribution function F0 as

follows:

M(x) =


∫∞
0
F ?t0 (x) t−1 e−t dt , if x < 0,

−
∫∞
0

{
1− F ?t0 (x)

}
t−1 e−t dt , if x > 0.

(ii) The Lévy function M has unbounded support and satisfies∫
[−1,1]\{0}

|x|dM(x) <∞.

(iii) The shift parameter is zero: γ := a−
∫

R\{0} x
/
(1 + x2) dM(x) = 0.

(iv) There is no normal component: σ2 = 0.

Moreover, the characteristic function φ of F can be given the following

simple form where M is the Lévy function of F :

φ(u) = exp
[∫

R\{0}
(eiux− 1)dM(x)

]
.(5.6)

Proof. We use relation (4.9) which expresses (a, σ2,M) in terms of F ?r

for r ↓ 0. Part (i) has already been proved in this way. We also saw that
from (i) it follows that `M = −∞ if `F0 < 0. Of course, (i) implies a similar
property for right extremities: rM = ∞ if rF0 > 0. Hence `M = −∞ or

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



rM = ∞, so M has unbounded support. To prove the second part of (ii)
we first compute a and find by using (5.4) and (i):

a = lim
n→∞

n

∫
R

x

1 + x2
dF ?(1/n)(x) =

= lim
n→∞

n

Γ(1/n)

∫ ∞

0

(∫
R

x

1 + x2
dF ?t0 (x)

)
t1/n−1 e−t dt =

=
∫ ∞

0

(∫
R

x

1 + x2
dF ?t0 (x)

)
t−1 e−t dt =

∫
R\{0}

x

1 + x2
dM(x).

Hence M satisfies the integrability condition in (ii). Moreover, it follows
that the shift parameter γ is zero, so we also have (iii). Part (iv) follows
from the following computation:

σ2 = lim
ε↓0

lim
n→∞

n

∫
(−ε,ε]

x2

1 + x2
dF ?(1/n)(x) =

= lim
ε↓0

lim
n→∞

n

Γ(1/n)

∫ ∞

0

(∫
(−ε,ε]

x2

1 + x2
dF ?t0 (x)

)
t1/n−1 e−t dt =

= lim
ε↓0

∫ ∞

0

(∫
(−ε,ε]

x2

1 + x2
dF ?t0 (x)

)
t−1 e−t dt = 0.

That σ2 = 0 can also be proved by using Proposition 4.10. Finally, apply
Theorem 4.15 to obtain the representation (5.6) for φ. 22

This theorem can be used to show that a given distribution is not
compound-exponential. For instance, part (iv) implies that the normal dis-
tribution of Example 4.6 is not compound-exponential, and from part (ii)
it is seen that the Cauchy distribution of Example 4.7 is not compound-
exponential either. The sym-gamma distributions of Example 4.8 do all
satisfy the (necessary) conditions (ii), (iii) and (iv) of the theorem.

Example 5.3. The sym-gamma (r, λ) distribution with characteristic func-
tion φ given by

φ(u) =
( λ2

λ2 + u2

)r
,

is compound-exponential iff r ≤ 1. To show this we consider the function φ0

in (5.2) and take λ = 1 (which is no essential restriction):

φ0(u) = exp
[
1− (1 + u2)r

]
.
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First, let r ≤ 1, and observe that φ0 can be written as

φ0(u) = π0(u2), where π0(s) :=
π(1 + s)
π(1)

, π(s) := exp [−sr].

Now note that by Example III.4.9 π is an infinitely divisible pLSt; hence
so is π0 because of Proposition III.6.1 (iii). From Proposition 3.6 it follows
that φ0 is an infinitely divisible characteristic function, so φ is compound-
exponential. Next, let r > 1, and suppose that φ is compound-exponential;
then φ0 would be an infinitely divisible characteristic function. But one eas-
ily shows that the 4-th cumulant κ4 of φ0 is then given by κ4 = −12r(r−1),
which is negative; this contradicts the result to be given in Corollary 7.5,
so φ is not compound-exponential. 22

The compound-exponential distributions with underlying distributions
that are compound-Poisson, form the class of compound-geometric distrib-
utions with characteristic functions of the form

φ(u) =
1− p

1− p G̃(u)
,(5.7)

where p ∈ (0, 1) and G is a distribution function that is continuous at zero.
This has been shown in Theorem 3.8; the underlying distribution func-
tion F0 has characteristic function φ0 given by

φ0(u) = exp
[
−λ

{
1− G̃(u)

}]
,(5.8)

where λ = p
/
(1− p). Using this in Theorem 5.2 (i) one can express the

Lévy function M of φ in terms of (p,G). We give an alternative proof that
is more direct.

Theorem 5.4. Let φ be a compound-geometric characteristic function,

so φ has the form (5.7) for some (p,G) as indicated. Then the Lévy func-

tion M of φ is given by

M(x) =


∑∞
k=1(p

k/k)G?k(x) , if x < 0,

−
∑∞
k=1(p

k/k)
{
1−G?k(x)

}
, if x > 0.

Proof. According to (the proof of) Theorem 3.5 φ is of the compound-
Poisson form (5.8) with λ = − log (1− p) and G̃ replaced by Q ◦ G̃, where Q
is the pgf of the logarithmic-series (p) distribution on N. Now use Theo-
rem 4.18. 22
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Compound-geometric distributions are compound-Poisson. Are there
other compound-exponential distributions with this property ? Such a dis-
tribution necessarily has positive mass at zero, and if it has no mass at any
other point, then by Theorem 3.9 the distribution is compound-geometric.
By using the important Theorem 4.20 we can say more. Let F be a
compound-exponential distribution function with underlying distribution
function F0, so we have (5.1). We first note that if F0 is continuous, then
so is F ?t0 for all t > 0. In fact, if F ?t00 were not continuous for some t0 > 0,
then F ?mt00 would be not continuous for every m ∈N; now choose m such
that mt0 > 1 and observe that then F ?mt00 = F0 ?F

?(mt0−1)
0 . Thus by (5.1)

we have

F0 continuous =⇒ F continuous.(5.9)

Now suppose that F is not continuous; then F0 is not continuous either.
From (4.21), which is essentially Theorem 4.20, it then follows that F0

is shifted compound-Poisson, so up to a factor eiuγ with γ ∈R the charac-
teristic function φ0 of F0 has the form (5.8). By (5.2), for φ = F̃ this means
that

φ(u) =
1− p

1− iuδ − p G̃(u)
=

1
1− iuδ

1− p

1− p
{
1
/
(1− iuδ)

}
G̃(u)

,

where p := λ
/
(1 + λ) and δ := γ

/
(1 + λ). From the second representation

of φ it is seen that if γ were non-zero, then F would have an exponential
factor and hence would be continuous. So γ = 0, and F is compound-
geometric. Thus we have obtained the following analogue of (4.21).

Theorem 5.5. Let F be a compound-exponential distribution function.

Then F has at least one discontinuity point iff F is compound-geometric.

Clearly, this result is an improvement of Theorem 3.9. Moreover, it settles
the question above; we state the answer as a first corollary. The second
corollary contains another remarkable result.

Corollary 5.6. A compound-exponential distribution is compound-Pois-

son iff it is compound-geometric.

Corollary 5.7. A compound-exponential distribution function F is con-

tinuous iff it is continuous at zero.

In a similar way some further results on Lebesgue properties of com-
pound-exponential distributions can be given; we will not do so.
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6. Closure properties

The simplest closure property is given by Proposition 2.1 (i): If X is an
infinitely divisible random variable, then so is aX for every a ∈R. Consider
the more general multiple AX, where A is independent of X and has values
in {0, a}. It need not be infinitely divisible; takeX degenerate, for instance.
A more interesting counter-example is given in Section 11. Thus in terms
of characteristic functions we have for α ∈ (0, 1):

φ infinitely divisible =⇒/ 1− α+ αφ infinitely divisible.(6.1)

In particular, it follows that the class of infinitely divisible distributions
is not closed under mixing; see, however, (6.5) below and other mixtures
from Chapter VI.

From further results in Section 2 it is clear that the class of infinitely
divisible characteristic functions is closed under taking pointwise products,
absolute values, positive powers and limits, provided these limits are charac-
teristic functions. In Section III.6, for a positive function π and a > 0 we
considered, apart from π(a ·) and πa, the functions πa defined by

πa(s) =
π(a+ s)
π(a)

, πa(s) =
π(a)π(s)
π(a+ s)

,(6.2)

and showed in both cases that if π is an infinitely divisible pLSt, then so
is πa. Now, for an infinitely divisible characteristic function φ and a > 0
one might consider the functions φa on R with φa := φ(a+ ·)

/
φ(a) and

φa := φ(a)φ
/
φ(a+ ·), but in general these functions are not even charac-

teristic functions; the standard normal distribution provides a counter-
example in both cases, because the necessary condition |φa| ≤ 1 is violated.
As a consequence there is no obvious analogue of the ‘self-decomposability’
characterization of infinite divisibility given in Theorem III.6.3. On the
other hand, the first part of (6.2) suggests looking at distribution func-
tions Fa of the form

Fa(x) = ca

∫
(−∞,x]

e−a|y| dF (y),(6.3)

where F is an infinitely divisible distribution function, a > 0 and ca is a
norming constant. For F not concentrated on a half-line, however, Fa is
in general not infinitely divisible; as is shown in Section 11, the normal
distribution provides a counter-example again.
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The result of Proposition 3.6 can also be viewed as a closure property:
If π is an infinitely divisible pLSt, then for characteristic functions φ0 and φ
we have

φ0 infinitely divisible =⇒ φ := π ◦ (− log φ0) infinitely divisible.(6.4)

For instance, taking here for φ0 a symmetric stable characteristic function
as considered in Example 4.9, we obtain the following useful special case.

Proposition 6.1. If π is an infinitely divisible pLSt, then u 7→ π
(
|u|γ

)
is

an infinitely divisible characteristic function for every γ ∈ (0, 2 ].

In Section 10 we show that in case γ ∈ (0, 1 ] the function u 7→ π
(
|u|γ

)
is

an infinitely divisible characteristic function for every pLSt π (not nec-
essarily infinitely divisible). Taking π exponential in (6.4) shows that
if φ0 is an infinitely divisible characteristic function, then so is φ given
by φ(u) = 1

/(
1− log φ0(u)

)
; φ is compound-exponential. In Chapter VI,

on mixtures, we generalize this considerably as follows: If φ0 is an infinitely
divisible characteristic function, then so is φ with

φ(u) = 1− α+ α

∫
(0,∞)

( λ

λ− log φ0(u)

)r
dG(λ),(6.5)

where α ∈ [ 0, 1 ], r ∈ (0, 2 ] and G is a distribution function on (0,∞).

Finally we note that there are several useful closure properties for sub-
classes of infinitely divisible distributions, like the compound-Poisson and
the compound-exponential distributions.

7. Moments

Let X be an infinitely divisible random variable with distribution func-
tion F . We are interested in the moment µn of X of order n ∈Z+:

µn := IEXn =
∫

R
xn dF (x).

We look for a necessary and sufficient condition in terms of the canonical
triple (a, σ2,M) of X for µn to exist and be finite, and we want to know
how µn can then be obtained from the triple. Of course, µn exists and is
finite iff IE|X|n < ∞. Now consider, more generally, the absolute moment
IE|X|r of order r > 0 (so r not necessarily in N). We start with looking at
a special case; it suggests that IE|X|r being finite or not does not depend
on the behaviour of M near zero.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Proposition 7.1. Let X be an infinitely divisible random variable with

Lévy function M vanishing everywhere on R \ [−1, 1 ]. Then IE|X|r < ∞
for all r > 0.

Proof. Let φ be the characteristic function of X. Because of the Lévy
representation (4.7) the function ψ := log φ can be written as

ψ(u) = iua− 1
2u

2σ2 +
∫

[−1,1]\{0}

( ∞∑
n=2

(iux)n

n!
+

iux3

1 + x2

)
dM(x).

Now, using (4.8) and the fact that |x|n ≤ x2 for |x| ≤ 1 and n ≥ 2, we
can apply Fubini’s theorem to conclude that ψ, and hence φ = eψ, can
be expanded as a power series (everywhere on R). It follows that φ has
derivatives of all orders. This implies that X has moments of all orders, so
IE|X|r <∞ for all r > 0. 22

Thus in determining finiteness of absolute moments it seems to be no re-
striction to suppose that the Lévy function M is bounded. Therefore, in
view of Theorem 4.18 we next look at compound-Poisson distributions.

Proposition 7.2. Let X have a compound-Poisson distribution: X
d= SN ,

where (Sn)n∈Z+ is an sii-process generated by Y with IP(Y = 0) = 0, and N

is Poisson distributed and independent of (Sn). Then for all r > 0:

IE|X|r <∞ ⇐⇒ IE|Y |r <∞.(7.1)

Proof. Let r > 0. Then conditioning on the values of N we can write

IE|X|r =
∞∑
n=1

IP(N = n) IE|Sn|r.

Now use Minkowski’s inequality, i.e., the triangle inequality, for the function
space Lr; see (A.2.9). Then one sees that IE|Sn|r ≤ nr IE|Y |r. Hence IE|X|r

can be estimated in the following way:

IP(N = 1)
(
IE|Y |r

)
≤ IE|X|r ≤ (IENr)

(
IE|Y |r

)
.(7.2)

Since IENr <∞, the equivalence in (7.1) now immediately follows. 22

The general case can be dealt with by splitting the Lévy function, as was
done several times in Section 4. In this way Propositions 7.1 and 7.2 can
be combined to obtain the following general result on finiteness of absolute
moments.
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Theorem 7.3. Let X be an infinitely divisible random variable with Lévy

function M . Then for all r > 0:

IE|X|r <∞ ⇐⇒ cr :=
∫

R\[−1,1]

|x|r dM(x) <∞.(7.3)

Proof. Let (a, σ2,M) be the canonical triple of X, and take r > 0. We
write M as M = M1 +M2 with M2 given by

M2(x) =


M(x) , if x < −1 or x ≥ 1,

M(−1) , if − 1 ≤ x < 0,

M(1−) , if 0 < x < 1.

Then by Proposition 4.5 (iv) we have X d= X1 +X2, where X1 and X2 are
independent and infinitely divisible with canonical triples (a, σ2,M1) and
(0, 0,M2), respectively. Now, M1 vanishes outside [−1, 1 ], so by Proposi-
tion 7.1 the absolute moments of X1 are all finite. Since by applying the
inequality |a+ b|r ≤ 2r

{
|a|r + |b|r

}
twice it is seen that(

1
2

)rIE|X2|r − IE|X1|r ≤ IE|X|r ≤ 2r
{
IE|X1|r + IE|X2|r

}
,(7.4)

we conclude that IE|X|r <∞ iff IE|X2|r <∞. Finally, as M2 is bounded,
X2 is shifted compound-Poisson, so by Proposition 7.2 we have IE|X2|r <∞
iff IE|Y2|r <∞, where the distribution function G2 of Y2 is related to M2

as G and M in Theorem 4.18. This means that IE|Y2|r <∞ iff cr <∞
with cr as defined in (7.3). 22

We return to the questions from the beginning of this section. Let X,
with characteristic function φ, be infinitely divisible with canonical triple
(a, σ2,M). Taking r=n ∈N in Theorem 7.3, we get a necessary and suffi-
cient condition in terms of M for µn := IEXn to (exist and) be finite. Note
that because of (4.8) in case n ≥ 2 the condition can be reformulated in
terms of the moment αn of M of order n:

µn := IEXn finite ⇐⇒ αn :=
∫

R\{0}
xn dM(x) finite.(7.5)

We next want to know whether the µn can be obtained from the αn. Return
to the proof of Proposition 7.1, where in a special case a power series
expansion is given of ψ := log φ in which the αn occur in a simple way.
Since in more general cases such an expansion can be shown to hold on
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a neighbourhood of zero, one may expect a close relation between the αn
and the cumulants κn of X (cf. Section A.2), at least when n ≥ 2. This is
indeed the case. Of course, the moments µn themselves can be obtained
from the cumulants κn by using (A.2.20):

µn+1 =
n∑
j=0

(
n

j

)
µj κn+1−j [n ∈Z+ ],(7.6)

so κ1 = IEX and κ2 = VarX.

Theorem 7.4. Let X be an infinitely divisible random variable with

canonical triple (a, σ2,M), let n ∈N, and let X have a finite moment µn of

order n. Then the n-th order cumulant κn of X is given by

κ1 = a+
∫

R\{0}

x3

1 + x2
dM(x), κ2 = σ2 +α2, κn = αn if n ≥ 3,(7.7)

where αn is the n-th order moment of M as defined in (7.5). When M

satisfies the condition
∫
[−1,1]\{0} |x|dM(x) <∞, the first cumulant κ1 can

be rewritten as

κ1 = γ + α1,(7.8)

where γ is the shift parameter of X and α1 is the first moment of M .

Proof. Let φ be the characteristic function of X; since µn is finite, φ is
differentiable n times. The cumulant κn can be obtained from the relation
inκn = ψ(n)(0) with, as before, ψ := log φ; by (4.7) ψ can be written as
ψ(u) = iua− 1

2u
2σ2 + ω(u), where

ω(u) :=
∫

R\{0}

(
eiux− 1− iux

1 + x2

)
dM(x).

First, let n = 1. Then we get iκ1 = ia+ ω′(0). To compute ω′(u) we
consider the difference quotient of ω at u:

ω(u+ h)− ω(u)
h

=
∫

R\{0}

(
eiux

eihx− 1
ihx

− 1
1 + x2

)
ixdM(x).

Now, using the fact that |eiy−1| ≤ |y| and |eiy−1− iy| ≤ 1
2y

2 for y ∈R, we
see that the absolute value of the integrand is bounded by 2|x| for |x| > 1
and by

(
|u|+ 3

2

)
x2 for |x| ≤ 1, uniformly in |h| < 1. Moreover, because of
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Theorem 7.3 we have
∫

R\[−1,1]
|x|dM(x) < ∞. Hence, letting h → 0, we

can use dominated convergence to conclude that

ω′(u) =
∫

R\{0}

(
eiux− 1

1 + x2

)
ixdM(x).(7.9)

Taking u = 0 here yields the formula for κ1 in (7.7); the alternative (7.8)
follows from Theorem 4.15.
Next, let n ≥ 2. Then we get i2κ2 = −σ2 + ω′′(0) if n = 2, and inκn =
ω(n)(0) if n ≥ 3. Since by (7.5) we now have

∫
R\{0} |x|

n dM(x) < ∞, we
can proceed as above and conclude that ω(n)(u) may be obtained from
ω′(u) above by differentiating under the integral sign, so:

ω(n)(u) =
∫

R\{0}
eiux (ix)n dM(x) [n ≥ 2 ].(7.10)

Taking u = 0 yields again the formula for κn in (7.7). 22

Corollary 7.5. For an infinitely divisible distribution the cumulants of

even order, as far as they exist, are nonnegative.

The characteristic function φ of any random variable X with finite n-th
moment has a Taylor expansion as in (A.2.18). Similarly, the function
ψ := log φ satisfies

ψ(u) =
n∑
j=1

κj
(iu)j

j!
+Rn(u), with Rn(u) = o(un) as u→ 0,(7.11)

where κ1, . . . , κn are the first n cumulants of X. Now, if X is infinitely
divisible, then something more can be said on the remainder function Rn;
rewriting the Lévy representation for φ by use of Theorem 7.4 easily leads
to the following result.

Theorem 7.6. Let X be an infinitely divisible random variable with

canonical triple (a, σ2,M), and let ψ := log φ with φ the characteristic

function of X. If X has a finite first moment, then ψ can be written as

ψ(u) = iuκ1 − 1
2u

2σ2 +
∫

R\{0}
(eiux− 1− iux) dM(x),(7.12)

and if X has a finite moment of order n ≥ 2, then

ψ(u) =
n∑
j=1

κj
(iu)j

j!
+

∫
R\{0}

( ∞∑
j=n+1

(iux)j

j!

)
dM(x);(7.13)

here κj is the cumulant of X of order j.
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This theorem can be used to obtain, for every n ∈N, a canonical represen-
tation for the infinitely divisible characteristic functions with finite n-th
moments. We will only do so for n = 2, and will formulate the result in
such a way that Kolmogorov’s representation as stated in Theorem I.4.3
appears. In fact, starting from (7.12), or from (7.13) with n = 2, using the
middle equality of (7.7), and defining the function H on R by

H(x) =
1
κ2

(
σ2 1[0,∞)(x) +

∫
(−∞,x]\{0}

y2 dM(y)
)

[x ∈R ],(7.14)

one is easily led to the following classical result.

Theorem 7.7 (Kolmogorov representation). A C-valued function φ

on R is the characteristic function of an infinitely divisible distribution

with finite non-zero variance iff φ has the form

φ(u) = exp
[
iuµ+ κ

∫
R
(eiux− 1− iux)

1
x2

dH(x)
]

[u ∈R ],(7.15)

where µ ∈R, κ > 0 and H is a distribution function; for x = 0 the integrand

is defined by continuity: − 1
2u

2. The canonical triple (µ, κ,H) is unique; in

fact, µ is the mean and κ the variance of the distribution (so µ = µ1 = κ1

and κ = κ2).

From this theorem one easily obtains a cumulant inequality that illustrates
the special character of the normal and Poisson distributions.

Proposition 7.8. The cumulants κ2, κ3 and κ4 of an infinitely divisible

distribution with a finite fourth moment satisfy

κ2κ4 ≥ κ2
3.(7.16)

Moreover, equality holds in (7.16) iff the distribution is normal or of Poisson

type.

Proof. Let X be an infinitely divisible random variable with IEX4 < ∞
and with canonical triple (a, σ2,M). Consider the Kolmogorov canonical
function H for X; it can be viewed as the distribution function of a random
variable Y , say. Now, use the fact that VarY = IEY 2 − (IEY )2 ≥ 0, and
combine (7.7) and (7.14) to see that

κ2 IEY = κ3, κ2 IEY 2 = κ4.
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This immediately yields (7.16). Equality here means that VarY = 0, i.e.,
Y is degenerate. Degeneracy at zero implies that σ2 > 0 and M = 0, so X
is normal. Degeneracy away from zero means that σ2 = 0 and M has one
point of increase, so X is of Poisson type. 22

In view of (7.13) one might ask when ψ = log φ has a power series
expansion in a neighbourhood of zero. Of course, for this to be the case
the quantities cr in (7.3) must be finite and become large not too fast. We
do not go further into this, and restrict ourselves to a special case which is
needed in Section 9.

Proposition 7.9. Let X be an infinitely divisible random variable with

characteristic function φ and with Lévy function M vanishing everywhere

on R \ [−r, r ], for some r > 0. Then X has finite moments of all orders,

and ψ := log φ, and hence φ = eψ, has a power series expansion on R:

ψ(u) =
∞∑
n=1

κn
(iu)n

n!
[u ∈R ],(7.17)

where κn is the cumulant of X of order n.

Proof. Proceed as in the proof of Proposition 7.1; note that now Fubini’s
theorem can be applied because of (4.8) and the fact that |x|n ≤ rn−2x2

for |x| ≤ r and n ≥ 2. Finally, use (7.7). 22

Of course, finiteness of the absolute moment IE|X|r is related to a cer-
tain behaviour of the two-sided tail IP

(
|X| > x

)
of X as x→∞. Therefore,

Theorem 7.3 gives information on the tail behaviour of infinitely divisible
distributions. In Section 9 we will return to this and give more detailed
results, also for the left tail IP(X < −x) and right tail IP(X > x) of X as
x→∞. But first it is useful to pay attention to the support of an infinitely
divisible distribution.

8. Support

Let F be a distribution function on R. As agreed in Section A.2, by
the support S(F ) of F we understand the set of points of increase of F ;
equivalently, S(F ) is the smallest closed subset S of R with mF (S) = 1.
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According to Proposition A.2.1 the support of the convolution of two dis-
tribution functions is equal to the closure of the direct sum of the supports:

S(F ? G) = S(F )⊕ S(G).(8.1)

For functions more general than distribution functions, such as Lévy func-
tions, the support is defined similarly.

Let F be infinitely divisible with n-th order factor Fn, say, so F = F ?nn .
Then from (8.1) it follows that

S(F ) = S(Fn)⊕n [n ∈N ].(8.2)

Also, if F is non-degenerate, then by Proposition I.2.3 S(F ) is unbounded.
We can say more, and start with considering the case where F is compound-
Poisson. By (3.2) F can then be represented as

F (x) = e−λ 1R+(x) +
∞∑
n=1

(λn
n!

e−λ
)
G?n(x) [x ∈R ],(8.3)

where λ > 0 and G is a distribution function that is continuous at zero.
From this it is immediately seen that

S(F ) ⊃ {0} ∪
∞⋃
n=1

S(G?n);

we need not have equality here, but we have, if we replace the union over n
in the right-hand side by its closure. This is easily verified by showing
that a non-zero element outside the closure cannot belong to S(F ); cf. the
second part of the proof of Proposition A.2.1. Moreover, using (8.1) we see
that in the resulting equality we may replace

⋃∞
n=1 S(G?n) by sg

{
S(G)

}
,

the additive semigroup generated by S(G). We conclude that

S(F ) = {0} ∪ sg
{
S(G)

}
.(8.4)

Since the convolution power F ?t of F satisfies (8.3) with λ replaced by λt,
it follows that its support does not depend on t :

S(F ?t) = S(F ) [ t > 0 ].(8.5)

Taking t = 2 and applying (8.1)
(
or t = 1

2 and (8.2)
)
, one also proves the

following property of compound-Poisson distribution functions F :

S(F ) is closed under addition.(8.6)
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We turn to the general case, and will relate the support of an infinitely
divisible distribution function F to its Lévy canonical triple (a, σ2,M).
Clearly, if F has a normal component, then S(F ) = R, so we further assume
that σ2 = 0. First, suppose that the Lévy functionM of F is bounded. Then
we can apply Theorem 4.18: F has a (finite) shift parameter γ given by

γ = a−
∫

R\{0}

x

1 + x2
dM(x),(8.7)

and is, up to a shift over γ, of the compound-Poisson form (8.3) with G

satisfying S(G) \ {0} = S(M). So we can use (8.4) to obtain the following
preliminary result.

Proposition 8.1. Let F be an infinitely divisible distribution function

with canonical triple (a, 0,M). If M is bounded, then

S(F ) = γ +
(
{0} ∪ sg

{
S(M)

})
= {γ} ∪

(
γ + sg

{
S(M)

})
,(8.8)

where γ is the shift parameter of F .

We proceed with considering the case where the Lévy function M of F
may be unbounded but vanishes everywhere on the negative or on the
positive half-line. Hence M(0−) = 0 and M(0+) < 0 (possibly −∞), or
M(0−) > 0 (possibly ∞) and M(0+) = 0. We start with the case where
M(0−) = 0, and show in the following proposition that then for S(F ) there
are three essentially different possibilities. Here it is convenient to make use
of a result on R+. Note that only bounded M can satisfy the condition in (i)
below. The first condition in (ii) automatically holds for unbounded M and
the second one for bounded M . The condition in (iii) can only be satisfied
by unbounded M .

Proposition 8.2. Let F be an infinitely divisible distribution function

with canonical triple (a, 0,M) satisfying M(0−) = 0.

(i) If M(x) = M(0+) for some x > 0, then S(F ) is given by (8.8) with

`F = γ as an isolated (possibly its only) point.

(ii) If M(x) > M(0+) for all x > 0 and
∫
(0,1]

xdM(x) < ∞, then S(F )
is given by S(F ) = [ γ,∞) with γ the shift parameter of F .

(iii) If
∫
(0,1]

xdM(x) = ∞ (but, of course, still
∫
(0,1]

x2 dM(x) <∞), then

S(F ) is given by S(F ) = R.
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Proof. Part (i) follows from Proposition 8.1; note that γ ∈S(F ) but
γ + x 6∈S(F ) for all x ∈ (0, x0) with x0 := sup

{
x > 0 : M(x) = M(0+)

}
.

To prove (ii) we let
∫
(0,1]

xdM(x) <∞. Then by Theorem 4.13 we have
`F = γ > −∞. Now, apply Theorem III.8.2 to the infinitely divisible dis-
tribution function H := F (· + γ) with `H = 0, and note that by Corol-
lary 4.14 the (R+-) canonical function K of H satisfies S(K) = S(M), and
`K = 0 iff M(x) > M(0+) for all x > 0. Thus we have proved (ii) and, in
fact, (i) once more, without using Proposition 8.1. Turning to part (iii), we
let M satisfy the condition stated there. Then necessarily `F = −∞. Now,
we can write M as the sum of two canonical functions M1 and M2 which
for x ∈ (0, 1) satisfy

M1(x) = M(1)−
∫

(x,1]

y dM(y), M2(x) = −
∫

(x,1]

(1− y) dM(y);

note that necessarily M2(x) = 0 for x ≥ 1. Hence by Proposition 4.5 (iv) we
have F = F1 ? F2, where F1 is the infinitely divisible distribution function
with canonical triple (a, 0,M1) and F2 that with triple (0, 0,M2). Since M1

satisfies  M1(0+) = M(1)−
∫
(0,1]

y dM(y) = −∞,∫
(0,1]

xdM1(x) =
∫
(0,1]

x2 dM(x) <∞,

from part (ii) it follows that `F1 > −∞ and S(F1) = [ `F1 ,∞). Therefore,
`F2 = −∞, because `F = −∞. Since by (8.1) the direct sum of S(F1) and
S(F2) is contained in S(F ), we conclude that S(F ) = R. 22

In the same way, or by applying the preceding result not to F = FX but
to F−X , one can prove the following proposition.

Proposition 8.3. Let F be an infinitely divisible distribution function

with canonical triple (a, 0,M) satisfying M(0+) = 0.

(i) If M(x) = M(0−) for some x < 0, then S(F ) is given by (8.8) with

rF = γ as an isolated (possibly its only) point.

(ii) IfM(x) < M(0−) for all x < 0 and
∫
(−1,0)

xdM(x) > −∞, then S(F )
is given by S(F ) = (−∞, γ ] with γ the shift parameter of F .

(iii) If
∫
(−1,0)

xdM(x) = −∞ (but, of course, still
∫
(−1,0)

x2 dM(x) <∞),
then S(F ) is given by S(F ) = R.
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We finally have to consider an infinitely divisible F with a Lévy func-
tion M that gives positive mass to both the negative and the positive
half-line, i.e., for which M(0−) > 0 and M(0+) < 0. Then we split up M

as M = M1 +M2 with M1(0−) = 0 and M2(0+) = 0, and proceed as in
the proof of Proposition 8.2: S(F ) = S(F1)⊕ S(F2) where F1 corresponds
to M1 and F2 to M2. Since F1 and F2 are non-degenerate, both S(F1) and
S(F2) are unbounded sets. Now, combine the three possibilities for S(F1)
as given in Proposition 8.2 with those for S(F2) in Proposition 8.3. Then
it easily follows that in eight of the resulting nine cases we have S(F ) = R.
In the remaining case it is easiest to apply Proposition 8.1; we then obtain
part (i) of the following theorem, which further summarizes our findings.
The corollary immediately follows from Theorem 4.20.

Theorem 8.4. Let F be an infinitely divisible distribution function with

canonical triple (a, σ2,M). If σ2 > 0, then S(F ) = R. Let further σ2 = 0
and let γ be the shift parameter of F as given by (8.7) (if the integral there

exists).

(i) IfM(x) = M(0−) for some x < 0 andM(x) = M(0+) for some x > 0,

then

S(F ) = γ +
(
{0} ∪ sg

{
S(M)

})
.

(ii) If M(0−) = 0, M(x) > M(0+) for x > 0 and
∫
(0,1]

xdM(x) < ∞,

then

S(F ) = [ γ,∞).

(iii) If M(0+) = 0, M(x) < M(0−) for x < 0 and
∫
(−1,0)

xdM(x) > −∞,

then

S(F ) = (−∞, γ ].

(iv) In all other cases (also where γ is undefined or infinite):

S(F ) = R.

Corollary 8.5. An infinitely divisible distribution function F that is con-

tinuous, is supported by a half-line or by all of R.

Clearly, in general S(F ) does not have the property of being closed under
addition. In the cases (ii) and (iii) of the theorem there is a simple neces-
sary and sufficient condition for F having this property: γ ≥ 0 and γ ≤ 0,
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respectively. In case (i) the condition γ = 0 is only sufficient; also when
γ 6= 0, S(F ) may be all of R as in case (iv). Since by Proposition 4.5 (iii)
F ?t with t > 0 has canonical triple (ta, tσ2, tM), in the four cases of the
theorem the support of F ?t is given by

S(F ?t) = tγ +
(
{0} ∪ sg

{
S(M)

})
, [ tγ,∞), (−∞, tγ ], R,(8.9)

respectively. Hence in the first three cases we have S(F ?t) = S(F ) for all t
if γ = 0.

From part (i) of Theorem 8.4 it follows that an infinitely divisible F for
which σ2 = 0, S(M) ⊂ Z and γ ∈Z, corresponds to a discrete distribution
on Z. Since the support S(p) of such a distribution p = (pk)k∈Z reduces to

S(p) = {k ∈Z : pk > 0},

the support of p and the set of zeroes of p are complementary sets in Z. For
a probability density f of an absolutely continuous distribution on R the
situation is not that simple. The support of the corresponding distribution
function F can then be written as

S(F ) =
{
x ∈R : f(x) > 0

}
,

if one chooses f such that f(x) = 0 for all x 6∈S(F ), which can always be
done. Nevertheless, one might ask for possible zeroes of f in S(F ), even
if f is supposed to be continuous. Now, let F be infinitely divisible; by
Corollary 8.5 S(F ) then is either a half-line or all of R. In the first case
the R+-result of Theorem III.8.4 immediately yields the following non-zero
property of f ; of course, there is an obvious analogue when the support is
of the form (−∞, γ ].

Theorem 8.6. Let F be an infinitely divisible distribution function on the

half-line [ γ,∞) with a density f that is continuous on (γ,∞). Then

f(x) > 0 for all x > γ.

When S(F ) = R, the question above is much harder. In the following
theorem we give a sufficient condition for F to have a continuous density f
without zeroes. In view of this condition we note that there are infinitely
divisible distribution functions F such that F ?t is absolutely continuous
only for t larger than some t0 > 0; see Notes.
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Theorem 8.7. Let F be an infinitely divisible distribution function, not

supported by a half-line, and suppose that, for some t ∈ (0, 1), F ?t is abso-

lutely continuous with a bounded, continuous density. Then F is absolutely

continuous and has a bounded, continuous density f for which

f(x) > 0 for all x ∈R.

Proof. Let ft be the bounded, continuous density of F ?t. Since t ∈ (0, 1),
we can write F = F ?t?F ?(1−t), so F is absolutely continuous with density f
given by

f(x) =
∫

R
ft(x− y) dF ?(1−t)(y) [x ∈R ].

Clearly, f is bounded. Moreover, by the dominated convergence theorem
f is continuous, and by Corollary 8.5 we have S(F ) = R. Now, take x ∈R,
and note that by the continuity of ft there exist y0 ∈R, ε > 0 and c > 0
such that ft(x− y) ≥ c for all y ∈ (y0 − ε, y0 + ε). Then it follows that

f(x) ≥ c

∫
(y0−ε,y0+ε)

dF ?(1−t)(y) > 0,

where we used the fact that S(F ?(1−t)) = R; the final case of (8.9) applies,
with t replaced by 1− t. 22

The condition on F ?t makes this theorem hard to use for deciding that
a given continuous density having a zero is not infinitely divisible. As is
well known, F ?t has a bounded, continuous density if its characteristic
function φt is absolutely integrable. This condition seems to be slightly
more practical, but is in most cases far too strong.

Corollary 8.8. Let F be an infinitely divisible distribution function, not

supported by a half-line, and suppose that its characteristic function φ

satisfies
∫

R
∣∣φ(u)

∣∣t du <∞ for some t ∈ (0, 1). Then F is absolutely con-

tinuous and has a bounded, continuous density f without zeroes.

For symmetric distributions there is a milder integrability condition if
one is only interested in the value of f at zero.

Proposition 8.9. Let F be a symmetric infinitely divisible distribution

function with characteristic function φ. If
∫

R
∣∣φ(u)

∣∣ du <∞, then F is ab-

solutely continuous and has a bounded, continuous density f with f(0) > 0.
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Proof. It is well known that, under the condition on φ, F is absolutely
continuous with bounded, continuous density f on R given by

f(x) =
1
2π

∫
R

e−iux φ(u) du, so f(0) =
1
2π

∫
R
φ(u) du.(8.10)

Since F is symmetric, φ is real. Hence f(0) cannot be zero unless φ takes
negative values, i.e., unless φ has a zero, which is prohibited by Proposi-
tion 2.4. 22

In this proposition, however, the condition on φ can be replaced by a con-
dition on the density f itself which can be easily verified in many cases.

Proposition 8.10. Let F be a symmetric infinitely divisible distribution

function which is absolutely continuous with density f , and suppose that f

is continuous at zero and of bounded variation over every finite interval.

Then f(0) > 0. In fact, if φ is the characteristic function of f , then again∫
R
∣∣φ(u)

∣∣ du <∞.

Proof. It can be shown (see Notes) that if f is continuous at x and of
bounded variation over every finite interval, then

f(x) =
1
2π

lim
t→∞

∫ t

−t
e−iux φ(u) du.(8.11)

Now, take x = 0; since φ is positive on R, we can apply the monotone
convergence theorem to conclude that f(0) is given by the second part of
(8.10) again. Hence

∫
R
∣∣φ(u)

∣∣ du <∞ and f(0) > 0. 22

In Section 11 we give an example that illustrates the use of this result.

9. Tail behaviour

In this section we study the tail behaviour of (the distribution function
of) an infinitely divisible random variable X, and obtain in this way nec-
essary conditions for infinite divisibility, which in concrete situations are
often useful; see Section 11 for examples. We shall look at three global tail
functions ofX for x ≥ 0: the right tail IP(X > x), the left tail IP(X < −x),
and their sum, the two-sided tail of X:

IP
(
|X| > x

)
= IP(X > x) + IP(X < −x) [x ≥ 0 ].

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



We suppose X to be non-degenerate, and we look at the tails in a rather
crude way; we restrict ourselves to the asymptotic behaviour of the loga-
rithms of the three tail functions. For the two-sided tail this means that
we look at − log IP

(
|X| > x

)
for x→∞; this can always be done because

by Proposition I.2.3 X is unbounded, so that IP
(
|X| > x

)
> 0 for all x ≥ 0.

When considering the right and left tails of X, we should know in ad-
vance that rX = ∞ and `X = −∞, respectively. Necessary and sufficient
conditions for this are given by Theorem 4.13.

We start with investigating the tails of compound-Poisson distributions.
So, let X d= SN , where (Sn)n∈Z+ is an sii-process generated by Y , say (so

S1
d= Y ), with IP(Y = 0) = 0, and N is Poisson distributed and indepen-

dent of (Sn). Then the two-sided tail of X can be written as

IP
(
|X| > x

)
=

∞∑
n=1

IP(N = n) IP
(
|Sn| > x

)
[x ≥ 0 ].

Hence, on the one hand we have

IP
(
|X| > x

)
≥ IP(N = 1) IP

(
|Y | > x

)
[x ≥ 0 ];(9.1)

this means that an infinitely divisible distribution can have an arbitrarily
thick tail. On the other hand, using the fact that (α+ β)k ≤ 2k(αk + βk)
for α, β ≥ 0 and k ∈N, for a > 0 and k ∈N we can estimate as follows:

IP
(
|X| > ka

)
≥ IP(N = k) IP

(
|Sk| > ka

)
≥

≥ IP(N = k)
({

IP(Y > a)
}k +

{
IP(Y < −a)

}k) ≥
≥ IP(N = k)

(
1
2

)k {
IP

(
|Y | > a

)}k
.

Since by Lemma II.9.1 − log IP(N= k) ∼ k log k as k →∞, it follows that

lim sup
k→∞

− log IP
(
|X| > ka

)
k log k

≤ 1,

for all a > 0 such that IP
(
|Y | > a

)
> 0, so for all a > 0 with a < mY where

mY := max {−`Y , rY }. Now, take such an a and for x > 0 let kx ∈N be
such that (kx − 1) a < x ≤ kxa. Since IP

(
|X| > x

)
≥ IP

(
|X| > kxa

)
and

(kx log kx)
/
(x log x) → 1/a as x → ∞, by first letting x → ∞ and then

letting a tend to mY we conclude that

lim sup
x→∞

− log IP
(
|X| > x

)
x log x

≤ 1
mY

,(9.2)
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where 1/mY := 0 if mY = ∞. Let mY < ∞. Then we can also estimate
above, as follows. Since |Y | ≤ mY a.s., we have |Sn| ≤ nmY a.s., and hence
for k ∈N

IP
(
|X|>kmY

)
=

∞∑
n=k+1

IP(N = n) IP
(
|Sn|>kmY

)
≤ IP(N>k).

Since by Lemma II.9.1 − log IP(N> k) ∼ k log k as k →∞, it follows that

lim inf
k→∞

− log IP
(
|X| > kmY

)
k log k

≥ 1.

For x > 0 we now let kx ∈Z+ be such that kxmY ≤ x < (kx+1)mY . Since
then IP

(
|X| > x

)
≤ IP

(
|X| > kxmY

)
, we conclude that

lim inf
x→∞

− log IP
(
|X| > x

)
x log x

≥ 1
mY

.(9.3)

Finally, by combining (9.2) and (9.3) we obtain a limiting result for the tail
ofX, in which we may replacemY by max {−`M , rM}, whereM is the Lévy
canonical function of X; this immediately follows from the relation between
G := FY andM as given by Theorem 4.18. This theorem also shows that we
have now obtained the two-sided tail behaviour of all infinitely divisible dis-
tributions with M bounded and without normal component. In fact, these
distributions correspond to those of γ +X with γ ∈R and X compound-
Poisson, and because for x ≥ 0

IP
(
|X| > x+ |γ|

)
≤ IP

(
|γ +X| > x

)
≤ IP

(
|X| > x− |γ|

)
,(9.4)

the limiting result for the tail of X also holds for that of γ +X. We sum-
marize.

Proposition 9.1. Let X be a non-degenerate infinitely divisible random

variable with canonical triple (a, 0,M) such that M is bounded. Then the

two-sided tail of X satisfies

lim
x→∞

− log IP
(
|X| > x

)
x log x

=
1

max {−`M , rM}
,(9.5)

which should be read as 0 if the maximum is infinite.

In fact, as we shall see, formula (9.5) holds for every non-normal, non-
degenerate infinitely divisible random variable X, but in order to show this
some work needs to be done.
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By adapting the proof of Proposition 9.1 similar results can be derived
for the right and left tails of X separately. It is interesting to note that
these results are actually contained in Proposition 9.1. To show this we use
a technique that will be useful later in this section as well. Consider the
situation of the proposition. Then, by Theorem 4.18, for some γ ∈R

X
d= γ +X1 +X2, with X1 and X2 independent,(9.6)

where X1 and X2 are infinitely divisible with X1 nonnegative and X2 non-
positive. Suppose that rM > 0 or, equivalently, M(0+) < 0; then by Theo-
rem 4.13 we have rX = ∞ and henceX1 is non-degenerate. SinceX1 = |X1|
and the Lévy function M1 of X1 satisfies M1(0−) = 0 and M1 = M on
(0,∞), we can apply Proposition 9.1 to see that the right tail IP(X1 > x)
of X1 satisfies (9.5) with the right-hand side of it replaced by 1/rM . Now,
in view of (9.6) the right tail IP(X > x) of X will behave the same as
that of X1, because shifting over γ will not affect tail behaviour and
IP(X2 > x) = 0 for all x ≥ 0.

In order to make this argument precise we state a lemma relating the
right tails of X and X1. Here for ε ∈ (0, 1) we say that the right tail of X2

is ε-smaller than the right tail of X1 if

IP(X2 > εx) ≤ IP(X1 > x)
[
x ≥ 0 sufficiently large

]
.(9.7)

Lemma 9.2. Let X
d= X1 +X2 with X1 and X2 independent. Then:

(i) IP(X > x) ≤ IP
(
X1 > (1− ε)x

)
+ IP(X2 > εx) for ε ∈ [ 0, 1), x ≥ 0.

(ii) IP(X > x) ≥ IP
(
X1 > (1 + ε)x

)
IP(X2 ≥ −ε x) for ε ∈ [ 0, 1), x ≥ 0.

(iii) For ε ∈ (0, 1) and x ≥ 0 sufficiently large:

1
2 IP

(
X1 > (1 + ε)x

)
≤ IP(X > x) ≤ 2 IP

(
X1 > (1− ε)x

)
,

provided, for the second inequality, that the right tail of X2 is ε-

smaller than that of X1.

Proof. One easily verifies that for x ≥ 0 and ε ∈ [ 0, 1):

{X1 +X2 > x} ⊂
{
X1 > (1− ε)x

}
∪ {X2 > εx},

{X1 +X2 > x} ⊃
{
X1 > (1 + ε)x

}
∩ {X2 ≥ −ε x}.

This immediately yields (i) and (ii). Part (iii) is now a direct consequence,
because lim

x→∞
IP(X2 ≥ −ε x) = 1 and IP(X1 > x) ≤ IP

(
X1 > (1− ε)x

)
. 22
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We return to considering the right tail of X satisfying (9.6), where X1 is
nonnegative with

{
− log IP(X1 > x)

}/
(x log x) → 1/rM as x→∞ and X2

is nonpositive. When γ = 0, by Lemma 9.2 we have for all ε ∈ (0, 1) and
x ≥ 0 sufficiently large:

1
2 IP

(
X1 > (1 + ε)x

)
≤ IP(X > x) ≤ IP(X1 > x),

and hence
1
rM

≤ lim inf
x→∞

/
lim sup
x→∞

− log IP(X > x)
x log x

≤ (1 + ε)
1
rM

,

from which by letting ε ↓ 0 we see that the right tail of X behaves exactly
the same as that of X1:

{
− log IP(X > x)

}/
(x log x) → 1/rM as x → ∞.

Using this with X replaced by X − γ shows that the same property holds
in case γ 6= 0. Observing that the left tail of X is just the right tail of −X
and that by Proposition 4.5 (i) the right extremity of the canonical function
of −X is given by −`M , we are led to the following result.

Proposition 9.3. Let X be a non-degenerate infinitely divisible random

variable with canonical triple (a, 0,M) such that M is bounded. Then the

right and left tails of X satisfy

lim
x→∞

− log IP(X > x)
x log x

=
1
rM

, lim
x→∞

− log IP(X < −x)
x log x

=
1

−`M
,(9.8)

whereM(0+)< 0 is supposed in the first case andM(0−)> 0 in the second.

We have now derived Proposition 9.3 from Proposition 9.1. Actually,
these propositions are equivalent; we shall give the converse proof later
in a more general situation. For a single X formula (9.8) is, of course,
more precise than (9.5). Therefore, when generalizing our results so far to
random variables X with unbounded M , we shall first concentrate on right
and left tails.

In doing so we start with giving upperbounds for these tails when the
support of M is restricted to the positive half-line (and still there is no
normal component). Note that by Theorem 4.13 the left tail is then non-
trivial only if

∫
(0,1]

xdM(x) = ∞. The upperbounds for the tails of X will
be obtained via Chebyshev-type inequalities in which the LSt of X occurs.
To be sure of finiteness of this LSt we need the following well-known result;
see Lemma A.2.8.
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Lemma 9.4. Let X be a random variable with characteristic function φ

satisfying

φ(u) = A(u) [−ε < u < ε, some ε > 0 ],

where A is a function that is analytic on the disk |z| < ρ in C with ρ ≥ ε.

Then φ(z) := IE eizX is well defined for all z ∈C with |z| < ρ, and

φ(z) = A(z) [ z ∈C with |z| < ρ ].

Proposition 9.5. Let X be an infinitely divisible random variable with

canonical triple (0, 0,M) such that M(0−) = 0.

(i) If rM ≤ 1, then the right tail of X satisfies

IP(X > x) ≤ exp
[
− 1

2 rM
x log x

]
[x ≥ 0 sufficiently large ].

(ii) With bM :=
∫
(0,∞)

y2
/
(1 + y2)2 dM(y) the left tail of X satisfies

IP(X < −x) ≤ exp
[
− 1

2 bM
x2

]
[x ≥ 0 ].

(iii) For all c > 0 the left tail of X satisfies

IP(X < −x) ≤ exp
[
−c x2

]
[x ≥ 0 sufficiently large ].

Proof. First, suppose that r := rM < ∞. Since X has canonical triple
(0, 0,M), for the characteristic function φ of X we have φ = A on R where,
at least for z ∈R, A(z) is defined by

A(z) := exp
[∫

(0,∞)

(
eizy− 1− izy

1 + y2

)
dM(y)

]
.

From (the proof of) Proposition 7.9, however, it follows that A is well
defined on all of C and can be represented as

A(z) = exp
[ ∞∑
n=1

κn
(iz)n

n!

]
[ z ∈C ],

where the cumulants κn satisfy κ1 ≤ 1
2κ2 and κn ≤ rn−2κ2 for n ≥ 2. Since

this means that A is an analytic function on C, we can apply Lemma 9.4
to conclude that φ(z) := IE eizX is well defined for all z ∈C and satisfies
φ(z) = A(z) for all z. In particular, IE esX and IE e−sX are finite for all
s > 0, and these quantities are given by A(−is) and A(is), respectively.
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We are now ready for estimating the right and left tails of X. In view
of (i) we let r ≤ 1; the inequality κn ≤ rn−2κ2 then also holds for n = 1.
It follows that for x ≥ 0 and s > 0

IP(X > x) ≤ e−sx IE esX =

= exp
[
−sx+

∞∑
n=1

κn
sn

n!

]
≤ exp

[
−sx+

κ2

r2
ers

]
.

Now, taking s = (log x)/r, we get

IP(X > x) ≤ exp
[
−1
r
x log x+

κ2

r2
x
]
,

which yields the upperbound as given in (i) if we take x ≥ e2κ2/r. Turning
to the left tail, we drop the condition r ≤ 1 (but still suppose r <∞),
and take x ≥ 0 and s > 0. Using the inequality e−α− 1 + α ≤ 1

2α
2 for

α = sy
/
(1 + y2) > 0 with y > 0, one then sees that

IP(X < −x) ≤ e−sx IE e−sX = e−sxA(is) =

= exp
[
−sx+

∫
(0,∞)

(
e−sy − 1 +

sy

1 + y2

)
dM(y)

]
≤

≤ exp
[
−sx+ 1

2 bM s2
]
.

Now, minimizing over s > 0, or taking s = x/bM , yields (ii).
Next, suppose that rM = ∞. In order to prove the inequality in (ii) also
in this case, we take r ∈ (0,∞), and write M as the sum of two canonical
functions M1 and M2 with

M1 :=

{
M −M(r) on (0, r),

0 on [ r,∞),
M2 :=

{
M(r) on (0, r),

M on [ r,∞).

Then from Proposition 4.5 (iv) and Theorem 4.13 it follows that

X
d= X1 +X2 − ar, with X1 and X2 independent,

where ar :=
∫
(r,∞)

y
/
(1 + y2) dM(y) > 0, X1 and X2 are infinitely divis-

ible with canonical triples (0, 0,M1) and (ar, 0,M2), respectively, and X2 is
nonnegative. Moreover, as rM1 <∞, X1 satisfies the inequality in (ii) with
bM =: b replaced by br given by br :=

∫
(0,r]

y2
/
(1 + y2)2 dM(y). Hence for

x ≥ ar we can estimate as follows:

IP(X < −x) ≤ IP
(
X1 < −(x− ar)

)
≤ exp

[
− 1

2br
(x− ar)2

]
.
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Since r was chosen arbitrarily in (0,∞), we may let r tend to infinity, and
conclude that (ii) holds as stated, because ar → 0 and br → b as r →∞.
Finally, we prove (iii) by using (ii) and applying the same splitting of M
at r ∈ (0, rM ) as above, but now we will choose r small rather than large.
With ar and br as defined above it follows that for x ≥ 0 sufficiently large

IP(X < −x) ≤ exp
[
− 1

2br
(x− ar)2

]
≤ exp

[
− 1

4br
x2

]
.

Since br → 0 as r ↓ 0, at a given c > 0 one can choose r so small that
1
/
(4br) ≥ c ; this immediately yields the inequality in (iii). 22

Applying part (iii) of this proposition to a−X yields the following result
on right tails.

Corollary 9.6. Let X be an infinitely divisible random variable with can-

onical triple (a, 0,M) such that M(0+) = 0. Then for all c > 0 the right

tail of X satisfies

IP(X > x) ≤ exp
[
−c x2

]
[x ≥ 0 sufficiently large ].

This corollary has been stated because we want to combine it with the
two other results on right tails we have obtained so far, viz. the first parts
of Propositions 9.3 and 9.5, and with the well-known fact that as x→∞

IP(X > x) ∼ σ

x
√

2π
e−

1
2x

2/σ2
, so − log IP(X > x) ∼ 1

2σ2
x2,(9.9)

if X has a normal (0, σ2) distribution. Thus we obtain the following main
result.

Theorem 9.7. Let X be a non-degenerate infinitely divisible random vari-

able with canonical triple (a, σ2,M). Then the right tail of X has the

following properties:

(i) If M(0+) = 0, σ2 = 0 and
∫
[−1,0)

xdM(x) > −∞, then X satisfies

IP(X > x) = 0 for all x sufficiently large.

(ii) If M(0+) = 0, and σ2 > 0 or
∫
[−1,0)

xdM(x) = −∞, then X satisfies

IP(X > x) > 0 for all x and

lim
x→∞

− log IP(X > x)
x2

=
1

2σ2
,

which should be read as ∞ if σ2 = 0.
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(iii) If M(0+) < 0, then X satisfies IP(X > x) > 0 for all x and

lim
x→∞

− log IP(X > x)
x log x

=
1
rM

,

which should be read as 0 if the right extremity rM of M is ∞.

Similarly, the left tail of X has the following properties:

(i) If M(0−) = 0, σ2 = 0 and
∫
(0,1]

xdM(x) <∞, then X satisfies

IP(X < −x) = 0 for all x sufficiently large.

(ii) If M(0−) = 0, and σ2 > 0 or
∫
(0,1]

xdM(x) = ∞, then X satisfies

IP(X < −x) > 0 for all x and

lim
x→∞

− log IP(X < −x)
x2

=
1

2σ2
,

which should be read as ∞ if σ2 = 0.

(iii) If M(0−) > 0, then X satisfies IP(X < −x) > 0 for all x and

lim
x→∞

− log IP(X < −x)
x log x

=
1

−`M
,

which should be read as 0 if the left extremity `M of M is −∞.

Proof. First, note that the assertions on the left tail immediately follow
from those on the right tail by replacing X by −X and using Proposi-
tion 4.5 (i). Thus we concentrate on proving the properties (i), (ii) and (iii)
of the right tail.
From Theorem 4.13 we see that the condition stated in (i) is equivalent to
the condition that rX <∞; so (i) follows, and under each of the conditions
stated in parts (ii) and (iii) we have IP(X > x) > 0 for all x. In proving
these parts we distinguish four cases: I–IV, the first two of which concern
part (ii).

I. Let M(0+) = 0, σ2 = 0 and
∫
[−1,0)

xdM(x) = −∞. Then by Corol-
lary 9.6 for all c > 0 we have

− log IP(X > x)
x2

≥ c [x ≥ 0 sufficiently large ],

so this function of x tends to ∞ as x→∞, as desired.

II. Let M(0+) = 0 and σ2 > 0. Then we split off the normal component:
X

d= X1 +X2, where X1 and X2 are independent, X1 has a normal (0, σ2)
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distribution and X2 has canonical triple (a, 0,M). Let δ > 0 and c > 0.
Then by (9.9) and Corollary 9.6 we have for x ≥ 0 sufficiently large

IP(X1 > x) ≥ exp
[
−

( 1
2σ2

+ δ
)
x2

]
, IP(X2 > x) ≤ e−c x

2
,

and hence for every ε ∈ (0, 1)

IP(X2 > εx)
/

IP(X1 > x) ≤ exp
[
−

(
c ε2 − 1

2σ2
− δ

)
x2

]
.

Now, choose c so large that c ε2 > 1
/
(2σ2) + δ; then it follows that the

right tail of X2 is ε-smaller than the right tail of X1. Hence by Lemma 9.2
for x ≥ 0 sufficiently large

1
2 IP

(
X1 > (1 + ε)x

)
≤ IP(X > x) ≤ 2 IP

(
X1 > (1− ε)x

)
,

which by (9.9) implies that

1
2σ2

(1− ε)2 ≤ lim inf
x→∞

/ lim sup
x→∞

− log IP(X > x)
x2

≤ 1
2σ2

(1+ ε)2.

By letting ε ↓ 0 we see that the limiting result of (ii) holds for X, as desired.

III. Let M(0+) < 0, σ2 = 0 and M(0−) = 0. We split up M at a point
r ∈ (0, rM ∧ 1), as in the proof of Proposition 9.5. So we haveX d= X1 +X2,
where X1 and X2 are independent, X1 satisfies the conditions of Proposi-
tion 9.3 and X2 those of Proposition 9.5 (i). Let ε ∈ (0, 1) and δ > 0. Then
it follows that for x ≥ 0 sufficiently large

IP(X1 > x) ≥ exp
[
−

( 1
ε rM

+ δ
)
εx log εx

]
,

and hence

IP(X2 > εx)
/

IP(X1 > x) ≤ exp
[
−

( 1
2r
− 1
ε rM

− δ
)
εx log εx

]
.

From this we see that r can be taken close to 0 such that the right tail
of X2 is ε-smaller than that of X1. Now we can proceed as in case II and
apply Lemma 9.2 to conclude that the right tails of X and X1 behave the
same, i.e., X satisfies the limiting result of (iii), as desired.

IV. Let M(0+) < 0, and σ2 > 0 or M(0−) > 0. We split up M at zero, and
thus have X d= X1 +X2, where X1 and X2 are independent, X1 satisfies
the conditions of case III and X2 those of case (i) or (ii). Let δ > 0. Then
it follows that for x ≥ 0 sufficiently large

IP(X1 > x) ≥ exp
[
−

( 1
rM

+ δ
)
x log x

]
, IP(X2 > x) ≤ e−c x

2
,
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for some c > 0, and hence for every ε ∈ (0, 1)

IP(X2 > εx)
/

IP(X1 > x) ≤ exp
[
−c ε2x2 +

( 1
rM

+ δ
)
x log x

]
.

Since this upperbound is ≤ 1 for x sufficiently large, we conclude that the
right tail of X2 is ε-smaller than that of X1. Applying Lemma 9.2 again
shows that X, like X1, satisfies the limiting result of (iii). 22

Finally, as announced we show that by using the properties of right and
left tails as given by Theorem 9.7 we can also easily deal with two-sided
tails; it turns out that the limiting result of Proposition 9.1 holds for all
infinitely divisible distributions except the normal ones. Recall that

IP
(
|X| > x

)
= IP(X > x) + IP(X < −x) [x ≥ 0 ].

Theorem 9.8. Let X be an infinitely divisible random variable that is not

normal or degenerate. Then the two-sided tail of X satisfies

lim
x→∞

− log IP
(
|X| > x

)
x log x

=
1

max {−`M , rM}
,(9.10)

which should be read as 0 if the maximum is infinite. Here `M and rM are

the left and right extremities of the Lévy function M of X.

Proof. Since X is not normal, we have M(0−) > 0 or M(0+) < 0. Now,
for reasons of symmetry we may restrict ourselves to proving the theorem
in case M satisfies M(0+) < 0 and rM ≥ −`M . Setting α := 1/rM , by
Theorem 9.7 for the right tail of X we then have

lim
x→∞

− log IP(X > x)
x log x

= α,(9.11)

and we have to show that this limiting result also holds with X replaced
by |X|. When α = 0, this is immediately clear from the fact that then
IP

(
|X| > x

)
≥ IP(X > x); so, further we suppose that α > 0.

First, let M(0−) = 0 or, equivalently, `M = 0. Then Theorem 9.7 implies
that for some c > 0 the left tail of X satisfies

IP(X < −x) ≤ e−c x
2

[x ≥ 0 sufficiently large ].(9.12)

Now, combining (9.11) and (9.12) we see that for δ > 0

IP(X < −x)
/

IP(X > x) ≤ exp
[
−c x2 + (α+ δ)x log x

]
,
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which does not exceed one for x sufficiently large; hence for these x

IP(X > x) ≤ IP
(
|X| > x

)
≤ 2 IP(X > x).

We conclude that the two-sided tail behaves exactly the same as the right
tail.

Next, let M(0−) > 0 or, equivalently, `M < 0. Then setting β := −1/`M ,
by Theorem 9.7 for the left tail of X we have

lim
x→∞

− log IP(X < −x)
x log x

= β.(9.13)

Note that 0 < α ≤ β. When α < β, we combine (9.11) and (9.13) to see
that for δ > 0 with δ < 1

2 (β − α)

IP(X < −x)
/

IP(X > x) ≤ exp
[
−

{
(β − δ)− (α+ δ)

}
x log x

]
,

which does not exceed one for x sufficiently large; as above we conclude
that the two-sided tail behaves like the right tail. When α = β, we look at
R(x) := max

{
IP(X > x), IP(X < −x)

}
and observe that as x→∞

− log R(x)
x log x

= min
{− log IP(X> x)

x log x
,
− log IP(X<−x)

x log x

}
−→ α,

because of (9.11) and (9.13). Since obviously

R(x) ≤ IP
(
|X| > x

)
≤ 2R(x) [x ≥ 0 ],

we conclude that, also when α = β, the two-sided tail of X behaves as
desired. 22

This theorem, together with (9.4) and (9.9), yields the following character-
ization of the normal distribution.

Corollary 9.9. A non-degenerate infinitely divisible random variable X

has a normal distribution iff it satisfies

lim sup
x→∞

− log IP
(
|X| > x

)
x log x

= ∞.(9.14)

Theorem 9.8 is remarkable in that it not only puts bounds on the tails
of infinitely divisible distributions, but also shows that the tails are not
too irregular, since the limit in (9.10) exists. Corollary 9.9 stresses the
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surprising fact that the normal distribution is separated from all other
infinitely divisible distributions by a deviating (two-sided) tail behaviour.

When the Lévy function M has bounded support, Theorem 9.8 gives
the exact rate with which − log IP

(
|X| > x

)
tends to infinity. In the other

case we only know that

lim
x→∞

− log IP
(
|X| > x

)
x log x

= 0.(9.15)

In general not more than this can be said; the convergence in (9.15) can
be arbitrarily slow. For the compound-exponential distributions, which by
Theorem 5.2 (ii) satisfy (9.15), it can be shown that − log IP

(
|X| > x

)
=

O(x) as x→∞; it is not known, however, whether
{
− log IP

(
|X| > x

)}/
x

has a finite limit as x→∞.

10. Log-convexity

There are only few simple sufficient conditions for a probability density
on R to be infinitely divisible. In Section III.10 we have seen that a density
on R+ is infinitely divisible if it is completely monotone or, more generally,
log-convex. Recall that a function f on (0,∞) is said to be completely
monotone if it has alternating derivatives:

(−1)n f (n)(x) ≥ 0 [n ∈Z+; x > 0 ],

and that the nonvanishing log-convex functions consist of the positive func-
tions on (0,∞) for which log f is convex. Since by (A.3.12) log-convexity
implies convexity, probability densities cannot be log-convex on all of R.
We therefore consider densities that are log-convex on both sides of zero,
and ask whether they are infinitely divisible.

In determining this, in the present section we restrict ourselves to dis-
tributions that are symmetric. Thus we consider densities f on R of the
form

f(x) = 1
2 g

(
|x|

)
[x ∈R ],(10.1)

where g is a probability density on R+; cf. (4.12). For the characteristic
function φ of f we have, with π the Lt of g:

φ(u) =
∫ ∞

0

(cos ux) g(x) dx = Reπ(−iu).(10.2)
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First, one might wonder whether infinite divisibility of g implies that of f ,
but the situation is not that simple; in Section 11 we will give an example of
an infinitely divisible g such that φ has real zeroes. On the other hand, we
do have infinite divisibility of f if g is restricted to the class of completely
monotone densities.

In order to show this, we let g be completely monotone on (0,∞),
and use the fact (Proposition A.3.11) that g can then be represented as a
mixture of exponential densities:

g(x) =
∫

(0,∞)

λ e−λx dH(λ), so π(s) =
∫

(0,∞)

λ

λ+ s
dH(λ),

for some distribution function H on (0,∞). For f given by (10.1) it follows
that

f(x) =
∫

(0,∞)

1
2 λ e−λ|x| dH(λ) [x ∈R ],(10.3)

so f is a mixture of Laplace densities. Now observe that the characteristic
function φ of f can be written as

φ(u) =
∫

(0,∞)

λ2

λ2 + u2
dH(λ) = π1(u2),(10.4)

where π1 is defined by

π1(s) =
∫

(0,∞)

λ2

λ2 + s
dH(λ) =

∫
(0,∞)

λ

λ+ s
dH(

√
λ).

From the second expression for π1 we see that π1, like π, is the pLSt of a
distribution with a completely monotone density. Hence π1 is an infinitely
divisible pLSt, and Proposition 6.1 can be applied to conclude that φ is
infinitely divisible. As complete monotonicity of g is equivalent to the com-
plete monotonicity of f restricted to (0,∞), we can summarize as follows.

Theorem 10.1. A symmetric distribution which has a density that is com-

pletely monotone on (0,∞), is infinitely divisible. Equivalently, a mixture

of Laplace densities as in (10.3) is infinitely divisible.

In Chapter VI we shall see that symmetry is not necessary; a density f with
the property that both x 7→ f(x) and x 7→ f(−x) are completely monotone
on (0,∞), is infinitely divisible.
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Of course, there is a discrete counterpart to Theorem 10.1 for symmetric
distributions (pk)k∈Z on Z. The appropriate analogue of (10.1) for such dis-
tributions is given by

pk =
1

2− q0
q|k| [ k ∈Z ],(10.5)

where (qk)k∈Z+ is a distribution on Z+. The fact that we want to take
q0 > 0 here, causes some problems when ‘discretizing’ the proof of Theo-
rem 10.1. The analogue of (10.1) given by pk = 1

2 (qk + q−k) (with qk = 0
for k < 0), looks more attractive, but only yields the infinite divisibility
of (pk) such that (p0, 2p1, 2p2, . . .) is completely monotone. Recall that a
sequence (qk)k∈Z+ is said to be completely monotone if

(−1)n∆nqk ≥ 0 [n, k ∈Z+ ],

where ∆0qk := qk, ∆qk := qk+1 − qk and ∆n := ∆ ◦∆n−1 for n ∈N.

Theorem 10.2. A symmetric distribution on Z which is completely mono-

tone on Z+, is infinitely divisible.

Proof. Let (pk)k∈Z be a distribution as indicated in the theorem. Then
it has the form (10.5) with (qk)k∈Z+ a completely monotone probability
distribution on Z+; take qk =

(
2
/
{1 + p0}

)
pk for k ∈Z+. Using the fact

(Proposition A.4.10) that (qk) can be represented as a mixture of geometric
distributions:

qk =
∫

[0,1)

(1− p) pk dH(p) [ k ∈Z+ ],

for some distribution function H on [ 0, 1), one easily shows that the charac-
teristic function φ of (pk) can be written as

φ(u) =
1

2− q0

∫
[0,1)

(1− p)
( 1

1− p e−iu
+

1
1− p eiu

− 1
)

dH(p) =

=
∫

[0,1)

1− r(p)
1− r(p) cos u

dG(p),

where the functions r and G are defined on [ 0, 1) by

r(p) =
2p

1 + p2
, G(p) =

1
2− q0

∫
[0,p]

(1 + s) dH(s).
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Now, r(p) ∈ [ 0, 1) for all p, and q0 = 1−µH with µH the first moment of H,
so G is a distribution function on [ 0, 1). It follows that

φ(u) = P (cos u),

where P is the pgf of a mixture of geometric distributions, hence of a dis-
tribution that is completely monotone and therefore infinitely divisible; cf.
Theorem II.10.4. Since u 7→ cos u is a characteristic function, we can apply
Proposition 3.1 and conclude that φ is an infinitely divisible characteristic
function. 22

We briefly return to the following question from the beginning of this
section:

g log-convex on (0,∞) ?=⇒ f in (10.1) infinitely divisible.(10.6)

Unfortunately, it is not known whether this implication holds. It is not
difficult to prove that φ in (10.2) is positive if g is convex, and hence if g is
log-convex. This means that examples of convex functions g, for which f

is not infinitely divisible, will be hard to find— if any exist. On the other
hand, it is hard to get a handle on proving the infinite divisibility of f if g is
log-convex. Many log-convex functions are also completely monotone, and
log-convex functions that are not completely monotone are hard to handle.
Though the set of log-convex densities is convex, there seems to be no easy
set of ‘extreme points’ from which these densities can be built. Numerical
evidence seems to indicate that the answer to (10.6) is affirmative.

It is remarkable that for characteristic functions a question similar to
(10.6) has a positive answer; real (and hence even) characteristic functions
that are log-convex on (0,∞) are infinitely divisible. In order to show
this, together with a discrete counterpart, we use the following well-known
criterion due to Pólya and a periodic variant of it.

Lemma 10.3. Let φ : R → R+ be an even continuous function satisfying

φ(0) = 1.

(i) If φ is nonincreasing and convex on (0,∞), then φ is the characteristic

function of a symmetric distribution on R.

(ii) If φ is nonincreasing and convex on (0, π) and 2π-periodic, then φ is

the characteristic function of a symmetric distribution on Z.
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Theorem 10.4. Let φ : R → R+ be an even continuous function satisfying

φ(0) = 1.

(i) If φ is nonincreasing and log-convex on (0,∞), then φ is the charac-

teristic function of a symmetric infinitely divisible distribution on R.

(ii) If φ is nonincreasing and log-convex on (0, π) and 2π-periodic, then φ

is the characteristic function of a symmetric infinitely divisible dis-

tribution on Z.

Proof. Let φ be nonincreasing and log-convex on (0,∞). Then so is φt for
any t > 0. Since by (A.3.12) log-convexity implies convexity, from part (i)
of the lemma it follows that φt is a characteristic function for all t > 0.
Hence φ is infinitely divisible by Proposition 2.5. Part (ii) is similarly
obtained from the second part of the lemma. 22

As a special case we obtain the infinite divisibility of any real characteristic
function that is completely monotone on (0,∞). By Bernstein’s theorem
these functions are given by the functions φ of the form

φ(u) =
∫

R+

e−λ|u| dH(λ) = Ĥ
(
|u|

)
[u ∈R ],(10.7)

where H is a distribution function on R+. It follows that if H(0) = 0, then
the distribution corresponding to φ is absolutely continuous with density f
given by

f(x) =
1
π

∫
(0,∞)

λ

λ2 + x2
dH(λ) [x ∈R ],(10.8)

so f is a mixture of Cauchy densities. Thus Theorem 10.4 (i) leads to the
following result.

Theorem 10.5. If π is a pLSt, then the function φ defined by

φ(u) = π
(
|u|

)
[u ∈R ],(10.9)

is an infinitely divisible characteristic function. In particular, any mixture

of Cauchy densities as in (10.8) is infinitely divisible.

If π is a pLSt, then so is s 7→ π(sγ) for every γ ∈ (0, 1 ]; this follows by
combining (III.3.8) and Example III.4.9, or from Proposition A.3.7 (vi) and
Bernstein’s theorem. Thus Theorem 10.5 yields the following supplement
of Proposition 6.1.
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Corollary 10.6. If π is a pLSt, then u 7→ π
(
|u|γ

)
is an infinitely divisible

characteristic function for every γ ∈ (0, 1 ].

Infinitely divisible discrete distributions, such as occur in part (ii) of
Theorem 10.4, can be obtained from those of part (i). In showing this
we use the following result, which gives a sufficient condition for Poisson’s
summation formula to hold; cf. (A.2.15) and Corollary A.2.6.

Lemma 10.7. Let φ be a nonnegative integrable characteristic function

that is nonincreasing on (0,∞), and let f be the corresponding continuous

density. Then φ and f are related by∑
k∈Z

φ(u+ 2kπ) =
∑
k∈Z

f(k) eiuk [u ∈R ].(10.10)

An important consequence of this identity is the fact that its left-hand
side, when normalized, can be viewed as the characteristic function of a
distribution (pk)k∈Z on Z which is proportional to

(
f(k)

)
. We combine

this observation with Theorem 10.4.

Theorem 10.8. Let φ be a positive integrable characteristic function that

is log-convex on (0,∞), and let f be the corresponding continuous density.

Then:

(i) The following function ψ is well defined and positive:

ψ(u) :=
∑
k∈Z

φ(u+ 2kπ)
/ ∑

`∈Z
φ(2`π) [u ∈R ];

it is a 2π-periodic characteristic function that is nonincreasing and

log-convex on (0, π).

(ii) The following sequence (pk)k∈Z is well defined and nonnegative:

pk := f(k)
/ ∑

`∈Z
f(`) [ k ∈Z ];

it is an infinitely divisible distribution on Z with characteristic func-

tion ψ as given in (i).

Proof. As φ is bounded and log-convex on (0,∞), it is nonincreasing on
(0,∞). Therefore, the conditions of Lemma 10.7 are satisfied and hence
formula (10.10) holds. In view of this and of Theorem 10.4 (ii) both parts of
the theorem are proved as soon as we have showed that ψ is nonincreasing
and log-convex on (0, π).
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To do so we first note that because of the convexity of φ:

φ(s)− φ(s+ h) ≥ φ(t)− φ(t+ h) [ 0 < s < t, h > 0 ],

and write

χ(u) :=
∑
k∈Z

φ(u+ 2kπ) =
∞∑
n=0

{
φ(2nπ + u) + φ(2(n+1)π − u)

}
.

Now take 0 < u < v < π; since 2nπ+u < 2(n+ 1)π− v, it follows that the
difference χ(u)− χ(v) is nonnegative; it can be written as

∞∑
n=0

[{
φ(2nπ+u)− φ(2nπ+v)

}
+

−
{
φ(2(n+1)π−v)− φ(2(n+1)π−u)

}]
.

We conclude that χ, and hence ψ, is nonincreasing on (0, π).
Next, note that φ, being even, is not only log-convex on (0,∞), but also
on (−∞, 0). As the interval (0, π)+2kπ with k ∈Z is completely contained
in (0,∞) or in (−∞, 0), it follows that the function u 7→ φ(u + 2kπ) with
k ∈Z is log-convex on (0, π). Hence ψ, as the sum of these functions (up to
a constant), is also log-convex on (0, π); cf. Proposition A.3.10. 22

In Section 11 we will give an example that illustrates this theorem. Note
that, because of their convexity and evenness, the characteristic functions φ
and ψ, if not identically one, cannot have a derivative at zero and hence
cannot have a finite first moment.

Finally, we briefly look at log-concavity; a positive function f on R is
log-concave iff log f is concave. Log-concavity of a probability density does
not imply infinite divisibility; see Section 11 for an example. Neverthe-
less, several well-known infinitely divisible densities on R are log-concave,
for instance the normal densities and the Laplace densities. It would be
interesting to have simple sufficient conditions in terms of the canonical
triple (a, σ2,M) for an infinitely divisible density f to be log-concave; cf.
Theorem III.10.6.

The standard normal distribution not only has a log-concave density,
but also a log-concave characteristic function. The standard Cauchy dis-
tribution has a log-concave characteristic function as well. In general, how-
ever, log-concavity of a characteristic function does not imply infinite divis-
ibility; see Section 11 for an example.
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11. Examples

In Chapter III we have seen several examples of infinitely divisible dis-
tributions on R+; they can sometimes be used to illustrate the results
of the present chapter. But here, of course, we are more interested in
having illustrative examples of infinitely divisible distributions that are not
concentrated on a half-line. The only concrete examples of this type we
have seen so far, are the sym-gamma distributions (including Laplace) with
characteristic functions φ of the form

φ(u) =
( λ2

λ2 + u2

)r
[λ > 0, r > 0 ](11.1)

and the symmetric stable distributions (including normal and Cauchy) with
characteristic functions φ of the form

φ(u) = exp
[
−λ |u|γ

]
[λ > 0, 0 < γ ≤ 2 ];(11.2)

the sym-gamma distribution with shape parameter r ≤ 1 is compound-
exponential. We now give several other examples of distributions that on
account of the results of this chapter are or are not infinitely divisible. In
doing so we roughly follow the order of the previous sections.

We start with considering two related and interesting distributions, the
Gumbel distribution and the logistic distribution. Their infinite divisibility
is not easily seen without knowing that they can be obtained in a very
special way.

Example 11.1. Let Y have a standard exponential distribution. Con-
sider X such that

X
d= − log Y.

Then X has an absolutely continuous distribution with distribution func-
tion F and density f given by

F (x) = exp
[
−e−x

]
, f(x) = exp

[
−(x+ e−x)

]
[x ∈R ];

note that f is log-concave. This distribution is called the Gumbel distrib-
ution; it is an extreme-value distribution because, as one easily verifies by
using Helly’s theorem,

max {Y1, . . . , Yn} − log n d−→ X [n→∞ ],
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where Y1, Y2, . . . are independent with Yi
d= Y for all i. On the other hand,

it is well known that

max {Y1, . . . , Yn}
d= Y1 + 1

2Y2 + · · ·+ 1
nYn [n ∈N ].

Since the exponential distribution is infinitely divisible, it follows from
Propositions 2.1 and 2.3 thatX is infinitely divisible, too. In Example 11.10
we will determine the Lévy and Kolmogorov canonical triples of X. 22

Example 11.2. Let Y1 and Y2 be independent, both having the Gumbel
distribution of Example 11.1. Consider X such that

X
d= Y1 − Y2.

ThenX has an absolutely continuous distribution, and both its distribution
function F and a density f can be obtained by convolution:

F (x) =
1

1 + e−x
, f(x) = 1

4

1
cosh2 1

2x
= 1

2

1
coshx+ 1

[x ∈R ];

note that f is log-concave. This distribution is called the logistic distrib-
ution. It is infinitely divisible; this immediately follows from Proposition 2.1
and the infinite divisibility of the Gumbel distribution. In Example 11.11
the Lévy canonical triple of X will be given. 22

Next we consider a few positive functions φ on R; we show them to be
characteristic functions and determine whether they are infinitely divisible.

Example 11.3. For γ ∈ (0, 2 ] consider the function φ on R defined by

φ(u) =
1

1 + |u|γ
[u ∈R ].

Since φ(u) = π
(
|u|γ

)
with π the pLSt of the standard exponential dis-

tribution, from Proposition 6.1 it follows that φ is an infinitely divisible
characteristic function. Use of Example 4.9 shows that φ is even compound-
exponential. We further take γ = 1. Then the underlying distribution func-
tion F0 in (5.1) is Cauchy, so F ?t0 (x) = F0(x/t) for t > 0, and hence the
distribution corresponding to φ is absolutely continuous with density f

given by

f(x) =
1
π

∫ ∞

0

t

t2 + x2
e−t dt [x ∈R ].
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From Theorem 5.2 it follows that the canonical triple is (0, 0,M) where M
has density m very similar to f :

m(x) =
1
π

∫ ∞

0

1
t2 + x2

e−t dt [x 6= 0 ].

See also Theorem 10.5; φ is of Pólya type. 22

Example 11.4. Consider the function φ on R defined by

φ(u) =
1 + |u|
1 + 2|u|

[u ∈R ].

Then φ is an infinitely divisible characteristic function. This can be shown
in several ways. One can observe that φ can be written as

φ(u) =
1

2− φ1(u)
, with φ1(u) :=

1
1 + |u|

;

since φ1 is a characteristic function (cf. Example 11.3), it follows that φ
is of the compound-geometric form (3.6). Alternatively, one can use Theo-
rem 10.4; φ is an even continuous function that is nonincreasing and log-
convex on (0,∞). Or apply Theorem 10.5:

φ(u) = 1
2 + 1

2

1
1 + 2|u|

= π
(
|u|

)
, with π(s) := 1

2 + 1
2

1
1 + 2s

,

and note that π is a pLSt; it corresponds to a mixture of the degenerate
distribution at zero and an exponential distribution. This example also
shows that an infinitely divisible distribution with infinite second moment
can have a characteristic function φ satisfying |φ| > δ for some δ > 0; cf.
Proposition 2.11. 22

Example 11.5. Consider the function φ on R defined by

φ(u) = 1
2 + 1

2 e−u
2

[u ∈R ].

Then φ is a characteristic function; the corresponding distribution is a
mixture of the degenerate distribution at zero and a normal distribution.
Thus φ(u) = F̃ (u) for some distribution function F on R. From Lemma 9.4
it is seen that φ(z) := F̃ (z) is well defined for all z ∈C with

φ(z) = 1
2 + 1

2 e−z
2

[ z ∈C ].
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Since φ(z) = 0 for z ∈C such that z2 = −πi, Theorem 2.12 (iii) implies
that φ is not infinitely divisible. This also immediately follows from Corol-
lary 9.9. This example shows that infinite divisibility may be lost by shift-
ing mass to zero; cf. Example 11.4. It also illustrates (6.1); the class of
infinitely divisible distributions is not closed under mixing. 22

Example 11.6. Let T be a (0,∞)-valued random variable with distrib-
ution function G and pLSt π. Consider the function φ on R defined by

φ(u) = π( 1
4u

2) =
∫

(0,∞)

e−
1
4 tu

2
dG(t) [u ∈R ].

Then φ is a characteristic function; the corresponding distribution is a
variance mixture of normal distributions and has density f given by

f(x) =
1√
π

∫
(0,∞)

e−x
2/t 1√

t
dG(t) [x ∈R ].

In general, φ will not be infinitely divisible; see Example 11.5, and compare
with Theorem 10.5. From Proposition 3.6 or directly from Proposition 6.1,
however, it follows that if π is infinitely divisible, then so is φ. Now, put
V := 1/T , and let H be the distribution function of V . Then f can be
rewritten as

f(x) =
1√
π

∫
(0,∞)

e−vx
2√
v dH(v) [x ∈R ],

which by taking V standard gamma (r) distributed transforms into the
density of the student (r) distribution:

f(x) =
1

B(r, 1
2 )

( 1
1 + x2

)r+ 1
2

[x ∈R ].

Thus, if we would know that 1/V is infinitely divisible for gamma distrib-
uted V , then we would have proved the infinite divisibility of the student
distribution. We return to this in Chapter VI. 22

Example 11.7. Consider the function φ on R defined by

φ(u) = 1 + u2 − |u|
√

2 + u2 [u ∈R ].

As φ(u) = π(u2) with π the infinitely divisible pLSt from Example III.11.9,
it follows from Proposition 6.1 that φ is an infinitely divisible characteristic
function. 22
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Example 11.8. Consider the function φ on R defined by

φ(u) =
1

coshu
=

2
eu + e−u

[u ∈R ].

One is tempted to use Theorem 10.5 and write φ(u) = π1

(
|u|

)
with π1(s) :=

1/cosh s, but π1 is not a pLSt, as is shown in Example III.11.12. There it
is also noted that π with π(s) := 1/cosh

√
s is indeed an infinitely divisible

pLSt; since φ(u) = π(u2), it follows from Proposition 6.1 that φ is an infin-
itely divisible characteristic function. For an alternative proof we refer to
Example V.9.18, where also a corresponding density is given. 22

Example 11.9. Consider the function φ on R defined by

φ(u) =
1− e−|u|

|u|
[
u 6= 0; φ(0) := 1

]
.

Since φ(u) = π
(
|u|

)
with π the pLSt of the uniform distribution on (0, 1),

it follows from Theorem 10.5 that φ is an infinitely divisible characteristic
function. By (10.8) the corresponding distribution has a density f that is
a mixture of Cauchy densities:

f(x) =
∫ 1

0

1
π

λ

λ2 + x2
dλ =

1
2π

log
(
1 +

1
x2

)
[x 6= 0 ].

The infinite divisibility of f , and hence of φ, can now also be concluded
from Theorem 10.1. In fact, for x > 0 we can write

−π f ′(x) =
1
x
− x

x2 + 1
=

∫ ∞

0

e−λx {1− cos λ} dλ,

so −f ′ is completely monotone on (0,∞), and hence so is f because f ≥ 0.
It follows that f can also be represented as a mixture of Laplace densities
in the following way:

f(x) =
∫ ∞

0

1
2λ e−λ|x| h(λ) dλ [x 6= 0 ],

where the density h on (0,∞) is given by h(λ) = (2/π) (1− cos λ)
/
λ2. 22

We proceed with three examples on canonical representations, and first
return to the Gumbel and logistic distributions.
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Example 11.10. LetX have the Gumbel distribution with density f given
by

f(x) = exp
[
−(x+ e−x)

]
[x ∈R ];

in Example 11.1 we have seen that X is infinitely divisible. For the charac-
teristic function φ of X we can write

φ(u) =
∫

R
eiux exp [−e−x] e−x dx =

∫ ∞

0

y−iu e−y dy = Γ(1− iu).

Now, using well-known expressions for the gamma function and for Euler’s
constant γ (see Section A.5), we can rewrite log φ(u) as

log φ(u) = −
∫ ∞

0

(
iu+

1− eiux

1− e−x
) 1
x

e−x dx =

= iuγ +
∫ ∞

0

(eiux− 1− iux)
e−x

x (1− e−x)
dx.

Thus we have found for φ the Kolmogorov representation (7.15); in the
canonical triple (µ, κ,H) the mean µ is given by µ = γ, the variance κ by

κ =
∫ ∞

0

x e−x

1− e−x
dx =

∫ 1

0

− log y
1− y

dy =
π2

6
,

and the distribution function H is absolutely continuous with density h on
(0,∞) given by

h(x) =
6
π2

x e−x

1− e−x
[x > 0 ].

From (7.14) it follows that the Lévy triple is (a, 0,M) with a determined
by (7.7) with κ1 = µ = γ and M absolutely continuous with density m on
(0,∞) given by

m(x) =
e−x

x (1− e−x)
[x > 0 ].

Note that M(0−) = 0 and
∫
(0,1]

xdM(x) = ∞, so by Theorem 9.7 (ii) the
left tail of X is non-trivial, but thin. Actually, it is extremely thin; it is
given by − log IP(X < −x) = ex for all x. The right tail of X is easily seen
to satisfy − log IP(X > x) ∼ x as x→∞; cf. Theorem 9.7 (iii). 22
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Example 11.11. Let X have the logistic distribution with density f given
by

f(x) = 1
4

1
cosh2 1

2x
= 1

2

1
coshx+ 1

[x ∈R ];

in Example 11.2 we have seen that X is infinitely divisible. Since X can
be obtained as X d= Y1 − Y2 with Y1 and Y2 independent and both having
a Gumbel distribution, we can use the results of Example 11.10. Thus for
the characteristic function φ of X we find

φ(u) = Γ(1− iu) Γ(1 + iu) =
πu

sinhπu
;

cf. Section A.5. Moreover, because of Proposition 4.5 the Lévy triple of X
is (0, 0,M) with M absolutely continuous with density m given by

m(x) =
e−|x|

|x| (1− e−|x|)
[x 6= 0 ].

Hence from Theorem 4.11 it follows that φ can be represented as

φ(u) = exp
[
2

∫ ∞

0

(cos ux− 1)
e−x

x (1− e−x)
dx

]
.

Finally, we note that the two-sided tail of X satisfies − log IP
(
|X| > x

)
∼ x

as x→∞; cf. Theorem 9.8. 22

Example 11.12. Let X be a random variable with a symmetric, infinitely
divisible distribution and with VarX = 1, and let Z be standard-normal.
Then we have the following moment inequality :

IE |X|r ≤ IE |Z|r [ 0 < r ≤ 2 ].

To prove this we use the Kolmogorov representation for the characteristic
function φX of X; in our case it reduces to

φX(u) = exp
[∫

R
(cosux− 1)

1
x2

dH(x)
]
,

where H is a (symmetric) distribution function. Since cos t ≥ 1− 1
2 t

2 for
all t ∈R, it follows that

φX(u) ≥ φZ(u) for all u ∈R.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Now, take r ∈ (0, 2 ], and for λ > 0 let Sλ be a random variable that is
symmetric stable (λ) with exponent r, so φSλ

(u) = exp
[
−λ |u|r

]
; see Ex-

ample 4.9. Then by Parseval’s identity for characteristic functions

IEφSλ
(X) = IEφX(Sλ) ≥ IEφZ(Sλ) = IEφSλ

(Z).

Since by dominated convergence IE |X|r = limλ↓0
{
1− IEφSλ

(X)
}/
λ, and

similarly for IE |Z|r, the desired inequality follows. 22

We next present some further examples and counter-examples in the
context of log-convexity and log-concavity for densities and characteristic
functions; see Section 10.

Example 11.13. Let X have an absolutely continuous distribution with
density f given by

f(x) = c e−|x| e−x
2

[x ∈R ],

where c > 0 is a norming constant. Clearly, f is log-concave. Nevertheless,
X is not infinitely divisible. This can be seen by noting that X cannot be
normal, and considering the two-sided tail of X; for x ≥ 0 we have

IP
(
|X| > x

)
≤ 2c

∫ ∞

x

e−y
2
dy ≤ 2c

x

∫ ∞

x

y e−y
2
dy =

c

x
e−x

2
,

so X has too thin a tail to satisfy the limiting relation of Theorem 9.8.
In fact, combining the estimation above with (9.9) one easily shows that
− log IP

(
|X| > x

)
∼ x2 as x→∞, so now one can use Corollary 9.9 to

conclude that X is not infinitely divisible. This example also shows that
densities f of the form

f(x) = c e−|x| f0(x) [x ∈R ],

with f0 an infinitely divisible density (not concentrated on a half-line), need
not be infinitely divisible; cf. (6.3). 22

Example 11.14. Consider the following mixture of normal characteristic
functions:

φ(u) = 1
2 e−u

2
+ 1

2 e−2u2
.
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Then, differentiating log φ twice, one easily shows that φ is log-concave.
Nevertheless, φ is not infinitely divisible. This can be seen as in Exam-
ple 11.13 by using Corollary 9.9; φ cannot be normal, and the corresponding
density f is given by

f(x) =
1

4
√
π

e−
1
4x

2
+

1
4
√

2π
e−

1
8x

2
[x ∈R ],

so the two-sided tail of X satisfies − log IP
(
|X| > x

)
∼ 1

8x
2 as x→∞. 22

Example 11.15. For r > 0 consider the double-gamma density fr given
by

fr(x) =
1

2Γ(r)
|x|r−1 e−|x| [x ∈R; x 6= 0 when r < 1 ];

it can be written as in (10.1): fr(x) = 1
2 gr

(
|x|

)
for all x, where gr is the

standard gamma (r) density on R+. It is well known that gr is infinitely
divisible for every r. Now, for r ≤ 1 also fr is infinitely divisible; this
follows from Theorem 10.1 because then fr (or gr) is completely monotone
on (0,∞). Thus, taking e.g. r = 1

2 , we see that the following density is
infinitely divisible:

f 1
2
(x) =

1
2
√
π

1√
|x|

e−|x| [x 6= 0 ].

For r > 1, however, fr is continuous at zero with fr(0) = 0, so by Proposi-
tion 8.10 fr is not infinitely divisible. The last result can also be obtained
by using Theorem 2.12 (i); because of (10.2) the characteristic function φr
of fr is given by

φr(u) = Re
( 1

1− iu

)r
=

cos (r arctan u)
(1 + u2)r/2

,

which has real zeroes iff r > 1. Taking for instance r = 2, we get simpler
expressions:

f2(x) = 1
2 |x| e

−|x|, φ2(u) =
1− u2

(1 + u2)2
.

Returning to the case where r ≤ 1, we note that, more generally, for every
α ∈ (0, 1 ] and r ∈ (0, 1/α ] the density f given by

f(x) =
α

2Γ(r)
|x|αr−1 exp

[
−|x|α

]
,

is infinitely divisible; see Example III.11.3. 22
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Example 11.16. For r > 1 consider the density f given by

f(x) = 1
2 (r−1)

1(
1 + |x|

)r [x ∈R ].

Since f is completely monotone on (0,∞) (cf. Example III.11.5), it fol-
lows from Theorem 10.1 that f is infinitely divisible. This distribution is
sometimes called the double-Pareto distribution. 22

Example 11.17. Consider the probability distribution (pk)k∈Z on Z given
by

pk = c
1(

1 + |k|
)2

[
k ∈Z; c := 1

/
( 1
3π

2− 1)
]
.

Since (pk)k∈Z+ is completely monotone (cf. Example II.11.4), it follows from
Theorem 10.2 that (pk) is infinitely divisible. 22

Example 11.18. For λ > 0 consider the sequence (pk)k∈Z defined by

pk = cλ
1

λ2 + k2

[
k ∈Z ; cλ := λ

/
(π cothλπ)

]
.

Then (pk) is a probability distribution on Z which is infinitely divisible. In
order to show this we observe that (pk) is proportional to

(
f(k)

)
, where f

is the Cauchy (λ) density; recall that f and its characteristic function φ are
given by

f(x) =
1
π

λ

λ2 + x2
, φ(u) = e−λ|u|.

Note that φ is of the type considered in Theorem 10.4 (i); φ is log-convex
on (0,∞). Since φ is also nonincreasing on (0,∞), we have Poisson’s sum-
mation formula as given in Lemma 10.7, which implies that∑

k∈Z
f(k) =

∑
k∈Z

φ(2kπ) =
eλπ + e−λπ

eλπ − e−λπ
= cothλπ.

It now follows that the sequence (pk) above can be viewed as a probability
distribution on Z. Moreover, we can apply Theorem 10.8 to conclude that
(pk) is infinitely divisible with a characteristic function that is 2π-periodic,
and nonincreasing and log-convex on (0, π), so of the type as considered in
Theorem 10.4 (ii). 22
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The final example shows that, as opposed to the discrete component
(cf. Proposition I.2.2), the continuous-singular and absolutely continuous
components of an infinitely divisible distribution need not be infinitely
divisible.

Example 11.19. Let F be a distribution function that is compound-Pois-
son, so there exist λ > 0 and a distribution function G such that for x ∈R

F (x) = e−λ 1[0,∞)(x) + λ e−λG(x) +
∞∑
n=2

(λn
n!

e−λ
)
G?n(x).

First, take for G a continuous-singular distribution function on (0, 1) such
that G?2 is absolutely continuous; this can be done (see Notes). Then the
continuous-singular component of F is given by G, which is not infinitely
divisible because it has its support in (0, 1); cf. Proposition I.2.3.
Next, take for G an absolutely continuous distribution function such that
G̃(u0) = 0 for some u0 ∈R; the uniform distribution on (0, 1), for instance,
has this property with u0 = 2π. Then, as one easily verifies, the absolutely
continuous component of F has characteristic function φac given by

φac(u) =
1

eλ − 1
{
exp

[
λ G̃(u)

]
− 1

}
,

which is not infinitely divisible as φac(u0) = 0; cf. Proposition 2.4. 22

12. Notes

The basic properties of infinitely divisible distributions and charac-
teristic functions can be found in many textbooks. We name Tucker (1967),
where the definition of the logarithm of a nonvanishing characteristic func-
tion is very carefully treated; Lukacs (1970); Feller (1971), with emphasis
on distributions on the half-line; Loève (1977, 1978). More recently, brief
treatments of infinite divisibility are given in two books on Lévy processes:
Bertoin (1996) and Sato (1999).

Theorem 2.12, on zeroes of infinitely divisible characteristic functions,
can be found in Lukacs (1970). Infinitely divisible compound distributions
are treated in the context of subordination by Feller (1971); not all of the
results in Section 3 can be found there, though.

The canonical representations of Sections 4 and 7 have been known for a
long time. The first results can be found in de Finetti (1929); Kolmogorov
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(1932), where Theorem 7.7 is given; Lévy (1934), who gave the most general
result; Khintchine (1937b), who gave a different proof of Lévy’s formula.
Derivations of these formulas are given in several standard books on prob-
ability theory; apart from the references mentioned above, e.g., in Breiman
(1968), and Laha and Rohatgi (1979). A very classical reference is Gne-
denko and Kolmogorov (1968), where also Propositions 4.2 and 4.3 are
proved; an interesting treatment is presented in Stroock (1993). A deriva-
tion based on Choquet theory (extreme points in a convex set) is given by
Johansen (1966). A representation for R-valued infinitely divisible random
variables similar to that in Theorem III.3.9 in the R+-case occurs in Csőrgö
et al. (1988); see also Csőrgö (1989). The formula for `F in Theorem 4.13
was first given by Tucker (1961); estimates can be found in Baxter and
Shapiro (1960), and in Esseen (1965). Theorem 4.20 is due to Blum and
Rosenblatt (1959); the proof we give, and especially the inequality for ran-
dom walks used in it, is due to Huff (1974); a proof using sample functions
of Lévy processes is given by Millar (1995). For early results see Hart-
man and Wintner (1942); compare, however, Orey (1968). Related work
has been done by Tucker (1962, 1964); the first reference contains a proof
of Theorem 4.23, which is also proved by Fisz and Varadarajan (1963).
There seems to be no simple necessary and sufficient condition on the Lévy
function for an infinitely divisible distribution to be absolutely continuous;
cf. Tucker (1965). Not all of the detailed results in Section 4 are easily
available in the literature.

Compound-exponential distributions are considered by Steutel (1970) in
the context of mixtures, by van Harn (1978) in connection with p -functions,
and by Klebanov et al. (1984) as a class of ‘geometrically infinitely divisible’
distributions.

Relations between the moments of infinitely divisible distributions and
the corresponding canonical functions were first derived by Shapiro (1956),
and in more detail by Ramachandran (1969) and by Wolfe (1971b). Since
the relations between moments of the Lévy function and cumulants are
not as simple as in the half-line case, it does not seem possible to define
‘fractional cumulants’ here. The cumulant inequality of Proposition 7.8 is
proved in Gupta et al. (1994), who use it for testing.

Supports of infinitely divisible distributions have been considered by
Rubin (1967), Tucker (1975) and Brown (1976), and more recently by Tor-
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trat (1988); part of the results of Section 8 can be found in these references,
under varying conditions. Sharpe (1969a) has given the first result on ze-
roes of densities on R, but under rather stronger conditions than our Theo-
rem 8.7. Sharpe (1995) contains very nice general results, but these are not
suited for deciding on infinite divisibility of individual densities. Hudson
and Tucker (1975b) prove that an infinitely divisible density is positive a.e.
on its support, which may sound trivial, but is not; for more precise results
we refer to Byczkowski et al. (1996). Formula (8.11), used in the proof of
Proposition 8.10, is taken from Kawata (1972).

Tails of infinitely divisible distributions have been studied by many
authors, in varying degrees of precision. Among the many authors are
Zolotarev (1965), Kruglov (1970), Ruegg (1970, 1971), Horn (1972) and
Steutel (1974). The results in Theorems 9.7 and 9.8 are basically due to
Sato (1973). Riedel (1975) characterizes the normal distribution in terms
of one-sided tails; see also Rossberg et al. (1985), and Sato and Steutel
(1998). Csőrgö and Mason (1991) prove slightly more detailed results using
a stochastic representation of infinitely divisible random variables.

Densities that are completely monotone on both sides of zero, are con-
sidered in Steutel (1970). The infinite divisibility of real characteristic func-
tions that are log-convex on both sides of zero, was noted by Horn (1970).
This class of functions, which is closed under mixing, multiplication and
pointwise limits, is studied in Keilson and Steutel (1972); they also give
Theorem 10.8. A different proof of Theorem 10.5 occurs in Kelker (1971).

The infinite divisibility of the student distribution mentioned in Exam-
ple 11.6 has been examined by many authors. We name Kelker (1971);
Grosswald (1976), who gave the first complete proof by using properties
of Bessel functions; Ismail (1977), who also uses Bessel functions; Ep-
stein (1977), who gives a long ‘elementary’ proof. See also the Notes of
Chapter VI, where we return to the infinite divisibility of 1/V with V

gamma (r). The work on Bessel functions and infinite divisibility was con-
tinued by Barndorff-Nielsen and Halgreen (1977), Kent (1978), Ismail and
Kelker (1979), Ismail and May (1979), and Ismail and Miller (1982). The
moment inequality in Example 11.12 is due to Klaassen (1981). Examples
by Rubin (1967) of continuous-singular distribution functions F on (0, 1)
such that F ?2 is absolutely continuous, gave rise to Example 11.19.
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Chapter V

SELF-DECOMPOSABILITY AND STABILITY

1. Introduction

Self-decomposable and stable distributions, as introduced in Section I.5,
derive their importance from being limit distributions in the central limit
problem. In this chapter, however, self-decomposability and stability will
not be studied in this context; we will show that the self-decomposable
and stable distributions form interesting subclasses of the class of infinitely
divisible distributions, having attractive properties such as unimodality.
Again, results for distributions on Z+ and on R+ are much easier obtained
than for distributions on R. In this introductory section we collect some
general observations, whereas in the subsequent sections the Z+-, R+- and
R-case are treated separately.

We first recall the definition of self-decomposability. A random vari-
able X is said to be self-decomposable if for every α ∈ (0, 1) it can be written
(in distribution) as

X
d= αX +Xα,(1.1)

where in the right-hand side the random variables X and Xα are indepen-
dent. Clearly, self-decomposability is a property of the distribution of X;
therefore, a distribution function F and a characteristic function φ are
called self-decomposable if a corresponding random variable has this prop-
erty, and (1.1) can be rewritten in terms of F and φ in an obvious way.
Doing so one easily verifies that (1.1) with some fixed α implies the same
relation with α replaced by αn for any n ∈N. Hence for self-decomposability
of X we need only require (1.1) for all α in some left neighbourhood of one,
and it will be no surprise that several results on self-decomposability will
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be obtained by letting α ↑ 1. If a self-decomposable random variable X has
a finite left extremity `X , then for every α the component Xα also has `Xα

finite with `X = α `X + `Xα , so

`Xα
= (1− α) `X .(1.2)

It follows that if X is R+-valued, then its components Xα are R+-valued as
well; therefore, in this case we will use probability Laplace-Stieltjes trans-
forms (pLSt’s) to rewrite (1.1) rather than characteristic functions. In the
R+-case we will also often suppose that `X = 0; this is not an essential
restriction because, as is easily verified, for every a ∈R:

X self-decomposable ⇐⇒ a+X self-decomposable.(1.3)

Any degenerate distribution is self-decomposable, but mostly we tacitly
exclude the trivial case of a distribution degenerate at zero, so we then
assume that IP(X = 0) < 1. It will then be clear that no Z+-valued ran-
dom variable X with `X = 0 can satisfy (1.1) for all α; in fact, we will
show that any non-degenerate self-decomposable distribution is absolutely
continuous. Nevertheless, by replacing the ordinary product αX in (1.1)
by the Z+-valued ‘product’ α�X as introduced in Section A.4, we can
define a meaningful concept of self-decomposability for Z+-valued random
variables X with properties, like unimodality, similar to those in the R+-
case. Moreover, by generalizing the multiplication � one is led to classes
of infinitely divisible distributions, both on Z+ and on R+, that are self-
decomposable with respect to composition semigroups of transforms such
as occur in branching processes.

We next turn to the stable distributions. A random variable X is said
to be weakly stable if for every n ∈N it can be written (in distribution) as

X
d= cn (X1 + · · ·+Xn) + dn,(1.4)

where cn > 0, dn ∈R, and X1, . . , Xn are independent with Xi
d= X for all i.

Note that c1 = 1 and d1 = 0. The random variableX is called strictly stable
if it is weakly stable with dn = 0 in (1.4) for all n. Again, a distribution
function F and a characteristic function φ are called weakly/strictly stable
if a corresponding random variable has this property, and (1.4) can be
rewritten in terms of F and φ in an obvious way. For given m,n ∈N one
easily verifies that (1.4) holds as stated if it holds with n replaced by m
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and by nm; hence for weak stability of X we need only require (1.4) for
large n. Any degenerate distribution is strictly stable with cn = 1/n for
all n. A weakly stable X that has a symmetric distribution, i.e., for which
X

d= −X, is easily shown to be strictly stable. On the other hand, most
weakly stable random variables can be made strictly stable by adding a
suitable constant. To see this, we first note that, similar to (1.3), for every
a ∈R:

X weakly stable ⇐⇒ a+X weakly stable.(1.5)

In fact, if X satisfies (1.4), then so does a+X with the same cn and
with dn replaced by d′n := dn − a (ncn− 1). When X is weakly stable with
cn = 1/n and dn 6= 0 for some n ≥ 2, it follows that a+X will not be
strictly stable for any a. In case cn 6= 1/n for all n ≥ 2, however, one is
tempted to take a = dn

/
(ncn− 1); then d′n = 0. Of course, we can only do

so if dn
/
(ncn− 1) is independent of n ≥ 2. Now, this is indeed the case;

look at c2cn (X1 + · · ·+X2n), and split up the sum into two sums of n X’s
and into n sums of two X’s, then it easily follows that

c2cn (X1 + · · ·+X2n)
d=

{
X − (d2 + 2c2dn),

X − (dn + ncnd2),

so d2 + 2c2dn = dn + ncnd2, and hence dn
/
(ncn− 1) = d2

/
(2c2 − 1). If a

weakly stable random variable X has a finite left extremity `X , then cn

and dn in (1.4) satisfy

`X = ncn`X + dn, so dn = (1− ncn) `X .(1.6)

Hence X− `X , with left extremity zero, is strictly stable and, in case
cn = 1/n for all n, even X itself is strictly stable, as is a+X for any a ∈R.
Thus in the R+-case we can and will restrict ourselves to strict stability.
In view of the preceding discussion we make the following convention:

From now on ‘stability’ means ‘strict stability’.

In the Z+-case stability is defined by (1.4) with dn = 0 and with ordinary
multiplication replaced by the discrete multiplication �.

Our main goal is to exhibit both the self-decomposable and stable dis-
tributions as special infinitely divisible distributions by showing the spe-
cial form of their canonical representations and to prove the interesting
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property of unimodality. We first do so in Sections 2 and 3 for distrib-
utions on R+, because this is a classical case in which explicit results can
be obtained in a straightforward way, by use of properties of completely
monotone functions. Then, in Sections 4 and 5 we use the discrete multi-
plication � and treat, analogous to the R+-case, self-decomposable and
stable distributions on Z+, using properties of absolutely monotone func-
tions. In Sections 6 and 7 we treat the much more complicated (classical)
case of distributions on R; as we wish to proceed as in the R+-case, we have
to accept a small restriction. Section 8 contains a generalization in terms
of composition semigroups of transforms, both for distributions on Z+ and
on R+. The final two sections, 9 and 10, contain examples and notes.

2. Self-decomposability on the nonnegative reals

Let X be an R+-valued random variable. Then, as noted in Section 1,
we can use pLSt’s to rewrite (1.1); with π the pLSt of X it follows that X
is self-decomposable iff for all α ∈ (0, 1) there exists a pLSt πα such that

π(s) = π(αs)πα(s).(2.1)

Mostly we will consider LSt’s only for positive values of the argument.
Since a pLSt is positive on (0,∞), relation (2.1) can be written as

πα(s) =
π(s)
π(αs)

.(2.2)

It follows that the distributions of the components Xα of X in (1.1) are
uniquely determined by X. The function πα defined by (2.2) will be called
the πα-function of π, also when π is not yet known to be a pLSt (but has
no zeroes). Using Bernstein’s theorem (Theorem A.3.6) one immediately
obtains the following criterion.

Proposition 2.1. A pLSt π is self-decomposable iff for all α ∈ (0, 1) the

πα-function of π is completely monotone.

Recall that a real-valued function ρ on (0,∞) is said to be completely
monotone if ρ possesses derivatives of all orders, alternating in sign:

(−1)nρ(n)(s) ≥ 0 [n ∈Z+; s > 0 ].
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In the sequel we wil use, without further comment, several properties of
completely monotone functions as reviewed in Proposition A.3.7. Using
Proposition 2.1 one easily shows that the class of self-decomposable dis-
tributions on R+ is closed under scale transformation, under convolution
and under weak convergence. In the next two propositions we make these
elementary properties explicit.

Proposition 2.2.

(i) If X is a self-decomposable R+-valued random variable, then so is aX

for every a ∈R+. Equivalently, if π is a self-decomposable pLSt, then

so is π(a) with π(a)(s) := π(as) for every a ∈R+.

(ii) If X and Y are independent self-decomposable R+-valued random

variables, then X+Y is self-decomposable. Equivalently, if π1 and π2

are self-decomposable pLSt’s, then their pointwise product π1π2 is a

self-decomposable pLSt.

Proposition 2.3. If a sequence (X(m)) of self-decomposable R+-valued

random variables converges in distribution to X, then X is self-decom-

posable. Equivalently, if a sequence (π(m)) of self-decomposable pLSt’s

converges (pointwise) to a pLSt π, then π is self-decomposable.

The use of Proposition 2.1 is also illustrated by the following simple exam-
ple.

Example 2.4. For r > 0, λ > 0, let X have the gamma (r, λ) distribution,
so its density f and pLSt π are given by

f(x) =
λr

Γ(r)
xr−1 e−λx, π(s) =

( λ

λ+ s

)r
.

Then for α ∈ (0, 1) the πα-function of π can be written as

πα(s) =
(λ+ αs

λ+ s

)r
=

{
α+ (1− α)

λ

λ+ s

}r
.

Now, the function s 7→ α+ (1− α)λ
/
(λ+ s) is an infinitely divisible pLSt;

this was shown in Example III.11.8. Hence πα is completely monotone by
Proposition III.2.3. We conclude that X is self-decomposable. 22

We next want to derive a canonical representation for a self-decompos-
able pLSt π. To this end we first recall some basic facts from Section III.4.
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Infinite divisibility of an R+-valued random variable X with pLSt π means
that the functions πt with t > 0 are all completely monotone. This con-
dition is, however, equivalent to the complete monotonicity of only the
ρ-function of π defined by

ρ(s) := − d
ds

log π(s) = −π
′(s)
π(s)

, so π(s) = exp
[
−

∫ s

0

ρ(u) du
]
.(2.3)

Moreover, any function π of this form with ρ completely monotone on
(0,∞) is the pLSt of an infinitely divisible distribution on R+. This ob-
servation, together with Bernstein’s theorem, yields a simple derivation of
the canonical representation of an infinitely divisible pLSt π:

π(s) = exp
[
−

∫
R+

(1− e−sx)
1
x

dK(x)
]
,(2.4)

where the canonical function K is an LSt-able function that satisfies∫
(1,∞)

1
x

dK(x) <∞, K̂ = ρ, K(0) = `X , lim
x→∞

K(x) = IEX.(2.5)

Now it turns out that self-decomposability can be handled in a similar
way. Before showing this we prove that the self-decomposable distributions
are infinitely divisible; later on we will precisely indicate (in terms of the
canonical function K) which infinitely divisible distributions are self-de-
composable.

Theorem 2.5. A self-decomposable distribution on R+ is infinitely divis-

ible.

Proof. Let π be a self-decomposable pLSt with factors πα as in (2.1). In
order to show that π is infinitely divisible, we express the ρ-function of π
in terms of the πα:

ρ(s) =
1

π(s)
lim
α↑1

π(αs)− π(s)
(1− α)s

= lim
α↑1

π(αs)
π(s)

1− π(s)
/
π(αs)

(1− α)s
,

so we get

ρ(s) = lim
α↑1

1
1− α

1− πα(s)
s

.(2.6)

From (A.3.4) it now follows that ρ is the limit of completely monotone
functions; hence ρ is completely monotone, and π is infinitely divisible. 22
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Let π be a pLSt. We look for a function, the complete monotonicity of
which characterizes the self-decomposability of π. To this end we note that
in Section III.4 the ρ-function of π is obtained from the functions πt with
t > 0 by

ρ(s) = lim
t↓0

−1
t

d
ds
πt(s).

Since in the self-decomposability context the πα-function of π seems to take
over the role of πt, one is tempted to look at −π′α

/
(1− α) for α ↑ 1:

π(s)2 lim
α↑1

− 1
1− α

π′α(s) =

= lim
α↑1

1
1− α

π(s)2

π(αs)2
{
απ(s)π′(αs)− π′(s)π(αs)

}
=

= lim
α↑1

{
π′(s)

π(s)−π(αs)
1− α

− π(s)
π′(s)−π′(αs)

1− α
− π(s)π′(s)

}
=

= π′(s) s π′(s)− π(s) s π′′(s)− π(s)π′(s) = π(s)2
[
s ρ(s)

]′
.

We now define the ρ0-function of π by

ρ0(s) :=
d
ds

[
s ρ(s)

]
[ s > 0 ],(2.7)

with ρ as in (2.3), and allow π here to be any positive nonincreasing convex
function on (0,∞) with π(0+) = 1 and a continuous second derivative.
Since by (A.3.5) such a π satisfies lims↓0 s π

′(s) = 0, so lims↓0 s ρ(s) = 0,
we can express ρ in terms of ρ0 by

ρ(s) =
1
s

∫ s

0

ρ0(u) du =
∫ 1

0

ρ0(vs) dv [ s > 0 ];(2.8)

here the integrals are supposed to exist, which is the case if ρ0 is nonnega-
tive. We are now ready to prove the following criterion for self-decompos-
ability.

Theorem 2.6. Let π be a positive nonincreasing convex function on (0,∞)
with π(0+) = 1 and a continuous second derivative. Then π is the pLSt

of a self-decomposable distribution on R+ iff its ρ0-function is completely

monotone.
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−π′α is completely monotone. Since, as we saw above, the ρ0-function of π
can be obtained as

ρ0(s) = lim
α↑1

− 1
1− α

π′α(s),(2.9)

we conclude that ρ0, as a limit of completely monotone functions, is com-
pletely monotone.
Conversely, let the ρ0-function of π be completely monotone. Then ρ0

is nonnegative, so we have (2.8). It follows that the ρ-function of π is a
mixture of completely monotone functions, and hence is itself completely
monotone. Therefore, π is a pLSt and, in fact, an infinitely divisible pLSt;
cf. Theorem III.4.1. We can now apply Proposition 2.1. Take α ∈ (0, 1) and
note that the πα-function of π is a positive differentiable function on (0,∞)
with πα(0+) = 1. So we can compute the ρ-function ρα of πα and find

ρα(s) = ρ(s)− αρ(αs) =
∫ 1

α

ρ0(vs) dv,

where we used (2.8); hence ρα, as a mixture of completely monotone func-
tions, is completely monotone. As above it follows that πα is a pLSt and,
in fact, an infinitely divisible pLSt. We conclude that the pLSt π is self-
decomposable. 22

Corollary 2.7. The components Xα in (1.1) of a self-decomposable R+-

valued random variable X are infinitely divisible. Equivalently, the fac-

tors πα in (2.1) of a self-decomposable pLSt π are infinitely divisible.

Let π be as in Theorem 2.6. We wish to view the ρ0-function of π
as the ρ-function of a positive differentiable function π0 on (0,∞) with
π0(0+) = 1; in view of Theorem III.4.1 complete monotonicity of ρ0 is
then equivalent to π0 being an infinitely divisible pLSt. Clearly, such
a function π0 is determined by π because

(
s ρ(s)

)′ =
(
− log π0(s)

)′, and
hence

π0(s) = exp
[
−s ρ(s)

]
[ s > 0 ],(2.10)

with ρ the ρ-function of π. The function π0 in (2.10) is called the π0-
function of π. Thus we are led to the following variant of Theorem 2.6;
note, however, that we may start from more general functions π.
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Theorem 2.8. Let π be a positive differentiable function on (0,∞) with

π(0+) = 1. Then π is the pLSt of a self-decomposable distribution on R+

iff its π0-function is an infinitely divisible pLSt.

Proof. Let π be a self-decomposable pLSt, so by Theorem 2.6 its ρ0-
function is completely monotone. As noted above, this implies that π0 is an
infinitely divisible pLSt; note that, indeed, π0 is positive and differentiable
on (0,∞) and satisfies π0(0+) = 1 because of (A.3.5).
Conversely, let π be such that its π0-function is an infinitely divisible pLSt,
so the ρ-function ρ0 of π0 is completely monotone. Now, by (2.3) applied
to π0 it is seen that the ρ-function of π can be written as

ρ(s) =
1
s

{
− log π0(s)

}
=

1
s

∫ s

0

ρ0(u) du,(2.11)

so ρ is of the form (2.8). This means that we can proceed as in the second
part of the proof of Theorem 2.6 to conclude that π is a self-decomposable
pLSt. 22

The criterion of Theorem 2.8 can be reformulated so as to obtain the fol-
lowing representation theorem for self-decomposable pLSt’s.

Theorem 2.9. A function π on R+ is the pLSt of a self-decomposable

distribution on R+ iff π has the form

π(s) = exp
[∫ s

0

log π0(u)
u

du
]

[ s ≥ 0 ],(2.12)

with π0 the pLSt of an infinitely divisible random variable X0, for which

necessarily

IE log (X0 + 1) <∞.(2.13)

Proof. Let π be a self-decomposable pLSt, so by Theorem 2.8 its π0-
function is an infinitely divisible pLSt. Now, inserting in (2.3) the expres-
sion for ρ in the first part of (2.11), one sees that π takes the form (2.12).
The converse statement immediately follows from Theorem 2.8; the func-
tion π in (2.12) is positive and differentiable on (0,∞) with π(0+) = 1 and
its π0-function is π0.
The logarithmic moment condition (2.13) follows from the fact that the in-
tegral in (2.12) has to be finite; this concerns a general property of pLSt’s,
which is proved in Proposition A.3.2. 22

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



In view of (2.12) the π0-function of a self-decomposable pLSt π will be
called the underlying (infinitely divisible) pLSt of π. Note that the ρ-
function of π0 is given by the ρ0-function of π, so by the second part of
(2.5) the canonical function K0 of π0 satisfies

K̂0 = ρ0.(2.14)

It is now easy to get a canonical representation for self-decomposable
pLSt’s similar to that in (2.4) for infinitely divisible pLSt’s. To see this set

I(a) := 1− e−a, J(a) :=
∫ a

0

I(t)
t

dt [ a ≥ 0 ].

Then the underlying pLSt π0 of a self-decomposable pLSt π can be repre-
sented, as all infinitely divisible pLSt’s, in terms of its canonical functionK0

by

π0(s) = exp
[
−

∫
R+

I(sx)
1
x

dK0(x)
]

[ s ≥ 0 ],(2.15)

where necessarily
∫
(1,∞)

(1/x) dK0(x) < ∞. Inserting this representation
for π0 in (2.12) and changing the order of integration, we obtain a similar
representation for the self-decomposable pLSt π; we only have to replace I
by J .

Theorem 2.10 (Canonical representation). A function π on R+ is the

pLSt of a self-decomposable distribution on R+ iff π has the form

π(s) = exp
[
−

∫
R+

J(sx)
1
x

dK0(x)
]

[ s ≥ 0 ],(2.16)

with K0 an LSt-able function; the integrand for x = 0 is defined by conti-

nuity. Here the function K0 is unique, and necessarily satisfies∫
(1,∞)

(log x)
1
x

dK0(x) <∞.(2.17)

Proof. We only have to show yet that (2.17) holds if π is of the form
(2.16). For this it is sufficient to note that the integral in (2.16) with s = 1
is finite and that J(x) ≥ c log x for x ≥ 1 and some c > 0. 22

The function K0 in Theorem 2.10 will be called the second canonical func-
tion of π, and of the corresponding distribution function F and of a cor-
responding random variable X. It is the (first) canonical function of the
underlying pLSt π0, and is most easily determined by using (2.14). The
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condition on K0 given by (2.17) is equivalent to that on π0 in (2.13) be-
cause, as has been shown in the proofs above, both conditions are equivalent
to the finiteness of − log π(1). Moreover, (2.17) is equivalent to the first
condition in (2.5) for the (first) canonical function K of π; this is an im-
mediate consequence of an expression for K in terms of K0 which will now
be derived. Since K̂ = ρ, the ρ-function of π, we can use (2.8) to write

K̂(s) =
∫ 1

0

K̂0(vs) dv =
∫

R+

(∫ 1

0

e−vsy dv
)

dK0(y) =

= K0(0) +
∫

(0,∞)

(∫ y

0

e−sx dx
) 1
y

dK0(y) =

= K0(0) +
∫ ∞

0

e−sx
(∫

(x,∞)

1
y

dK0(y)
)

dx,

so for K we get

K(x) = K0(0) +
∫ x

0

(∫
(t,∞)

1
y

dK0(y)
)

dt [x ≥ 0 ].(2.18)

It follows that K(0) = K0(0) and by Fubini’s theorem that K(x) and K0(x)
have the same limits as x→∞, and∫

(1,∞)

1
x

dK(x) =
∫

(1,∞)

(log x)
1
x

dK0(x).(2.19)

Hence the equivalence noted above indeed holds, and if X is a random
variable with pLSt π, then by the last two parts of (2.5) we have

K0(0) = `X , lim
x→∞

K0(x) = IEX.(2.20)

The preceding discussion also leads to the following characterization of
the self-decomposable distributions on R+ among the infinitely divisible
ones; cf. Theorem 2.5. From now on it is convenient to use distribution
functions F rather than pLSt’s, and to suppose that `F = 0; cf. (1.3).

Theorem 2.11. A distribution function F with `F = 0 is self-decompos-

able iff it is infinitely divisible having an absolutely continuous canonical

function K with a nonincreasing density k on (0,∞). In this case, for k

one may take

k(x) =
∫

(x,∞)

1
y

dK0(y) [x > 0 ],(2.21)

where K0 is the second canonical function of F .
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Proof. The direct part of the theorem, including the expression for k in
(2.21), immediately follows by using the first part of (2.20) in (2.18). Turn-
ing to the converse we let F be infinitely divisible such that K has a nonin-
creasing density k, which may be taken right-continuous. Since by (2.5) the
function x 7→ k(x)

/
x is integrable over (1,∞), we have limx→∞ k(x) = 0,

so we can write k(x) =
∫
(x,∞)

d(−k) for x > 0. Comparison with (2.21)
now suggests looking at the right-continuous nondecreasing function K0

with K0(x) = 0 for x < 0 and on (0,∞) defined by

K0(x) =
∫

(0,x]

y d
(
−k(y)

)
= K(x)− x k(x) [x > 0 ].(2.22)

Here the second expression for K0, which easily follows by use of Fubini’s
theorem, shows that K0(x) is indeed finite for all x > 0 and that K0(0) = 0;
note that K(0) = 0 because `F = 0. Now, use (a generalized version of)
(A.3.2) to show that for s > 0∫

R+

e−sx dK0(x) = s

∫ ∞

0

e−sxK0(x) dx =
d
ds

[
s K̂(s)

]
.

So, K0 is an LSt-able function and, because of (2.5) and (2.7), its LSt K̂0

is precisely the ρ0-function of F . From Theorem 2.6 it follows that F is
self-decomposable. 22

Of course, a function K as in Theorem 2.11 is concave on (0,∞). Now, it is
well known that, conversely, any such function has a nonincreasing density
on (0,∞). Hence Theorem 2.11 may be reformulated in the following way;
since `F = K(0), we need not require `F = 0 here.

Corollary 2.12. A distribution on R+ is self-decomposable iff it is infin-

itely divisible having a canonical function that is concave on (0,∞).

Before using Theorem 2.11 for proving some attractive properties of
self-decomposable distributions on R+, we give a simple example where
both the canonical functions K and K0 can be computed explicitly, and
prove some useful closure properties.

Example 2.13. Consider the gamma (r, λ) distribution with pLSt π given
by

π(s) =
( λ

λ+ s

)r
.
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In Example 2.4 we have seen, by computing the πα-function of π, that π
is self-decomposable. Alternatively, one can use Theorems 2.6 or 2.11. The
(first) canonical density k was found in Example III.4.8:

k(x) = r e−λx [x > 0 ],

so, indeed, k is nonincreasing on (0,∞). Since the ρ-function of π is given
by ρ(s) = r

/
(λ + s), for the ρ0-function of π we find ρ0(s) = rλ

/
(λ + s)2

which, indeed, is completely monotone. From (2.14) it follows that the
second canonical function K0 has a density k0 given by

k0(x) = rλ x e−λx [x > 0 ].

Moreover, using (2.10) we can compute the underlying infinitely divisible
pLSt π0 of π; we find

π0(s) = exp
[
−r s

/
(λ+ s)

]
= exp

[
−r

{
1− λ

/
(λ+ s)

}]
,

so π0 is of the compound-Poisson type. 22

Self-decomposability is preserved under scale transformations, convolutions
and taking limits; see Propositions 2.2 and 2.3. We now consider some other
operations; they also occur in Section III.6 on closure properties of general
infinitely divisible distributions on R+.

Proposition 2.14. Let π be a self-decomposable pLSt. Then:

(i) For a > 0 the a-th power πa of π is a self-decomposable pLSt.

(ii) For a > 0 the pLSt π(a) with π(a)(s) := π(a+ s)
/
π(a) is self-decom-

posable.

(iii) For γ ∈ (0, 1 ] the function π(γ) with π(γ)(s) := π(sγ) is a self-decom-

posable pLSt.

Proof. Part (i) follows by taking the a-th power in (2.1) and using Propo-
sition III.2.3; π and its factors πα are infinitely divisible because of Theo-
rem 2.5 and Corollary 2.7. One can also use Theorem 2.6; the ρ0-function
of πa is a times the ρ0-function of π. Next, one easily verifies that the
ρ0-function ρ

(a)
0 of π(a) in (ii) can be expressed in terms of the ρ- and

ρ0-function of π by

ρ
(a)
0 (s) = ρ0(a+ s)− a ρ′(a+ s);
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since this function is completely monotone, π(a) is self-decomposable. Fi-
nally, consider the function π(γ) in (iii), and recall that by (III.3.8) it is
a pLSt for every pLSt π (self-decomposable or not); it can be written as
π(γ) = π ◦ (− log π0) with π0 the infinitely divisible (stable) pLSt of Exam-
ple III.4.9. Now, using (2.1) with α replaced by αγ , one sees that π(γ) is
self-decomposable. 22

In view of part (iii) we note that if π and π0 are self-decomposable, then
π ◦ (− log π0) need not be self-decomposable; we refer to Section 9 for an
example. Further, if π is self-decomposable, then the pLSt’s π(a) with a > 0
and π(α) with α ∈ (0, 1) defined by

π(a)(s) :=
π(a)π(s)
π(a+ s)

, π(α)(s) := 1− α+ απ(s),

are not self-decomposable; this is because the corresponding distributions
have positive mass at zero (cf. Proposition A.3.3 for the first pLSt) and, as
will be proved in a moment, a non-degenerate self-decomposable distrib-
ution is absolutely continuous. In particular, the factors πα of the gamma
pLSt π, which were computed in Example 2.4, are not self-decomposable;
note that by Example 2.13 the underlying pLSt π0 of π is not self-de-
composable either. In fact, self-decomposability of the πα turns out to be
equivalent to that of π0.

Theorem 2.15. Let π be a self-decomposable pLSt. Then its factors πα

with α ∈ (0, 1) are self-decomposable iff the underlying infinitely divisible

pLSt π0 of π is self-decomposable. In fact, for α ∈ (0, 1) the π0-function

of πα equals the πα-function of π0: πα,0 = π0,α.

Proof. Recall that πα and π0 are defined by

πα(s) =
π(s)
π(αs)

, π0(s) = exp
[
−s ρ(s)

]
,

where ρ is the ρ-function of π. Now, as is easily verified and already noted
in the proof of Theorem 2.6, the ρ-function ρα of πα is related to ρ by
ρα(s) = ρ(s)− αρ(αs), so

πα,0(s) := exp
[
−s ρα(s)

]
=

π0(s)
π0(αs)

=: π0,α(s);

this proves the final statement of the theorem. The rest is now easy; use
Theorem 2.8 for πα, and (2.1) and Corollary 2.7 for π0. 22
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We return to Theorem 2.11; it enables us to make use of several results
from Chapter III. First of all, recall that an infinitely divisible distribution
function F on R+ satisfies the following functional equation:∫

[0,x]

u dF (u) =
∫

[0,x]

F (x− u) dK(u) [x ≥ 0 ].

In Section III.4 we used this equation to easily show that F is absolutely
continuous if its canonical function K is absolutely continuous and satisfies∫
(0,∞)

(1/x) dK(x) = ∞. Since by Theorem 2.11 the canonical function K

of a self-decomposable F with `F = 0 has these properties, we conclude
that such an F is absolutely continuous. Making better use of the functional
equation led to Proposition III.4.16 which, in turn, yielded the general
result in Theorem III.10.4 on infinitely divisible distributions on R+ having
a nonincreasing canonical density k on (0,∞). Therefore we can state the
following result.

Theorem 2.16. Let F be a self-decomposable distribution function with

`F = 0. Then F is absolutely continuous and has a unique density f for

which

x f(x) =
∫ x

0

f(x− u) k(u) du [x > 0 ],(2.23)

where k is a canonical density that is nonincreasing on (0,∞). Moreover, f

is continuous and positive on (0,∞), f is bounded on (0,∞) if k(0+) > 1,

and

(i) If f is nonincreasing near 0 with f(0+) = ∞, then k(0+) ≤ 1.

(ii) If f(0+) exists in (0,∞), then k(0+) = 1.

(iii) If f is nondecreasing near 0 with f(0+) = 0, then k(0+) ≥ 1.

This theorem can be used to show that a self-decomposable distribution
on R+ is unimodal ; see Section A.2 for definition and properties. In case
the left extremity is zero, for the corresponding density f that is continuous
on (0,∞), this means that there are only the following two possibilities: (1)
f is nonincreasing on (0,∞); (2) f is nondecreasing and not constant on
(0, x1] and nonincreasing on [x1,∞), for some x1 > 0. The next theorem
also characterizes these possibilities in terms of a corresponding canonical
density k that is nonincreasing on (0,∞).
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Theorem 2.17. A self-decomposable distribution on R+ is unimodal. If

its left extremity is zero, then the corresponding continuous density f is

nonincreasing iff the nonincreasing canonical density k satisfies k(0+) ≤ 1.

Proof. Let F be a self-decomposable distribution function on R+. We
suppose that `F = 0; this is not an essential restriction. Let f and k be
the densities as indicated in the theorem; they are related as in the func-
tional equation (2.23), f is positive and k can be taken right-continuous,
of course. First we note that if f is nonincreasing on (0,∞), then from
parts (i) and (ii) of Theorem 2.16 it immediately follows that k(0+) ≤ 1.
Next we show that for the rest of the proof we may restrict ourselves to
functions k with some further nice properties.
Suppose that k can be obtained as the monotone (pointwise) limit of a
sequence (kn)n∈N of nonincreasing canonical densities. Then by the mono-
tone convergence theorem we have for s > 0

lim
n→∞

∫ ∞

0

(1− e−sx)
1
x
kn(x) dx =

∫ ∞

0

(1− e−sx)
1
x
k(x) dx,

and hence by (2.4) limn→∞ F̂n(s) = F̂ (s) for s > 0, where Fn is the infin-
itely divisible distribution function with canonical density kn. From the
continuity theorem for pLSt’s it follows that (Fn) converges weakly to F .
Since unimodality is preserved under weak convergence, we conclude that F
is unimodal as soon as all Fn are unimodal. Similarly, F is concave on
(0,∞) as soon as all Fn are concave on (0,∞), and hence F has a nonin-
creasing density on (0,∞) if every Fn has such a density. Also, note that if
the approximating sequence (kn) is nondecreasing, then k(0+) ≤ 1 implies
that kn(0+) ≤ 1 for all n.
These observations will now be used in four successive steps for showing
that k may be taken special, as indicated below.

1. Define kn(x) := min
{
k(1/n), k(x)

}
for n ∈N and x > 0. Then each kn

is a nonincreasing canonical density which, moreover, is bounded. Since
kn ↑ k as n → ∞, we may further assume that k is like kn, i.e., that k is
bounded.
2. Define kn(x) := n

∫ x+1/n

x
k(t) dt for n ∈N and x > 0. Then each kn is a

bounded nonincreasing canonical density which, moreover, is continuous.
Since by the right-continuity of k we have kn ↑ k as n→∞, we may further
assume that k is bounded and continuous.
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3. Define kn as in the preceding step. Then each kn is a bounded non-
increasing continuous canonical density which, moreover, is differentiable
with derivative given by k′n(x) = n

{
k(x + 1/n) − k(x)

}
for x > 0. Since

kn ↑ k as n → ∞, we may further assume that k is like kn, i.e., that k is
bounded with a bounded continuous derivative on (0,∞).
4. Define kn(x) := k(x) + e−nx for n ∈N and x > 0. Then each kn is a
bounded canonical density with a bounded continuous derivative which,
moreover, is negative. Since kn ↓ k as n → ∞, for proving just the uni-
modality of f we may further assume that k is bounded with a bounded
continuous negative derivative on (0,∞).
We finally prove the remaining assertions of the theorem for F having a
canonical density k as after step 3. Then we can differentiate the func-
tional equation (2.23) to see that f has a continuous derivative on (0,∞)
satisfying

x f ′(x) =
{
k(0+)− 1

}
f(x) +

∫ x

0

f(x− u) k′(u) du [x > 0 ].(2.24)

Since k′ ≤ 0, it follows that in case k(0+) ≤ 1 we have f ′(x) ≤ 0 for all x,
i.e., f is nonincreasing on (0,∞). Thus the final statement of the theorem
has been proved.
So now assume that k(0+) > 1. In order to show that F is unimodal also in
this case, we suppose that k has the additional property of having a negative
derivative; cf. step 4 above. First, note that by (2.23) there exists ε > 0
such that x f(x) ≥ F (x) for x ∈ (0, ε). Since k′ is bounded, so k′(u) ≥ −c
for all u > 0 and some c > 0, from (2.24) it follows that for x ∈ (0, ε)

x f ′(x) ≥
{
k(0+)− 1

}
f(x)− c F (x) ≥

{
k(0+)− 1− cx

}
f(x).

We conclude that f ′(x) > 0 for all x > 0 sufficiently small. Therefore, we
can define

x1 := sup
{
x > 0 : f ′ ≥ 0 on (0, x ]

}
,

which necessarily is finite. By the continuity of f ′ it follows that f ′(x1) = 0.
Moreover, we can differentiate once more in (2.24) to show that for x > 0

x f ′′(x) =
{
k(0+)−2

}
f ′(x)+f(0+) k′(x)+

∫ x

0

f ′(x−u) k′(u) du,(2.25)

and see that f ′′ is continuous on (0,∞) with f ′′(x1) < 0, because k′ < 0.
It follows that f is strictly decreasing on some right neighbourhood of x1.
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Now, we will show that f has this property on all of the interval (x1,∞).
For this it is sufficient to take x2 > x1 such that f is nonincreasing on
(x1, x2), and to prove that f ′(x2) < 0. To do so we set a := x2 − x1, ap-
ply (2.24) with x = x2, and replace k(0+)− 1 by

{
k(a)− 1

}
−

∫ a
0
k′(u) du.

Since k′ < 0 and f(x2) ≤ f(x2 − u) for all u ∈ (0, a), with strict inequality
for u close to a, we then see that

x2 f
′(x2) <

{
k(a)− 1

}
f(x2) +

∫ x2

a

f(x2 − u) k′(u) du.(2.26)

If k(a) ≤ 1, then obviously f ′(x2) < 0. So we now assume k(a) > 1. Put
f(z) := 0 for z ≤ 0, and note that f(x2) ≤ f(x1) and f(x2−u) ≥ f(x1−u)
for all u ∈ (a, x2). Then the upperbound in (2.26) can be estimated further
to obtain

x2 f
′(x2) <

{
k(a)− 1

}
f(x1) +

∫ x2

a

f(x1 − u) k′(u) du.

Next, the procedure above resulting in (2.26) is reversed; since we have
f(x1) ≥ f(x1 − u) for all u ∈ (0, a), it follows that

x2 f
′(x2) <

{
k(0+)− 1

}
f(x1) +

∫ x2

0

f(x1 − u) k′(u) du.

As in the integral here the upperbound may be replaced by x1, we can
apply (2.24) with x = x1 to conclude that

x2 f
′(x2) < x1 f

′(x1).(2.27)

But f ′(x1) = 0, so f ′(x2) < 0 also when k(a) > 1. 22

The results (i), (ii) and (iii) in Theorem 2.16 can be improved somewhat.
Since we now know that f is unimodal, f is monotone near zero, so the
limit f(0+) exists in [ 0,∞]. Using also the second part of the preceding
theorem then leads to the following result; here f(0+) > 0 includes the
possibility that f(0+) = ∞, and similarly k(0+) > 1 includes k(0+) = ∞.

Corollary 2.18. Let f be the continuous density of a self-decomposable

distribution with left extremity zero, and let k be a corresponding nonin-

creasing canonical density. Then f(0+) exists in [ 0,∞], f is nonincreasing

if f(0+) > 0, and

(i) f(0+) = ∞ ⇒ k(0+) ≤ 1, (iv) k(0+) < 1 ⇒ f(0+) = ∞,

(ii) 0 < f(0+) <∞ ⇒ k(0+) = 1, (v) k(0+) = 1 ⇒ f(0+) > 0,

(iii) f(0+) = 0 ⇒ k(0+) > 1, (vi) k(0+) > 1 ⇒ f(0+) = 0.
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In the case where k(0+) = 1, the limit f(0+) need not be finite. In fact,
using the canonical representation (2.4) for the Lt π of f and the fact (see
Proposition A.3.4) that f(0+) = lims→∞ s π(s), one can show that then

f(0+) <∞ ⇐⇒
∫ 1

0

1− k(x)
x

dx <∞.(2.28)

The proof of Theorem 2.17 gives rise to the following special result; it will
be needed in Section 6 to prove the unimodality of a general self-decom-
posable distribution on R.

Proposition 2.19. Let f be the continuous density of a self-decompos-

able distribution with left extremity zero, and suppose that the canonical

density k of f is bounded with k(0+) > 1 and has a bounded continuous

negative derivative on (0,∞). Then f(0+) = 0, f is unimodal with

x1 := sup
{
x > 0 : f ′ ≥ 0 on (0, x ]

}
as a positive mode, and f is positive and log-concave on (0, x1); in fact, f

has a second derivative that is continuous on (0,∞) with{
f ′(x)

}2
> f(x) f ′′(x) [ 0 < x ≤ x1 ].(2.29)

Proof. From the proof of Theorem 2.17 and from Corollary 2.18 it follows
that the density f has a continuous second derivative and further satisfies
f(0+) = 0, f(x) > 0 for all x > 0, and f ′(x) > 0 for all x > 0 sufficiently
small; moreover, x1 is a positive mode of f , and f satisfies the equations
(2.24) and (2.25). In view of this and of (2.29) we consider the following
function d:

d(x) := −x
{
f(x)

}2[log f(x)
]′′ = x

{
f ′(x)

}2 − x f(x) f ′′(x);

we have to show that it is positive on (0, x1]. To this end we rewrite d as

d(x) = f(x) f ′(x)+
∫ x

0

{
f ′(x) f(x−u)− f(x) f ′(x−u)

}
k′(u) du,(2.30)

and take x ∈ (0, x1]. Since −f(x) f ′(x − u) k′(u) ≥ 0 and f(x − u) ≤ f(x)
for u ∈ (0, x), we can estimate in the following way:

d(x) ≥ f(x) f ′(x)
(
1 +

∫ x

0

k′(u) du
)

=

= f(x) f ′(x)
(
1−

{
k(0+)− k(x)

})
.
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It follows that d(x) > 0 for all x > 0 sufficiently small. Now, suppose that
d(x) ≤ 0 for some x ∈ (0, x1]. Then, since d is continuous, there exists
x0 ≤ x1 such that

d(x0) = 0, d(x) > 0 for x ∈ (0, x0).

From this we see that f ′/f = (log f)′ is (strictly) decreasing on (0, x0), so

f ′(x0) f(x0 − u)− f(x0) f ′(x0 − u) < 0 for u ∈ (0, x0).

As f ′(x0) ≥ 0, by (2.30) this would imply that d(x0) > 0. So we have ob-
tained a contradiction; we conclude that d is positive on all of (0, x1]. 22

We conclude this section with showing a phenomenon that leads us to
the special self-decomposable distributions of the next section. Return to
Theorem 2.9; let L1 be the set of nonnegative functions on R+ of the form
− log π where π is the pLSt of an infinitely divisible distribution with finite
logarithmic moment, and let L2 be the set of functions of the form − log π
where π is a self-decomposable pLSt. Then L1 and L2 are semi-linear
spaces in the following sense:{

h ∈Li, λ > 0 =⇒ λh ∈Li,

h1, h2 ∈Li =⇒ h1 + h2 ∈Li;

see Proposition 2.14 (i) for the case i = 2. Now, Theorem 2.9 says that the
following mapping T is 1–1 from L1 onto L2:

(Th)(s) :=
∫ s

0

h(u)
u

du [h ∈L1; s ≥ 0 ].(2.31)

Moreover, T is semi-linear in the sense that{
T (λh) = λ (Th) for h ∈L1 and λ > 0,

T (h1 + h2) = Th1 + Th2 for h1, h2 ∈L1.

Let us look for the possible eigenvalues and eigenfunctions of T , i.e., the
constants τ > 0 and functions h ∈L1 for which

Th = τh.(2.32)

By differentiation it follows that such a τ and h satisfy τ h′(s)
/
h(s) = 1/s,

so for some λ > 0 we have

h(s) = λ s1/τ [ s ≥ 0 ].(2.33)
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Now, any such function h obviously satisfies (2.32). But by Theorem III.4.1
it is indeed in L1 iff h′ is completely monotone, which is equivalent to saying
that τ ≥ 1. We conclude that any τ ≥ 1 is an eigenvalue of T and that the
corresponding eigenfunctions h are given by (2.33) with λ > 0. For the
pLSt π with − log π = h this means that

π(s) = exp
[
−λ s1/τ

]
.(2.34)

We already met this infinitely divisible pLSt π in Example III.4.9; note,
however, that π is even self-decomposable because also h ∈L2. In the next
section these special self-decomposable pLSt’s will be recognized as being
stable with exponent 1/τ .

3. Stability on the nonnegative reals

Let X be an R+-valued random variable. Then, according to Section 1,
X is called (strictly) stable if for every n ∈N there exists cn > 0 such that

X
d= cn (X1 + · · ·+Xn),(3.1)

where X1, . . . , Xn are independent with Xi
d= X for all i. In terms of the

pLSt π of X equation (3.1) reads as follows:

π(s) =
{
π(cns)

}n
.(3.2)

From (3.1) or (3.2) it is immediately clear that the stable distributions
are in the class of our interest: A stable distribution on R+ is infinitely

divisible. The stable distributions turn out to be even self-decomposable.

Before being able to show this we need to do some preliminary work.
Let π be a stable pLSt. Then from (3.2) it follows that for m,n ∈N

π(cmns) =
{
π(cncmns)

}n =
{
π(cmcncmns)

}mn = π(cmcns),

and hence, since π is strictly decreasing,

cmn = cmcn [m,n ∈N ].(3.3)

Now, both (3.2) and (3.3) can be generalized as follows; there exists a
continuous function c : (0,∞) → (0,∞) such that{

π(s) =
{
π
(
c(x)s

)}x for x > 0,

c(xy) = c(x) c(y) for x > 0 and y > 0.
(3.4)

We will show this together with the following consequence.
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Theorem 3.1. A pLSt π is stable iff there exists γ > 0 such that

π(s) =
{
π(x−1/γs)

}x [x > 0 ].(3.5)

Proof. Let π be stable; then we have (3.2) where (cn) is a sequence of
positive constants satisfying (3.3). On account of the latter relation the
following function c on (0,∞) ∩Q is well defined:

c(x) := cn/ck if x = n/k with n, k ∈N.

Then c(n) = cn for n ∈N, and one easily verifies that (3.4) holds for ratio-
nal x and y. In order to show that c can be continuously extended such
that (3.4) holds for real x and y, we let x > 0 and take a sequence (xn)
in Q such that limn→∞ xn = x; then we have

lim
n→∞

π
(
c(xn)s

)
=

{
π(s)

}1/x
.(3.6)

By the continuity of π it follows that the sequence
(
c(xn)

)
must be bounded

and can have at most one, non-zero, limit point; this means that
(
c(xn)

)
has a finite non-zero limit. Using (3.6) once more, one sees that the value of
this limit does not depend on the approximating sequence (xn). Therefore,
the function c on (0,∞) ∩Q can be extended to all of (0,∞) in the following
way:

c(x) := lim
n→∞

c(xn) if x = lim
n→∞

xn with xn ∈Q for all n.

Relation (3.4) now easily follows. Hence we have (3.6) for (xn) in (0,∞),
and we can proceed as above to show that c is continuous on (0,∞).
Now, it is well known that a continuous function c with the multiplicative
property of (3.4) has the form c(x) = xr for some r ∈R. By substituting
this in the first part of (3.4) and letting x→∞ we see that necessarily
r < 0. Thus we can write r = −1/γ for some γ > 0; this results in (3.5).
Conversely, if π satisfies (3.5) for some γ > 0, then it also satisfies (3.2) for
all n with cn given by cn = n−1/γ , so π is stable. 22

For a stable pLSt π the positive constant γ for which (3.5) holds, is called
the exponent (of stability) of π (or of a corresponding random variable X).
From Theorem 3.1 and its proof it will be clear that, for given γ > 0, the
stable distributions with exponent γ can be characterized as follows.
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Corollary 3.2. For γ > 0 an R+-valued random variable X is stable with

exponent γ iff for every n ∈N it can be written as

X
d= n−1/γ (X1 + · · ·+Xn),(3.7)

where X1, . . . , Xn are independent with Xi
d= X for all i.

Theorem 3.1 is basic in the sense that it can be used to easily obtain
both a useful characterization theorem and a canonical representation for
the stable distributions on R+. Let the random variable X be stable with
exponent γ. Then for x > 0 and y > 0 its pLSt π satisfies

π
(
(x+ y)1/γs

)
=

{
π(s)

}x+y = π(x1/γs)π(y1/γs),

and hence, if X ′ denotes a random variable independent of X with X ′ d= X,

(x+ y)1/γX d= x1/γX + y1/γX ′ [x > 0, y > 0 ].(3.8)

Dividing both sides by (x + y)1/γ leads to the direct part of the following
characterization result.

Theorem 3.3. For γ > 0 an R+-valued random variable X is stable with

exponent γ iff, with X ′ as above, X can be written as

X
d= αX + βX ′(3.9)

for all α, β ∈ (0, 1) with αγ + βγ = 1.

Proof. We are left with showing the converse part of the theorem. Let X
then satisfy (3.9) for all α and β as indicated. We will use induction
to show that (3.7) holds for all n. The equality with n = 2 follows from
taking α = β = ( 1

2 )1/γ . Next, let n ≥ 2, and take α =
{
n
/
(n+ 1)

}1/γ and

β =
{
1
/
(n+ 1)

}1/γ . Then it follows that

X
d= (n+ 1)−1/γ

{
n1/γX +X ′},

from which it will be clear that also the induction step can be made. From
Corollary 3.2 we conclude that X is stable with exponent γ. 22

An immediate consequence of this theorem is the following important re-
sult; just use the definition of self-decomposability.

Theorem 3.4. A stable distribution on R+ is self-decomposable.
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We proceed with showing how Theorem 3.1 gives rise to a canonical
representation for the stable distributions on R+. Let γ > 0, and let π be
a stable pLSt with exponent γ, so π satisfies (3.5). Taking first s = 1 in
this relation and then x = s−γ with s > 0, we see that π also satisfies

log π(1) = s−γ log π(s), so π(s) = exp
[
−λ sγ

]
,

where we put λ := − log π(1), which is positive. Now, any such function π
with λ > 0 obviously satisfies (3.5). But it is indeed the pLSt of an infin-
itely divisible distribution on R+ iff γ is restricted to (0, 1 ]; this immediately
follows from Theorem III.4.1 and the fact that the ρ-function of π is given
by

ρ(s) := − d
ds

log π(s) = λγ sγ−1 [ s > 0 ].(3.10)

Thus we have proved the following result.

Theorem 3.5 (Canonical representation). For γ > 0 a function π

on R+ is the pLSt of a stable distribution on R+ with exponent γ iff γ ≤ 1
and π has the form

π(s) = exp
[
−λ sγ

]
[ s ≥ 0 ],(3.11)

where λ > 0.

So on R+, there are no stable distributions with exponent γ > 1, and those
with exponent γ = 1 are given by the degenerate distributions. The stable
distributions with exponent γ ≤ 1 coincide with the infinitely divisible dis-
tributions on R+ whose canonical functions K have LSt’s ρ of the form
(3.10) with λ > 0; see the second part of (2.5). Inversion yields the following
characterization of the non-degenerate stable distributions on R+ among
the infinitely divisible ones.

Theorem 3.6. For γ ∈ (0, 1) a distribution on R+ is stable with exponent γ

iff it is infinitely divisible having an absolutely continuous canonical func-

tion K with a density k of the form

k(x) = c x−γ [x > 0 ](3.12)

with c > 0. Here c = λγ
/
Γ(1− γ) if the distribution has pLSt (3.11).
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Similarly, the non-degenerate stable distributions on R+ can be charac-
terized among the self-decomposable ones; compute the ρ0-function (2.7)
of π in (3.11) and invert it to obtain K0 with K̂0 = ρ0, or make use of
Theorem 3.6 and the relation (2.22) between K and K0.

Theorem 3.7. For γ ∈ (0, 1) a distribution on R+ is stable with exponent γ

iff it is self-decomposable having an absolutely continuous second canonical

function K0 with a density k0 of the form

k0(x) = c x−γ [x > 0 ](3.13)

with c > 0. Here c = λγ2
/
Γ(1− γ) if the distribution has pLSt (3.11).

From Theorems 3.6 and 3.7 it follows that the first and second canonical
densities k and k0 of a stable pLSt π with exponent γ ∈ (0, 1) are related
by

k(x) =
1
γ
k0(x) [x > 0 ].(3.14)

Since K̂(s) =
(
− log π(s)

)′ and K̂0(s) =
(
− log π0(s)

)′ with π0 the under-
lying infinitely divisible pLSt of π, relation (3.14) reflects the observation
(for γ < 1) at the end of the preceding section. It can be formulated as a
characterization of the stable pLSt’s as in the theorem below; recall that L1

and L2 are the semi-linear spaces of functions of the form − log π with π

an infinitely divisible pLSt with finite logarithmic moment and with π a
self-decomposable pLSt, respectively.

Theorem 3.8. For γ ∈ (0, 1 ] a pLSt π is stable with exponent γ iff the

function h = − log π is an eigenfunction at the eigenvalue 1/γ of the semi-

linear bijective mapping T : L1 → L2 given by

(Th)(s) :=
∫ s

0

h(u)
u

du [h ∈L1; s ≥ 0 ].

The mapping T has no other eigenvalues than 1/γ with γ ∈ (0, 1 ].

Finally, we pay some attention to the non-degenerate stable distrib-
utions on R+ themselves, rather than to their transforms or canonical
functions. Let the R+-valued random variable X be stable with exponent
γ ∈ (0, 1). Then from (1.6) and (3.7) it follows that

`X = 0, IEX = ∞;(3.15)
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to show this one can also use (2.5) and (2.20). In view of Proposition 3.8,
however, X does have a finite logarithmic moment:

IE log (X + 1) <∞.(3.16)

Combining Theorems III.7.4 and 3.6 shows that for r > 0 we even have

IEXr <∞ ⇐⇒ r < γ;(3.17)

see Section 9 for an explicit expression for IEXr. Since X is self-decom-
posable, we can apply Theorems 2.16 and 3.6 to conclude that X has
an absolutely continuous distribution with a density f that is continuous,
positive and bounded on (0,∞), and for some c > 0 satisfies

x f(x) = c

∫ x

0

f(x− u)u−γ du [x > 0 ].(3.18)

Where there are simple explicit expressions for the pLSt and both the
canonical densities of X, the density f itself seems to be generally in-
tractable. Only in case γ = 1

2 an explicit expression for f can be given;
see Section 9. Last but not least we mention the following consequence of
Theorem 2.17 and its corollary; note that by Theorem 3.6 the canonical
density k of X satisfies k(0+) = ∞.

Theorem 3.9. A non-degenerate stable distribution on R+ is absolutely

continuous and has a density f that is unimodal and continuous with

f(0+) = 0 and hence not monotone on (0,∞).

4. Self-decomposability on the nonnegative integers

Let X be a Z+-valued random variable. In order to define a meaning-
ful concept of self-decomposability for X we replace the ordinary product
αX in (1.1), with α ∈ (0, 1), by the Z+-valued α-fraction α � X of X as
introduced in Section A.4:

α�X := Z1 + · · ·+ ZX ,

where Z1, Z2, . . . are independent Bernoulli (α) variables with values in
{0, 1} and independent of X. We will only need α � X in distribution;
its probability generating function (pgf) is given by

Pα�X(z) = PX(1− α+ αz).
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We refer to Section 8 for more background behind this simplest choice of a
Z+-valued fraction and for all possible choices.

Thus we are led to the following definition: A Z+-valued random vari-
able X is said to be discrete self-decomposable if for every α ∈ (0, 1) it can
be written (in distribution) as

X
d= α�X +Xα,(4.1)

where in the right-hand side the random variables α � X and Xα are in-
dependent. The corresponding distribution (pk)k∈Z+ and pgf P are also
called discrete self-decomposable. Because IP(α�X = 0) > 0, the compo-
nents Xα of X are Z+-valued as well. Therefore, we can use pgf’s to rewrite
equation (4.1); P is discrete self-decomposable iff for every α ∈ (0, 1) there
exists a pgf Pα such that

P (z) = P (1− α+ αz)Pα(z).(4.2)

We determine to what extent the general observations of Section 1 remain
true in the Z+-case. One easily verifies that (4.2) with some fixed α im-
plies the same relation with α replaced by αn for any n ∈N. Hence for
discrete self-decomposability of P we need only require (4.2) for all α in
some left neighbourhood of one. Contrary to their R+-valued counterparts,
however, discrete self-decomposable random variables necessarily have left
extremities equal to zero.

Proposition 4.1. A discrete self-decomposable random variable X has

the property that IP(X = 0) > 0.

Proof. Let X be discrete self-decomposable with pgf P . Then letting
α ↑ 1 in (4.2) we see that limα↑1 Pα(z) = 1 for all z ∈ (0, 1 ]. This limiting
relation must then also hold for z = 0 because for α ∈ (0, 1) and z ∈ (0, 1)
we can estimate as follows:

1− Pα(0) =
{
1− Pα(z)

}
+

{
Pα(z)− Pα(0)

}
≤

≤
{
1− Pα(z)

}
+ z

/
(1− z).

It follows that Pα(0) > 0 for all α sufficiently close to one. Applying (4.2)
for such an α shows that P (0) > 0. 22
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Obviously, also the components Xα in (4.1) of a discrete self-decompos-
able X take the value zero with positive probability, so (1.2) trivially holds
in the Z+-case. Proposition 4.1 also shows, however, that the discrete ana-
logue of (1.3) does not hold, and that degenerate distributions on Z+, which
are self-decomposable in the classical sense, cannot be discrete self-decom-
posable. Since non-degenerate self-decomposable distributions on R+ are
absolutely continuous, it follows that no distribution on Z+ can be both
classically and discrete self-decomposable. Therefore, it is not confusing
when discrete self-decomposability is just called self-decomposability ; this
we will mostly do.

The self-decomposable distributions on Z+ turn out to have many prop-
erties analogous to those of their counterparts on R+ in Section 2. This
is not surprising if one sets P (s) := P (1− s) and Pα(s) := Pα(1− s), and
notes that (4.2) can then be written as

P (s) = P (αs)Pα(s),

which is very similar to equation (2.1) for a self-decomposable pLSt π. Nev-
ertheless, we give the precise statements and proofs, because the notation
is rather different and the proofs are sometimes essentially simpler; more-
over, as argued before, we want to make the Z+-case readable independent
of the R+-case.

The use of completely monotone functions in Section 2 is replaced, in
the present section, by that of absolutely monotone functions. Recall that
a real-valued function R on [ 0, 1) is said to be absolutely monotone if R
possesses nonnegative derivatives of all orders:

R(n)(z) ≥ 0 [n ∈Z+; 0 ≤ z < 1 ].

Proposition A.4.4 contains several properties of absolutely monotone func-
tions; they will be used without further comment. Moreover, by Theo-
rem A.4.3 an absolutely monotone function can be represented on [ 0, 1) as
a power series with nonnegative coefficients. Therefore, rewriting (4.2) as

Pα(z) =
P (z)

P (1− α+ αz)
(4.3)

and calling this function the Pα-function of P , we immediately obtain the
following criterion for self-decomposability.
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Proposition 4.2. A pgf P is self-decomposable iff for every α ∈ (0, 1) the

Pα-function of P is absolutely monotone.

Using this proposition one easily shows that the class of self-decomposable
distributions on Z+ is closed under convolution and under weak conver-
gence; see the two propositions below. Closure under scale transformation
does not hold: If X is a self-decomposable Z+-valued random variable, then
aX is not self-decomposable for any a ∈Z+ with a ≥ 2; this immediately
follows from the result to be given in Corollary 4.14. In Proposition 4.15
we will show, however, that if X is self-decomposable, then so is α�X for
every α ∈ (0, 1).

Proposition 4.3. If X and Y are independent self-decomposable Z+-

valued random variables, then X + Y is self-decomposable. Equivalently,

if P1 and P2 are self-decomposable pgf’s, then their pointwise product P1P2

is a self-decomposable pgf.

Proposition 4.4. If a sequence (X(m)) of self-decomposable Z+-valued

random variables converges in distribution to X, then X is self-decompos-

able. Equivalently, if a sequence (P (m)) of self-decomposable pgf’s con-

verges (pointwise) to a pgf P , then P is self-decomposable.

The criterion of Proposition 4.2 is also used in the next two examples. The
first one is somewhat unexpected; in the next section it will become clear,
however, that it can be viewed as the discrete analogue of the (self-decom-
posable) degenerate distribution on R+. The second one holds no surprise;
it is the discrete analogue of the (self-decomposable) gamma distribution
of Example 2.4.

Example 4.5. For λ > 0, let X have the Poisson (λ) distribution, so its
distribution (pk)k∈Z+ and pgf P are given by

pk =
λk

k!
e−λ, P (z) = exp

[
−λ (1− z)

]
.

Then for α ∈ (0, 1) the Pα-function of P can be written as

Pα(z) = exp
[
−λ (1− α)(1− z)

]
,

which is absolutely monotone. Hence X is self-decomposable. 22
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Example 4.6. For r > 0, p ∈ (0, 1), let X have the negative-binomial (r, p)
distribution, so its distribution (pk)k∈Z+ and pgf P are given by

pk =
(
r + k −1

k

)
pk (1− p)r, P (z) =

( 1− p

1− pz

)r
.

Then for α ∈ (0, 1) the Pα-function of P can be written as

Pα(z) =
(1− p (1− α+ αz)

1− pz

)r
=

{
α+ (1− α)

1− p

1− pz

}r
.

Now, from Example II.11.15 it is seen that Pα is the r-th power of an infin-
itely divisible pgf, so by Proposition II.2.3 Pα is absolutely monotone. We
conclude that X is self-decomposable. 22

Before deriving a canonical representation for self-decomposable pgf’s
we recall some basic facts from Section II.4. As agreed in Section II.1,
infinite divisibility of a Z+-valued random variable X means discrete infin-
ite divisibility, so X then satisfies IP(X = 0) > 0. An X with this property
and with pgf P is infinitely divisible iff the functions P t with t > 0 are all
absolutely monotone. This condition is, however, equivalent to the absolute
monotonicity of only the R-function of P defined by

R(z) :=
d
dz

log P (z) =
P ′(z)
P (z)

, so P (z) = exp
[
−

∫ 1

z

R(x) dx
]
.(4.4)

Moreover, any function P of this form with R absolutely monotone on [ 0, 1)
is the pgf of an infinitely divisible distribution on Z+. This observation
easily leads to the canonical representation of an infinitely divisible pgf P :

P (z) = exp
[
−

∞∑
k=0

rk
k + 1

(1− zk+1)
]
,(4.5)

where the canonical sequence (rk)k∈Z+ consists of nonnegative numbers for
which

∞∑
k=0

rk
k + 1

<∞,

∞∑
k=0

rkz
k = R(z),

∞∑
k=0

rk = IEX.(4.6)

Now, for self-decomposable distributions on Z+ similar results can be
obtained. We first show that they are infinitely divisible.

Theorem 4.7. A self-decomposable distribution on Z+ is infinitely divis-

ible.
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Proof. Let P be a self-decomposable pgf with factors Pα as in (4.2). Since
by Proposition 4.1 we have P (0) > 0, we are ready as soon as we can show
that the R-function of P is absolutely monotone. Now, this function can
be written in terms of the Pα:

R(z) =
1

P (z)
lim
α↑1

P (1− α+ αz)− P (z)
(1− α)(1− z)

=

= lim
α↑1

P (1− α+ αz)
P (z)

1− P (z)
/
P (1− α+ αz)

(1− α)(1− z)
,

so we get

R(z) = lim
α↑1

1
1− α

1− Pα(z)
1− z

.(4.7)

From (A.4.6) it now follows that R is the limit of absolutely monotone
functions; hence R is absolutely monotone, and P is infinitely divisible.22

Let P be a pgf. We look for a function, the absolute monotonicity of
which characterizes the self-decomposability of P . To this end we note that
the R-function of P can be obtained from the functions P t with t > 0 by

R(z) = lim
t↓0

1
t

d
dz
P t(z).

Since in the self-decomposability context the Pα-function of P seems to
take over the role of P t, one is tempted to look at P ′α

/
(1− α) for α ↑ 1:

lim
α↑1

1
1− α

P ′α(z) =

= lim
α↑1

P ′(z)P (1− α+ αz)− αP (z)P ′(1− α+ αz)
(1− α)P (1− α+ αz)2

=

=
(1− z)P ′(z)2 − (1− z)P (z)P ′′(z) + P (z)P ′(z)

P (z)2
=

= −
[
(1− z)R(z)

]′
.

The resulting function will be called the R0-function of P , so

R0(z) := − d
dz

[
(1− z)R(z)

]
[ 0 ≤ z < 1 ],(4.8)

with R as in (4.4); here we allow P to be any positive nondecreasing con-
vex function on [ 0, 1) with P (1−) = 1 and a continuous second derivative.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Since by (A.4.7) such a P has the property that limz↑1(1− z)P ′(z) = 0,
and hence limz↑1(1− z)R(z) = 0, we can express R in terms of R0 by

R(z) =
1

1− z

∫ 1

z

R0(x) dx =
∫ 1

0

R0(1− y + yz) dy;(4.9)

here the integrals are supposed to exist, which is the case if R0 is nonnega-
tive. We are now ready to prove the following criterion for self-decompos-
ability.

Theorem 4.8. Let P be a positive nondecreasing convex function on [ 0, 1)
with P (1−) = 1 and a continuous second derivative. Then P is the pgf

of a self-decomposable distribution on Z+ iff its R0-function is absolutely

monotone.

Proof. Let P be a self-decomposable pgf with factors Pα, α ∈ (0, 1);
then P ′α is absolutely monotone. Since, as we saw above, the R0-function
of P can be obtained as

R0(z) = lim
α↑1

1
1− α

P ′α(z),(4.10)

we conclude that R0, as a limit of absolutely monotone functions, is absol-
utely monotone.
Conversely, let the R0-function of P be absolutely monotone. Then R0

is nonnegative, so we have (4.9). It follows that the R-function of P is
a mixture of absolutely monotone functions, and hence is itself absolutely
monotone. Therefore, P is a pgf and, in fact, an infinitely divisible pgf;
cf. Theorem II.4.3. We can now apply Proposition 4.2. Take α ∈ (0, 1) and
note that the Pα-function of P is a positive differentiable function on [ 0, 1)
with Pα(1−) = 1. So we can compute the R-function Rα of Pα and find

Rα(z) = R(z)− αR(1− α+ αz) =
∫ 1

α

R0(1− y + yz) dy,

where we used (4.9); hence Rα, as a mixture of absolutely monotone func-
tions, is absolutely monotone. As above it follows that Pα is a pgf and, in
fact, an infinitely divisible pgf. We conclude that the pgf P is self-decom-
posable. 22

Corollary 4.9. The components Xα in (4.1) of a self-decomposable Z+-

valued random variable X are infinitely divisible. Equivalently, the fac-

tors Pα in (4.2) of a self-decomposable pgf P are infinitely divisible.
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Let P be as in Theorem 4.8. We wish to view the R0-function of P
as the R-function of a positive differentiable function P0 on [ 0, 1) with
P0(1−) = 1; in view of Theorem II.4.3 absolute monotonicity of R0 is then
equivalent to P0 being an infinitely divisible pgf. Clearly, such a function P0

is determined by P because
(
−(1− z)R(z)

)′ =
(
log P0(z)

)′, and hence

P0(z) = exp
[
−(1− z)R(z)

]
[ 0 ≤ z < 1 ],(4.11)

with R the R-function of P . The function P0 in (4.11) is called the P0-
function of P . Thus we are led to the following variant of Theorem 4.8;
note, however, that we may start from more general functions P .

Theorem 4.10. Let P be a positive differentiable function on [ 0, 1) with

P (1−) = 1. Then P is the pgf of a self-decomposable distribution on Z+

iff its P0-function is an infinitely divisible pgf.

Proof. Let P be a self-decomposable pgf, so by Theorem 4.8 its R0-
function is absolutely monotone. As noted above, this implies that P0 is an
infinitely divisible pgf; observe that, indeed, P0 is positive and differentiable
on [ 0, 1) and satisfies P0(1−) = 1 because of (A.4.7).
Conversely, let P be such that its P0-function is an infinitely divisible pgf,
so the R-function R0 of P0 is absolutely monotone. Now, by (4.4) applied
to P0 it is seen that the R-function of P can be written as

R(z) =
1

1− z

{
− log P0(z)

}
=

1
1− z

∫ 1

z

R0(x) dx,(4.12)

so R is of the form (4.9). This means that we can proceed as in the second
part of the proof of Theorem 4.8 to conclude that P is a self-decomposable
pgf. 22

The criterion of Theorem 4.10 can be reformulated so as to obtain the
following representation theorem for self-decomposable pgf’s.

Theorem 4.11. A function P on [ 0, 1 ] is the pgf of a self-decomposable

distribution on Z+ iff P has the form

P (z) = exp
[∫ 1

z

log P0(x)
1− x

dx
]

[ 0 ≤ z ≤ 1 ](4.13)

with P0 the pgf of an infinitely divisible random variable X0, for which

necessarily

IE log (X0 + 1) <∞.(4.14)

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Proof. Let P be a self-decomposable pgf, so by Theorem 4.10 its P0-
function is an infinitely divisible pgf. Now, inserting in (4.4) the expression
for R in the first part of (4.12), one sees that P takes the form (4.13).
The converse statement immediately follows from Theorem 4.10; the func-
tion P in (4.13) is positive and differentiable on [ 0, 1) with P (1−) = 1 and
its P0-function is P0.
The logarithmic moment condition (4.14) follows from the fact that the
integral in (4.13) has to be finite; this concerns a general property of pgf’s,
which is proved in Proposition A.4.2. 22

In view of (4.13) the P0-function of a self-decomposable pgf P will be called
the underlying (infinitely divisible) pgf of P . Note that the R-function of P0

is given by the R0-function of P , so by the middle part of (4.6) the canonical
sequence (r0,k)k∈Z+ of P0 satisfies

∞∑
k=0

r0,kz
k = R0(z).(4.15)

It is now easy to get a canonical representation for self-decomposable
pgf’s similar to that in (4.5) for infinitely divisible pgf’s. To see this we
define for k ∈Z+ and z ∈ [ 0, 1 ]:

Ik(z) := 1− zk+1, Jk(z) :=
∫ 1

z

Ik(x)
1− x

dx =
k∑
j=0

Ij(z)
j + 1

.

Then the underlying pgf P0 of a self-decomposable pgf P can be repre-
sented, as all infinitely divisible pgf’s, in terms of its canonical sequence
(r0,k)k∈Z+ by

P0(z) = exp
[
−

∞∑
k=0

r0,k
k + 1

Ik(z)
]

[ 0 ≤ z ≤ 1 ],(4.16)

where necessarily
∑∞
k=0 r0,k

/
(k + 1) <∞. Inserting this representation

for P0 in (4.13) and changing integration and summation, we obtain a
similar representation for the self-decomposable pgf P ; we only have to
replace I by J .

Theorem 4.12 (Canonical representation). A function P on [ 0, 1 ] is

the pgf of a self-decomposable distribution on Z+ iff P has the form

P (z) = exp
[
−

∞∑
k=0

r0,k
k + 1

Jk(z)
]

[ 0 ≤ z ≤ 1 ],(4.17)
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where the quantities r0,k with k ∈Z+ are nonnegative. Here the sequence

(r0,k)k∈Z+ is unique, and necessarily satisfies

∞∑
k=0

{
log (k + 1)

} r0,k
k + 1

<∞.(4.18)

Proof. We only have to show yet that (4.18) holds if P is of the form
(4.17). For this it is sufficient to note that the sum in (4.17) with z = 0 is
finite and that Jk(0) =

∑k
j=0 1

/
(j + 1) ∼ log (k + 1) as k →∞. 22

The sequence (r0,k)k∈Z+ in Theorem 4.12 will be called the second canonical
sequence of P (and of the corresponding distribution and of a correspond-
ing random variable). It is the canonical sequence of the underlying pgf P0;
it is most easily determined by using (4.15). The condition on (r0,k) given
by (4.18) is equivalent to that on P0 in (4.14) because, as has been shown in
the proofs above, both conditions are equivalent to finiteness of − log P (0).
Moreover, (4.18) is equivalent to the first condition in (4.6) for the (first)
canonical sequence (rk) of P ; this is an immediate consequence of an ex-
pression for (rk) in terms of (r0,k) which will now be derived. Since (rk)
has gf R, the R-function of P , we can use (4.9) to write

∞∑
k=0

rkz
k =

1
1− z

∫ 1

z

R0(x) dx =
∞∑
j=0

r0,j
j + 1

1− zj+1

1− z
=

=
∞∑
j=0

r0,j
j + 1

j∑
k=0

zk =
∞∑
k=0

( ∞∑
j=k

r0,j
j + 1

)
zk,

so for (rk) we get

rk =
∞∑
j=k

r0,j
j + 1

[ k ∈Z+ ].(4.19)

In particular, by Fubini’s theorem it follows that
∑∞
k=0 rk =

∑∞
k=0 r0,k and

∞∑
k=0

rk
k + 1

=
∞∑
k=0

( k∑
j=0

1
j + 1

) r0,k
k + 1

.(4.20)

Since
∑k
j=0 1

/
(j + 1) ∼ log (k + 1) as k →∞, we see that the equivalence

noted above indeed holds. Moreover, if X is a random variable with pgf P ,
then by the last part of (4.6) we have

∞∑
k=0

r0,k = IEX.(4.21)
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The preceding discussion also leads to the following characterization of
the self-decomposable distributions on Z+ among the infinitely divisible
ones; cf. Theorem 4.7. From now on it is convenient to use probability
distributions (pk)k∈Z+ rather than pgf’s.

Theorem 4.13. A distribution (pk)k∈Z+ on Z+ is self-decomposable iff it

is infinitely divisible having a canonical sequence (rk) that is nonincreasing.

In this case (rk) can be written as in (4.19), where (r0,k) is the second

canonical sequence of (pk).

Proof. If (pk) is self-decomposable, then, as we saw above, (rk) can be
written as in (4.19) with r0,k ≥ 0 for all k, so (rk) is nonincreasing.
Turning to the converse, we let (pk) be infinitely divisible such that (rk) is
nonincreasing. Then by the first part of (4.6) we have limk→∞ rk = 0, so
rk can be written as rk =

∑∞
j=k(rj−rj+1) for k ∈Z+. Comparing this with

(4.19) suggests looking at the sequence (r0,k)k∈Z+ of nonnegative numbers
defined by

r0,k = (k + 1) {rk − rk+1} [ k ∈Z+ ].(4.22)

Clearly, the gf of this sequence can be written, for z ∈ [ 0, 1), as

∞∑
k=0

r0,kz
k =

d
dz

[
(z − 1)

∞∑
k=0

rkz
k
]
;

since by the middle part of (4.6) and (4.8) this is precisely the R0-function
of (pk), we conclude from Theorem 4.8 that (pk) is self-decomposable. 22

By Proposition 4.1 a self-decomposable distribution p = (pk) on Z+ satisfies
p0 > 0. It also has the property that p1 > 0, because p1 = p0r0 and the
preceding theorem implies that r0 must be positive. Corollary II.8.3 now
shows that pk > 0 for all k.

Corollary 4.14. The support S(p) of a self-decomposable distribution p

on Z+ is equal to Z+.

Before using Theorem 4.13 for proving an interesting property of self-de-
composable distributions on Z+, we return to Examples 4.5 and 4.6 in order
to illustrate the preceding results, and prove some useful closure properties.
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Example 4.15. Consider the Poisson (λ) distribution with pgf P given by

P (z) = exp
[
−λ (1− z)

]
.

The self-decomposability of P also follows from Theorems 4.8 or 4.13. In
fact, the (first) canonical sequence (rk) was found in Example II.4.6:

rk =

{
λ , if k = 0,

0 , if k ≥ 1,

so, indeed, (rk) is nonincreasing. It follows that the R0-function of P
is given by R0(z) = λ which, indeed, is absolutely monotone. Hence the
second canonical sequence equals the first one, and the underlying infinitely
divisible pgf P0 of P is equal to P . 22

Example 4.16. Consider the negative-binomial (r, p) distribution; its pgf
is given by

P (z) =
( 1− p

1− p z

)r
.

Operating as in the preceding example we first recall from Example II.4.7
that the (first) canonical sequence (rk) is given by

rk = r pk+1 [ k ∈Z+ ],

so, indeed, (rk) is nonincreasing. Next, we turn to the R- and R0-function
of P ; since R(z) = rp

/
(1− p z), for R0 we find R0(z) = rp (1− p)

/
(1− p z)2

which, indeed, is absolutely monotone. For the second canonical sequence
(r0,k) it follows that

r0,k = r(1− p) (k + 1) pk+1 [ k ∈Z+ ].

Moreover, using (4.11) we can compute the underlying infinitely divisible
pgf P0 of P , and find

P0(z) = exp
[
−r

{
1− (1− p)

/
(1− p z)

}]
,

so P0 is of the compound-Poisson type. 22

Self-decomposability is preserved under convolutions and taking limits; see
Propositions 4.3 and 4.4. We now consider some other operations; they
also occur in Section II.6 on closure properties of general infinitely divisible
distributions on Z+.
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Proposition 4.17. Let P be a self-decomposable pgf. Then:

(i) For a > 0 the a-th power P a of P is a self-decomposable pgf.

(ii) For α ∈ (0, 1) the pgf P (α) with P (α)(z) := P (1− α+ αz) is self-de-

composable.

(iii) For α ∈ (0, 1) the pgf P (α) with P (α)(z) := P (αz)
/
P (α) is self-decom-

posable.

Proof. Part (i) follows by taking the a-th power in (4.2) and using Propo-
sition II.2.3; P and its factors Pα are infinitely divisible because of Theo-
rem 4.7 and Corollary 4.9. One can also use Theorem 4.8; the R0-function
of P a is a times the R0-function of P . Similarly, one easily verifies that the
R0-function R

(α)
0 of P (α) in (ii) and (iii) can be expressed in terms of the

R- and R0-function of P by

R
(α)
0 (z) = αR0(1− α+ αz), αR0(αz) + α (1− α)R′(αz),

respectively; since these functions are absolutely monotone, the pgf’s in (ii)
and (iii) are self-decomposable. 22

If P is a self-decomposable pgf, then for α ∈ (0, 1) the pgf’s P (α) with

P (α)(z) :=
P (α)P (z)
P (αz)

, P (α)(z) := 1− α+ αP (z),

need not be self-decomposable, but, as opposed to their counterparts on R+,
sometimes they are. To see this, let P be the pgf of the geometric (p) dis-
tribution; then both pgf’s above are easily shown to be factors of P as
computed in Example 4.6. Now, these factors are self-decomposable iff
p ≤ 1

2 ; this immediately follows from the fact that the second canonical
sequence (r0,k) of P is nonincreasing iff p ≤ 1

2 (cf. Example 4.16), because
of the following result.

Theorem 4.18. Let P be a self-decomposable pgf. Then its factors Pα

with α ∈ (0, 1) are self-decomposable iff the underlying infinitely divisible

pgf P0 of P is self-decomposable. In fact, for α ∈ (0, 1) the P0-function of Pα

equals the Pα-function of P0: Pα,0 = P0,α.

Proof. Recall that Pα and P0 are defined by

Pα(z) =
P (z)

P (1− α+ αz)
, P0(z) = exp

[
−(1− z)R(z)

]
,
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where R is the R-function of P . Now, as is easily verified and already noted
in the proof of Theorem 4.8, the R-function Rα of Pα is related to R by
Rα(z) = R(z)− αR(1− α+ αz), so

Pα,0(z) := exp
[
−(1−z)Rα(z)

]
=

P0(z)
P0(1− α+ αz)

=: P0,α(z);

this proves the final statement of the theorem. The rest is now easy; use
Theorem 4.10 for Pα, and (4.2) and Corollary 4.9 for P0. 22

Because of (II.3.7), for every pLSt π and every infinitely divisible pgf P0 the
function P := π ◦ (− logP0) is a pgf. Moreover, if π is infinitely divisible,
then so is P ; cf. (II.6.8). Now, if π is self-decomposable, then P need not
be self-decomposable, even if P0 is self-decomposable; see Section 9 for an
example. Taking P0 stable as in Example II.4.8, however, yields a positive
result as stated below; just use (2.1) with α replaced by αγ and s by (1−z)γ .

Proposition 4.19. If π is a self-decomposable pLSt, then z 7→ π
(
(1−z)γ

)
is a self-decomposable pgf for every γ ∈ (0, 1 ].

We return to Theorem 4.13; together with Theorem II.4.4 it implies that
a self-decomposable distribution (pk)k∈Z+ on Z+ satisfies the recurrence
relations

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ](4.23)

with (rk)k∈Z+ a nonincreasing sequence of nonnegative numbers, the canon-
ical sequence of (pk). Now, this result enables us to show that any self-
decomposable distribution (pk) is unimodal. This means that there are
only the following two possibilities: (1) (pk) is nonincreasing; (2) (pk)
is nondecreasing and not constant on {0, . . . , n1} and nonincreasing on
{n1, n1 +1, . . .}, for some n1∈N. The next theorem says a little more; that
the case r0 = 1 is critical, is suggested by Example II.11.13.

Theorem 4.20. A self-decomposable distribution (pk)k∈Z+ on Z+ is uni-

modal. Moreover, (pk) is nonincreasing iff r0 := p1/p0 ≤ 1, and:

(i) If r0 < 1, then (pk) is (strictly) decreasing.

(ii) If r0 = 1, then (pk) is nonincreasing with p1 = p0.

(iii) If r0 > 1, then (pk) is nondecreasing and not constant on {0, . . . , n1}
and (strictly) decreasing on {n1, n1 + 1, . . .}, for some n1∈N.
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Proof. Let (pk) be self-decomposable, so by Corollary 4.14 pk > 0 for
all k, and (pk) satisfies the recurrence relations of (4.23) with (rk) nonin-
creasing and rk ≥ 0 for all k. Define

dk := pk − pk−1 for k ∈N, λk := rk+1 − rk for k ∈Z+,

then λk ≤ 0 for all k, and by subtraction in (4.23) one sees that (dk)k∈N

satisfies

(n+ 1) dn+1 = (r0− 1) pn +
n−1∑
k=0

λk pn−1−k [n ∈Z+ ].(4.24)

Now, if r0 < 1, then from (4.24) it follows that dk < 0 for all k, so (pk) is
decreasing. Similarly, if r0 = 1, then dk ≤ 0 for all k, so (pk) is nonincreas-
ing. Conversely, if (pk) is nonincreasing, then r0 = p1/p0 ≤ 1.
So now assume that r0 > 1. Then p1 > p0, so (pk) starts increasing. Since
pk → 0 as k →∞, there is at least one change of sign in the sequence
(dk)k∈N: there exists n1∈N such that d1 > 0, d2 ≥ 0, . . , dn1 ≥ 0, dn1+1< 0.
In view of part (iii) of the theorem we have to show that

dn1+m < 0 for all m ∈N.

We will do so by induction. For m = 1 the inequality holds. So take
m ∈N, set n1 +m =: n2, and suppose that dn1+1 < 0, . . . , dn2 < 0. In
order to show that then also dn2+1 < 0, we apply (4.24) with n = n2,
write r0− 1 = (rm− 1)−

∑m−1
k=0 λk, and note that pn2 ≤ pn2−1−k for all

k = 0, . . . ,m− 1. Thus we get

(n2 + 1) dn2+1 ≤ (rm− 1) pn2 +
n2−1∑
k=m

λk pn2−1−k.(4.25)

If rm < 1, then obviously dn2+1 < 0. So now assume that rm ≥ 1. Put
pk := 0 for k ∈Z \ Z+, and note that pn2 ≤ pn1 and pn2−1−k ≥ pn1−1−k

for k = m, . . . , n2 − 1. Then the upperbound in (4.25) can be estimated
further to obtain

(n2 + 1) dn2+1 ≤ (rm− 1) pn1 +
n2−1∑
k=m

λk pn1−1−k.

Next, the procedure above resulting in (4.25) is reversed; use again the
relation between r0− 1 and rm− 1, and note that for k = 0, . . . ,m− 1 we
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have pn1 ≥ pn1−1−k; then it follows that

(n2 + 1) dn2+1 ≤ (r0− 1) pn1 +
n2−1∑
k=0

λk pn1−1−k.

Since in the sum here the upperbound may be replaced by n1− 1, we can
apply (4.24) with n = n1 to conclude that

(n2 + 1) dn2+1 ≤ (n1 + 1) dn1+1.(4.26)

The fact that dn1+1 < 0 now shows that dn2+1 < 0 also when rm ≥ 1. 22

Finally, we briefly return to Theorem 4.11. Let L1 be the set of non-
negative functions on [ 0, 1 ] of the form − log P where P is the pgf of an
infinitely divisible distribution with finite logarithmic moment, and let L2

be the set of functions of the form − log P where P is a self-decomposable
pgf. Then Theorem 4.11 says that the following mapping T is 1–1 from L1

onto L2:

(Th)(z) :=
∫ 1

z

h(x)
1− x

dx [h ∈L1; 0 ≤ z ≤ 1 ].(4.27)

Now, L1 and L2 are semi-linear spaces and T is a semi-linear mapping in
the same sense as at the end of Section 2. So one may ask for the possible
eigenvalues and eigenfunctions of T , i.e., the constants τ > 0 and functions
h ∈L1 for which

Th = τh.(4.28)

By differentiation it follows that such a τ and h satisfy the following equa-
tion: τ h′(z)

/
h(z) = −1

/
(1− z); so for some λ > 0 we have

h(z) = λ (1− z)1/τ [ 0 ≤ z ≤ 1 ].(4.29)

Now, any such function h obviously satisfies (4.28). But by Theorem II.4.3
it is indeed in L1 iff −h′ is absolutely monotone, which is equivalent to
saying that τ ≥ 1. We conclude that any τ ≥ 1 is an eigenvalue of T and
that the corresponding eigenfunctions h are given by (4.29) with λ > 0; see
also Example 4.15 for the case τ = 1. For the pgf P with − log P = h this
means that

P (z) = exp
[
−λ (1− z)1/τ

]
.(4.30)
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We already met this infinitely divisible pgf P in Example II.4.8; note,
however, that P is even self-decomposable because also h ∈L2. In the next
section these special self-decomposable pgf’s will be recognized as being
stable with exponent 1/τ .

5. Stability on the nonnegative integers

Let X be a Z+-valued random variable. Then X is said to be discrete
stable if, analogous to (3.1), for every n ∈N there exists cn ∈ (0, 1 ] such that

X
d= cn � (X1 + · · ·+Xn),(5.1)

where X1, . . . , Xn are independent with Xi
d= X for all i. Here the op-

eration � is the discrete multiplication as introduced in Section A.4 and
reviewed in the beginning of the preceding section. Note that c1 = 1, be-
cause 1�X := X. In terms of the pgf P of X equation (5.1) reads as
follows:

P (z) =
{
P (1− cn + cnz)

}n
.(5.2)

Since here cn < 1 for n ≥ 2 and hence P (0) > 0, we can apply Proposi-
tion II.2.3 to state a first result: A discrete stable distribution on Z+

is infinitely divisible. Moreover, it follows that degenerate distributions
on Z+, which are stable in the classical sense, cannot be discrete stable.
Therefore, since non-degenerate stable distributions on R+ are absolutely
continuous, it is not confusing when discrete stability is just called stabil-
ity ; this will mostly be done. The stable distributions on Z+ turn out to
have many properties analogous to those of their counterparts on R+ in
Section 3. As argued in the preceding section for the self-decomposable
distributions on Z+, we nevertheless give precise statements and proofs.

Let P be a stable pgf, and take m,n ∈N. Then a three-fold application
of (5.2) shows that the function P with P (s) := P (1− s) satisfies

P (cmns) =
{
P (cncmns)

}n =
{
P (cmcncmns)

}mn = P (cmcns).

Since P is (strictly) decreasing, it follows that the sequence (cn) satisfies

cmn = cmcn [m,n ∈N ].(5.3)
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Now, both (5.2) and (5.3) can be generalized as follows; there exists a
continuous function c : [ 1,∞) → (0, 1 ] such that{

P (z) =
{
P

(
1− c(x) + c(x) z

)}x for x ≥ 1,

c(xy) = c(x) c(y) for x ≥ 1 and y ≥ 1.
(5.4)

We will show this together with the following consequence.

Theorem 5.1. A pgf P is stable iff there exists γ > 0 such that

P (z) =
{
P (1− x−1/γ + x−1/γz)

}x [x ≥ 1 ].(5.5)

Proof. Let P be stable; then we have (5.2) where (cn) is a sequence
of constants in (0, 1 ] satisfying (5.3). From (5.2) it follows that (cn) is
nonincreasing. Therefore, the following function c on Q ∩ [ 1,∞), which
because of (5.3) is well defined, has values in (0, 1 ]:

c(x) := cn/ck if x = n/k with n, k ∈N, n ≥ k.

Clearly, c(n) = cn for n ∈N, and the second part of (5.4) holds for rational x
and y in [ 1,∞). In proving the first part for x = n/k with n, k ∈N and
n ≥ k, we may restrict ourselves to z ≥ 1 − ck, and can then apply (5.2)
with z replaced by 1−(1−z)

/
ck. In order to show that c can be continuously

extended such that (5.4) holds for all real x and y in [ 1,∞), we let x ≥ 1
and take a sequence (xn) in Q∩ [ 1,∞) such that limn→∞ xn = x; then we
have

lim
n→∞

P
(
1− c(xn) + c(xn) z

)
=

{
P (z)

}1/x
.(5.6)

By the continuity and strict monotonicity of P it follows that the sequence(
c(xn)

)
can have at most one, non-zero, limit point; since c(xn) ∈ (0, 1 ] for

all n, this means that
(
c(xn)

)
has a limit in (0, 1 ]. Using (5.6) once more,

one sees that the value of this limit does not depend on the approximating
sequence (xn). Therefore, the function c on Q∩ [ 1,∞) can be extended to
all of [ 1,∞) in the following way:

c(x) := lim
n→∞

c(xn) if x = lim
n→∞

xn with xn ∈Q ∩ [ 1,∞) for all n.

Relation (5.4) now easily follows. Hence we have (5.6) for (xn) in [ 1,∞),
and we can proceed as above to show that c is continuous on [ 1,∞).
Now, it is well known that a continuous function c with the multiplicative
property of (5.4) has the form c(x) = xr for some r ∈R. Here r is necessarily
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negative, because c(x) ≤ 1 for all x. Thus we can write r = −1/γ for some
γ > 0; this results in (5.5).
Conversely, if P satisfies (5.5) for some γ > 0, then it also satisfies (5.2) for
all n with cn given by cn = n−1/γ , so P is stable. 22

For a stable pgf P the positive constant γ for which (5.5) holds, is called
the exponent (of stability) of P (or of a corresponding random variable X).
From Theorem 5.1 and its proof it will be clear that, for given γ > 0, the
stable distributions with exponent γ can be characterized as follows.

Corollary 5.2. For γ > 0 an Z+-valued random variable X is stable with

exponent γ iff for every n ∈N it can be written as

X
d= n−1/γ � (X1 + · · ·+Xn),(5.7)

where X1, . . . , Xn are independent with Xi
d= X for all i.

Theorem 5.1 is basic in the sense that it can be used to easily obtain
both a useful characterization theorem and a canonical representation for
the stable distributions on Z+. Let the random variable X, with pgf P , be
stable with exponent γ. Then for x ≥ 1 and y ≥ 1 the function P with
P (s) := P (1− s) satisfies

P (s) =
{
P

(
(x+ y)−1/γs

)}x+y =

=
{
P

(
x−1/γ

{
x
/
(x+ y)

}1/γ
s
)}x{

P
(
y−1/γ

{
y
/
(x+ y)

}1/γ
s
)}y=

= P
({
x
/
(x+ y)

}1/γ
s
)
P

({
y
/
(x+ y)

}1/γ
s
)
,

and hence

X
d=

( x

x+ y

)1/γ

�X +
( y

x+ y

)1/γ

�X ′,(5.8)

where X ′ is a random variable with X ′ d= X and such that the two sum-
mands in the right hand side are independent. Equation (5.8) immediately
yields the direct part of the following characterization result.

Theorem 5.3. For γ > 0 a Z+-valued random variable X is stable with

exponent γ iff, with X ′ as above, X can be written as

X
d= α�X + β �X ′(5.9)

for all α, β ∈ (0, 1) with αγ + βγ = 1.
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Proof. We are left with showing the converse part of the theorem. Let X
then satisfy (5.9) for all α and β as indicated. We will use induction to
show that (5.7) holds for all n. The equality with n = 2 follows from taking
α = β = ( 1

2 )1/γ . Next, let n ≥ 2, and suppose that (5.7) holds for this n; for
the function P with P (s) := P (1− s) and with P the pgf of X, this means
that P (s) =

{
P (n−1/γ s)

}n. Now, apply (5.9) with α =
{
n
/
(n+ 1)

}1/γ

and β =
{
1
/
(n+ 1)

}1/γ ; then it follows that

P (s) = P (αs)P (βs) =
{
P (n−1/γ αs)

}n
P (βs) =

{
P (βs)

}n+1
,

so (5.7) holds with n replaced by n + 1. From Corollary 5.2 we conclude
that X is stable with exponent γ. 22

An immediate consequence of this theorem is the following important re-
sult; just use the definition of self-decomposability.

Theorem 5.4. A stable distribution on Z+ is self-decomposable.

We proceed with showing how Theorem 5.1 gives rise to a canonical
representation for the stable distributions on Z+. Let γ > 0, and let P be
a stable pgf with exponent γ, so P satisfies (5.5). Taking first z = 0 in this
relation and then x = (1− z)−γ with 0 ≤ z < 1, we see that

log P (0) = (1− z)−γ log P (z), so P (z) = exp
[
−λ (1− z)γ

]
,

where we put λ := − log P (0), which is positive. Now, any such function P
with λ > 0 obviously satisfies (5.5). But it is indeed the pgf of an infinitely
divisible distribution on Z+ iff γ is restricted to (0, 1 ]; this immediately
follows from Theorem II.4.3 and the fact that the R-function of P is given
by

R(z) :=
d
dz

log P (z) = λγ (1− z)γ−1 [ 0 ≤ z < 1 ].(5.10)

Thus we have proved the following result.

Theorem 5.5 (Canonical representation). For γ > 0 a function P on

[ 0, 1 ] is the pgf of a stable distribution on Z+ with exponent γ iff γ ≤ 1
and P has the form

P (z) = exp
[
−λ (1− z)γ

]
[ 0 ≤ z ≤ 1 ],(5.11)

where λ > 0.
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So, there are no stable distributions with exponent γ > 1, and those with
exponent γ = 1 are given by the Poisson distributions. The stable dis-
tributions with exponent γ ≤ 1 coincide with the infinitely divisible dis-
tributions on Z+ whose canonical sequences (rk) have gf’s R of the form
(5.10) with λ > 0; see the middle part of (4.6). Inversion yields the following
characterization of the stable distributions on Z+ among the infinitely divis-
ible ones.

Theorem 5.6. For γ ∈ (0, 1 ] a distribution on Z+ is stable with exponent γ

iff it is infinitely divisible having a canonical sequence (rk) of the form

rk = c

(
k − γ

k

)
[ k ∈Z+ ](5.12)

with c > 0. Here c is given by c = λγ if the distribution has pgf (5.11).

Similarly, the stable distributions on Z+ can be characterized among the
self-decomposable ones; compute the R0-function (4.8) of P in (5.11) and
invert it to obtain (r0,k) with gf R0, or make use of Theorem 5.6 and the
relation (4.22) between (rk) and (r0,k).

Theorem 5.7. For γ ∈ (0, 1 ] a distribution on Z+ is stable with exponent γ

iff it is self-decomposable having a second canonical sequence (r0,k) of the

form

r0,k = c

(
k − γ

k

)
[ k ∈Z+ ](5.13)

with c > 0. Here c is given by c = λγ2 if the distribution has pgf (5.11).

From Theorems 5.6 and 5.7 it follows that the first and second canonical
sequences (rk) and (r0,k) of a stable pgf P with exponent γ are related by

rk =
1
γ
r0,k [ k ∈Z+ ].(5.14)

Since R(z) =
(
log P (z)

)′ and R0(z) =
(
log P0(z)

)′ with P0 the underlying
infinitely divisible pgf of P , relation (5.14) reflects the observation at the
end of the preceding section. It can be formulated as a characterization of
the stable pgf’s as in the theorem below; recall that L1 and L2 are the semi-
linear spaces of functions of the form − log P with P an infinitely divisible
pgf with finite logarithmic moment and with P a self-decomposable pgf,
respectively.
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Theorem 5.8. For γ ∈ (0, 1 ] a pgf P is stable with exponent γ iff the

function h = − logP is an eigenfunction at the eigenvalue 1/γ of the semi-

linear bijective mapping T : L1 → L2 given by

(Th)(z) :=
∫ 1

z

h(x)
1− x

dx [h ∈L1; 0 ≤ z ≤ 1 ].

The mapping T has no other eigenvalues than 1/γ with γ ∈ (0, 1 ].

Finally, we pay some attention to the non-Poissonian stable distributions
on Z+ themselves, rather than to their transforms or canonical sequences.
Let X be stable with exponent γ ∈ (0, 1). Then from (5.7) it follows that

IEX = ∞;(5.15)

to show this one can also use (4.6) and (4.21). In view of Proposition 5.8,
however, X does have a finite logarithmic moment:

IE log (X + 1) <∞.(5.16)

Combining Theorems II.7.5 and 5.6, and observing that
(
k−γ
k

)
∼ k−γ as

k →∞, we see that for r > 0 we even have

IEXr <∞ ⇐⇒ r < γ.(5.17)

Since X is self-decomposable, we can use the remark around (4.23) and
Theorem 5.6 to conclude that the distribution (pk) of X satisfies

(n+ 1) pn+1 = c
n∑
k=0

(
k − γ

k

)
pn−k [n ∈Z+ ](5.18)

for some c > 0. Where there are simple explicit expressions for the pgf
and both the canonical sequences of X, the distribution (pk) itself seems
to be generally intractable. Last but not least we mention the following
consequence of Theorem 4.20, which also holds when γ = 1; note that The-
orem 5.6 implies that r0 = p1/p0 is given by r0 = λγ if X has pgf (5.11).

Theorem 5.9. A stable distribution on Z+ is unimodal. Moreover, if its

pgf is represented by (5.11), then it is nonincreasing iff λγ ≤ 1.

It is remarkable that, contrary to the R+-case, stable distributions on Z+

can be monotone.
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6. Self-decomposability on the real line

We return to the classical case and consider general distributions on R.
The definition of self-decomposability, as given in the first section, can be
rephrased in terms of characteristic functions as follows. A characteristic
function φ is self-decomposable iff for every α ∈ (0, 1) there exists a charac-
teristic function φα such that

φ(u) = φ(αu)φα(u).(6.1)

Here the factors φα are uniquely determined by φ because φ turns out to
have no zeroes. In fact, we have the following criterion for self-decom-
posability; here for any function φ without zeroes the φα-function of φ is
defined by

φα(u) =
φ(u)
φ(αu)

.(6.2)

Proposition 6.1. A characteristic function φ is self-decomposable iff φ has

no zeroes in R and for all α ∈ (0, 1) the φα-function of φ is a characteristic

function.

Proof. We only need to show that φ(u) 6= 0 for u ∈R if φ is self-decom-
posable; the rest of the proposition immediately follows from (6.1). So,
let φ be self-decomposable with factors φα, and suppose that φ has a zero.
Since φ is continuous with φ(−u) = φ(u) and φ(0) = 1, there then exists
u0 > 0 such that

φ(u0) = 0, φ(u) 6= 0 for |u| < u0.

In particular, for α ∈ (0, 1) we have φ(αu0) 6= 0, so φα(u0) = 0. Now, use
the well-known inequality Re

{
1− ψ(u)

}
≥ 1

4 Re
{
1− ψ(2u)

}
for a charac-

teristic function ψ, and replace ψ by |φα|2 and u by 1
2u0; then it follows

that ∣∣φα( 1
2u0)

∣∣ ≤ 1
2

√
3 (< 1) [ 0 < α < 1 ].

But on the other hand we have φ( 1
2αu0) 6= 0 for α ∈ (0, 1), so

lim
α↑1

φα( 1
2u0) = lim

α↑1
φ( 1

2u0)
/
φ( 1

2αu0) = 1.

This contradicts the inequality above; we conclude that φ has no zeroes
in R. 22
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This criterion can be used to show that the class of self-decomposable
distributions is closed under scale transformation, under convolution and
under weak convergence; for the last property, however, we first have to
repeat the argument in the proof just given.

Proposition 6.2.

(i) If X is a self-decomposable random variable, then so is aX for every

a ∈R. Equivalently, if φ is a self-decomposable characteristic function,

then so is φ(a) with φ(a)(u) := φ(au) for every a ∈R. In particular,

if φ is a self-decomposable characteristic function, then so is φ.

(ii) IfX and Y are independent self-decomposable random variables, then

X+Y is self-decomposable. Equivalently, if φ1 and φ2 are self-decom-

posable characteristic functions, then their pointwise product φ1φ2 is

a self-decomposable characteristic function.

Proposition 6.3. If a sequence (X(m)) of self-decomposable random vari-

ables converges in distribution to X, then X is self-decomposable. Equiv-

alently, if a sequence (φ(m)) of self-decomposable characteristic functions

converges (pointwise) to a characteristic function φ, then φ is self-decom-

posable.

Proof. Let φ be a characteristic function that satisfies φ = limm→∞ φ(m),
where φ(m) is self-decomposable with factors φ(m)

α , α ∈ (0, 1). First, suppose
there exists u0 > 0 such that

φ(u0) = 0, φ(u) 6= 0 for |u| < u0.

Then for α ∈ (0, 1) we have φ(αu) 6= 0 for |u| ≤ u0, so limm→∞ φ
(m)
α (u) ex-

ists for |u| ≤ u0 with value zero for u = u0. As in the proof of Proposi-
tion 6.1 it follows that∣∣ lim

m→∞
φ(m)
α ( 1

2u0)
∣∣ ≤ 1

2

√
3 (< 1) [ 0 < α < 1 ],

which, however, contradicts the fact that

lim
α↑1

lim
m→∞

φ(m)
α ( 1

2u0) = lim
α↑1

φ( 1
2u0)

/
φ( 1

2αu0) = 1.

Thus we have shown that φ has no zeroes in R. Now, for α ∈ (0, 1) we can
consider the φα-function of φ, and see that φα = limm→∞ φ

(m)
α . Since φα

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



is continuous at zero, by the continuity theorem we conclude that φα is a
characteristic function. Hence φ is self-decomposable. 22

The use of Proposition 6.1 is also illustrated by the following simple exam-
ples, which were already considered in the context of infinite divisibility;
see Section IV.2.

Example 6.4. For σ2 > 0, let X have the normal (0, σ2) distribution, so
its density f and characteristic function φ are given by

f(x) =
1

σ
√

2π
e−

1
2x

2/σ2
, φ(u) = e−

1
2σ

2u2
.

Then for α ∈ (0, 1) the φα-function of φ is recognized as the characteristic
function of the normal

(
0, (1− α2)σ2

)
distribution. We conclude that the

normal (µ, σ2) distribution is self-decomposable for µ = 0 and hence for
µ ∈R; cf. (1.3). 22

Example 6.5. For λ > 0, let X have the Cauchy (λ) distribution, so its
density f and characteristic function φ are given by

f(x) =
1
π

λ

λ2 + x2
, φ(u) = e−λ|u|.

Then for α ∈ (0, 1) the φα-function of φ is recognized as the characteristic
function of the Cauchy

(
(1− α)λ

)
distribution. We conclude that the

Cauchy (λ) distribution is self-decomposable. 22

Example 6.6. For r > 0, λ > 0, let X have the sym-gamma (r, λ) distrib-
ution, so its characteristic function φ is given by

φ(u) =
( λ2

λ2 + u2

)r
.

Then for α ∈ (0, 1) the φα-function of φ can be written as

φα(u) =
(λ2 + α2u2

λ2 + u2

)r
=

{
α2 + (1− α2)

λ2

λ2 + u2

}r
,

so φα is of the form φα(u) = π(u2) with π a pLSt (cf. Example 2.4), which
by (IV.3.8) implies that φα is a characteristic function. We conclude that
the sym-gamma (r, λ) distribution is self-decomposable. This can also be
shown by using Proposition 6.2 and noting that φ = ψψ with ψ the charac-
teristic function of the gamma (r, λ) distribution, which is self-decompos-
able; cf. Example 2.4. 22
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Of course, one of the first things we want to show next, is the infinite
divisibility of a self-decomposable characteristic function φ. Moreover, we
are interested in deriving a canonical representation for φ. In doing so we
want to avoid the classical but laborious way of using triangular arrays of
random variables. Instead we try to adapt the methods of proof in Section 2
for the R+-case. Since there seems to be no useful analogue of the concept
of complete monotonicity, we at once focus on the basic representation of a
self-decomposable pLSt π as given by Theorem 2.9, from which the infinite
divisibility of π immediately follows:

π(s) = exp
[∫ s

0

log π0(u)
u

du
]

[ s ≥ 0 ],(6.3)

where π0 is an infinitely divisible pLSt. In Section 2 this representation
was derived by first showing the complete monotonicity of the ρ- and ρ0-
function of π and then proving from this the infinite divisibility of the
π0-function of π. Now, observe that this derivation can be cut short by use
of the relation between π and its factors πα as given by (2.6):

π0(s) := exp
[
s π′(s)

/
π(s)

]
= lim

α↑1
exp

[
− 1

1− α

{
1− πα(s)

}]
,(6.4)

so π0 is the limit of compound-Poisson pLSt’s and hence is an infinitely
divisible pLSt. Here we use the fact that π0(0+) = 1 or, equivalently, that

lim
s↓0

s π′(s) = 0.(6.5)

This property holds for functions even more general than pLSt’s; it was
used for proving the relation (2.8) between the ρ- and ρ0-function of π. For
deriving (6.3), however, it suffices to know (6.5) only for self-decomposable
pLSt’s, as was the case for proving the direct part of Theorem 2.8.

We now want to use this method of proof for deriving a representation
similar to (6.3) for a self-decomposable characteristic function φ. So, we
would like φ to have the following property :

φ is differentiable on R \{0} and satisfies limu→0 uφ
′(u) = 0.(6.6)

Though, ultimately, it will appear that this property can be proved from
(6.1), we did not succeed in proving it directly. In fact, (6.6) is not true for
general characteristic functions, infinitely divisible or not; see Notes. On
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the other hand, if a random variable X corresponding to φ has a finite first
moment, then one has, as is well known,

φ′(u) = IE (iX) eiuX , so
∣∣uφ′(u)∣∣ ≤ |u| IE|X|,

which tends to zero as u → 0. For self-decomposable characteristic func-
tions without finite first moment, however, (6.6) seems very hard to prove,
and this leaves us with a dilemma; we want to make use of (6.6) without
having to prove it in advance. This dilemma will be resolved as follows. For
the time being we shall redefine (but not rename) self-decomposability of a
characteristic function φ by requiring that it satisfies both (6.1) and (6.6).
Eventually it will appear that the set of self-decomposable characteristic
functions, defined this way, coincides with the set satisfying only (6.1). We
return to this after Theorem 6.12.

We start with deriving an analogue of Theorem 2.9 for our (restricted)
concept of self-decomposability; it immediately yields an analogue of Theo-
rem 2.8. In view of the latter result, for any C-valued function φ on R that
is differentiable on R \{0} and has no zeroes, we define the φ0-function of φ
as follows:

φ0(u) = exp
[
uφ′(u)

/
φ(u)

]
for u 6= 0, φ0(0) = 1.(6.7)

Theorem 6.7. A C-valued function φ on R is the characteristic function

of a self-decomposable distribution on R iff φ has the form

φ(u) = exp
[∫ u

0

log φ0(v)
v

dv
]

[u ∈R ](6.8)

with φ0 the characteristic function of an infinitely divisible random vari-

able X0, for which necessarily

IE log
(
|X0|+ 1

)
<∞.(6.9)

Proof. Let φ be a self-decomposable characteristic function with fac-
tors φα as in (6.1). Because of property (6.6) the derivative φ′(u) at u 6= 0
exists; it can be obtained in the following way:

φ′(u) = lim
α↑1

φ(u)− φ(αu)
u− αu

= −φ(u)
u

lim
α↑1

1− φα(u)
1− α

.(6.10)
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Since by Proposition 6.1 φ has no zeroes, we can consider the φ0-function
of φ ; by (6.10) it can be written as

φ0(u) = lim
α↑1

exp
[
− 1

1− α

{
1− φα(u)

}]
[u ∈R ],(6.11)

so φ0 is the limit of compound-Poisson characteristic functions. Now, prop-
erty (6.6) implies that φ0 is continuous at zero. Hence from the continuity
theorem it follows that φ0 is a characteristic function, and from Proposi-
tion IV.2.3 that it is infinitely divisible. Finally, rewriting (6.7) yields

d
du

log φ(u) =
log φ0(u)

u
[u 6= 0 ],

which implies the desired representation (6.8) (with
∫ u
0

= −
∫ 0

u
if u < 0).

Suppose, conversely, that φ is of the form (6.8) with φ0 an infinitely divis-
ible characteristic function, and let α ∈ (0, 1). Since φ has no zeroes, we can
consider the φα-function of φ ; it takes the form

φα(u) = exp
[∫ u

αu

log φ0(v)
v

dv
]

= exp
[∫ 1

α

log φ0(us)
s

ds
]
.

Now, for every u ∈R the integrand s 7→
{
log φ0(us)

}/
s is continuous on

the interval [α, 1 ], and hence Riemann-integrable. Therefore, for every
n ∈N there exist sn,1, . . . , sn,n ∈ (α, 1), independent of u, such that

φα(u) = exp
[

lim
n→∞

1− α

n

n∑
k=1

log φ0(usn,k)
sn,k

]
=

= lim
n→∞

n∏
k=1

{
φ0(usn,k)

}tn,k ,

where tn,k := (1− α)
/
(nsn,k). As φα is continuous at zero and φ0 is infin-

itely divisible, from the continuity theorem and several properties from
Section IV.2 it follows that φα is an infinitely divisible characteristic func-
tion. And, by letting α ↓ 0 we similarly see that φ itself is an infinitely
divisible characteristic function as well. We can now apply Proposition 6.1
to conclude that φ satisfies (6.1). Since the integrand in (6.8) is continuous
on R \{0}, we can differentiate to obtain also property (6.6):

uφ′(u) = φ(u) log φ0(u) [u 6= 0 ].

The logarithmic moment condition (6.9) is equivalent to the integral in (6.8)
being finite; this concerns a general property of characteristic functions,
which is proved in Proposition A.2.7. 22
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Corollary 6.8. A self-decomposable distribution on R is infinitely divis-

ible. Also, the components Xα in (1.1) of a self-decomposable random

variable X are infinitely divisible; equivalently, the factors φα in (6.1) of a

self-decomposable characteristic function φ are infinitely divisible.

Corollary 6.9. Let φ be a C-valued function on R with φ(0) = 1 that is

differentiable on R \{0} and has no zeroes. Then φ is the characteristic

function of a self-decomposable distribution on R iff its φ0-function is an

infinitely divisible characteristic function.

In view of (6.8) the φ0-function of a self-decomposable characteristic func-
tion φ will be called the underlying (infinitely divisible) characteristic func-
tion of φ.

It is now easy to get a canonical representation for self-decompos-
able characteristic functions similar to the Lévy representation in Theo-
rem IV.4.4 for infinitely divisible characteristic functions. To see this we
define for u ∈R and x ∈R

I(u, x) := eiux− 1− iux

1 + x2
, J(u, x) :=

∫ u

0

eivx− 1
v

dv − iux

1 + x2
.

The underlying characteristic function φ0 of a self-decomposable charac-
teristic function φ can then be represented, as all infinitely divisible charac-
teristic functions, in terms of its canonical triple (a0, σ

2
0 ,M0) by

φ0(u) = exp
[
iua0 − 1

2u
2σ2

0 +
∫

R\{0}
I(u, x) dM0(x)

]
,(6.12)

where the Lévy function M0 satisfies
∫
[−1,1]\{0} x

2 dM0(x) <∞. Inserting
this representation for φ0 in (6.8) and changing the order of integration,
we obtain a similar representation for the self-decomposable characteristic
function φ ; we only have to replace I by J and the factor 1

2 in the normal
component by 1

4 .

Theorem 6.10 (Canonical representation). A C-valued function φ

on R is the characteristic function of a self-decomposable distribution on R
iff φ has the form

φ(u) = exp
[
iua0 − 1

4u
2σ2

0 +
∫

R\{0}
J(u, x)dM0(x)

]
,(6.13)
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where a0 ∈R, σ2
0 ≥ 0 and M0 is a right-continuous function that is nonde-

creasing on (−∞, 0) and on (0,∞) with M(x) → 0 as x→ −∞ or x→∞
and ∫

[−1,1]\{0}
x2 dM0(x) <∞,

∫
R\[−1,1]

log |x|dM0(x) <∞.(6.14)

Proof. We only have to show yet that the second part of (6.14) holds if φ is
of the form (6.13). For this it is sufficient to note that the integral in (6.13)
with u = 1 is then finite or, equivalently, that

∫
R\[−1,1]

A(x) dM0(x) < ∞,
where for |x| > 1

2π and with D := {y > 0 : cos y ≤ 0}:

A(x) :=
∣∣∣∫ 1

0

eivx − 1
v

dv
∣∣∣ ≥ ∫ |x|

0

1− cos y
y

dy ≥

≥
∫ |x|

0

1
y

1D(y) dy ≥ 1
2

∫ |x|

1
2π

1
y

dy = 1
2 log |x| − 1

2 log 1
2π.

Since M0 is bounded on R \ [−1, 1], the desired moment condition for M0

immediately follows; in fact, it is equivalent to the integral in (6.13) being
finite. 22

The triple (a0, σ
2
0 ,M0) in Theorem 6.10 will be called the second canoni-

cal triple of φ, and of the corresponding distribution function F and of a
corresponding random variable X. It is the (first) canonical triple of the
underlying characteristic function φ0 of φ. The condition on M0 given by
the second part of (6.14) is equivalent to that on φ0 in (6.9) because, as
has been shown in the proofs above, both conditions are equivalent to the
finiteness of log φ(1). The (first) canonical triple of φ, which by Corol-
lary 6.8 is infinitely divisible, can be obtained from the second one in the
following way.

Proposition 6.11. Let φ be a self-decomposable characteristic function

with second canonical triple (a0, σ
2
0 ,M0). Then φ is infinitely divisible

with Lévy triple (a, σ2,M) such that

a = a0 − 2
∫

R\{0}

x2

(1 + x2)2
M0(x)dx, σ2 = 1

2σ
2
0 ,(6.15)

and M is absolutely continuous with density m given by

m(x) = − 1
x
M0(x) [x 6= 0 ].(6.16)
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Proof. We want to write the canonical representation (6.13) for φ in the
Lévy form; cf. (6.12). To this end we first rewrite the integrand J(u, x) in
the following way:

J(u, x) :=
∫ u

0

eivx − 1
v

dv − iux

1 + x2
=

=
∫ x

0

eiuy − 1
y

dy − iu

∫ x

0

1− y2

(1 + y2)2
dy =

=
∫ x

0

I(u, y)
1
y

dy + iu

∫ x

0

2y2

(1 + y2)2
dy =:

=: J1(u, x) + iu J2(x).

Since
∣∣J2(x)

∣∣ ≤ 2x2 if |x| ≤ 1 and ≤ π if |x| > 1, the integral of J2 over
R \{0} with respect to M0 is finite; thus we can write∫

R\{0}
J(u, x) dM0(x) =

=
∫

R\{0}
J1(u, x) dM0(x) + iu

∫
R\{0}

J2(x) dM0(x).

Now, splitting up the domain of integration in both integrals into (−∞, 0)
and (0,∞), and changing the order of integration in the resulting four
integrals, we get∫

R\{0}
J1(u, x) dM0(x) = −

∫
R\{0}

I(u, y)
1
y
M0(y) dy,∫

R\{0}
J2(x) dM0(x) = −

∫
R\{0}

2y2

(1 + y2)2
M0(y) dy.

Finally, by inserting these results in (6.13) we see that φ takes the Lévy
form. From the uniqueness of Lévy representations the assertions of the
proposition now immediately follow. 22

From this proposition and Fubini’s theorem it follows that the Lévy func-
tion M itself can be expressed in terms of M0 in the following way:

M(x) =


−

∫ x

−∞

1
y
M0(y) dy =

∫
(−∞,x]

log
y

x
dM0(y), if x < 0,∫ ∞

x

1
y
M0(y) dy = −

∫
(x,∞)

log
y

x
dM0(y) , if x > 0.

(6.17)
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By taking here x = −1 and x = 1 we see that the second condition in (6.14)
is equivalent to M(−1) and M(1) being finite. In a similar way one shows
that the first condition in (6.14) is equivalent to the same condition for M .
Moreover, from Theorem IV.7.3 it easily follows that if X is self-decompos-
able with second canonical function M0, then for r > 0

IE |X|r <∞ ⇐⇒
∫

R\[−1,1]

|x|r dM0(x) <∞.(6.18)

Since M0 is nondecreasing on (−∞, 0) and on (0,∞), Proposition 6.11
also shows that the Lévy function M of a self-decomposable distribution
has a density m such that the function x 7→ xm(x) is nonincreasing on
(−∞, 0) and on (0,∞). It turns out that the converse also holds; thus we
have the following characterization of the self-decomposable distributions
among the infinitely divisible ones.

Theorem 6.12. A distribution on R is self-decomposable iff it is infinitely

divisible having an absolutely continuous Lévy functionM with a densitym

such that x 7→ xm(x) is nonincreasing on (−∞, 0) and on (0,∞).

Proof. We are left with proving the converse statement. So, let φ be the
characteristic function of an infinitely divisible distribution with canonical
triple (a, σ2,M), and suppose that M has a density m satisfying the mono-
tonicity property as stated; we may take m right-continuous, of course. In
view of (6.16) we consider the function M0 on R \{0} defined by

M0(x) = −xm(x) [x 6= 0 ];(6.19)

then M0 is right-continuous, and nondecreasing on (−∞, 0) and on (0,∞).
Moreover, since m is integrable over R \ [−1, 1], it is seen that M0(x) → 0
as x→ −∞ or x→∞. Also, M0 satisfies (6.14); cf. the remarks following
(6.17). Now, we can read the proof of Proposition 6.11 backward and see
that the Lévy representation for φ can be rewritten in the form (6.13)
with a0 and σ2

0 satisfying (6.15). From Theorem 6.10 we conclude that φ
is self-decomposable. 22

It is now the appropriate moment to return to the dilemma regarding prop-
erty (6.6). It is well known from more classical treatments of self-decom-
posability (see Notes) that Theorem 6.12 characterizes all distributions
that are self-decomposable in the original sense, i.e., that satisfy only (6.1).
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Hence self-decomposability is equivalent to self-decomposability in our re-
stricted sense, i.e., (6.6) is implied by (6.1). We state this as a formal
result.

Proposition 6.13. A self-decomposable characteristic function φ is differ-

entiable on R \{0} and satisfies limu→0 uφ
′(u) = 0.

We turn to another use of Theorem 6.12. Let F be a self-decomposable
distribution function with Lévy triple (a, σ2,M). If σ2 > 0, so if F has a
normal component, then F is absolutely continuous. Now, let σ2 = 0 and
suppose F is non-degenerate. Then M is not identically zero, and since
by Theorem 6.12 m(x) ≥ x0m(x0)

/
x if 0 < x < x0 and if x0 < x < 0, it

follows that

M(0−) = ∞ or M(0+) = −∞,(6.20)

so M is unbounded. Since M is also absolutely continuous, we can apply
Theorem IV.4.23 to obtain the following result.

Theorem 6.14. A non-degenerate self-decomposable distribution on R is

absolutely continuous.

Before looking more closely at self-decomposable densities we return to
the three examples from the beginning of this section in order to illustrate
the preceding results, and we prove some useful closure properties.

Example 6.15. Consider the normal (0, σ2) distribution with characteris-
tic function φ given by

φ(u) = e−
1
2σ

2u2
.

Then φ has Lévy triple (0, σ2, 0), so with Lévy function M that vanishes
everywhere; cf. Example IV.4.6. From Theorem 6.12 it follows that φ is
self-decomposable, and from Proposition 6.11 that φ has second canonical
triple (0, 2σ2, 0), so the underlying infinitely divisible distribution is also
normal. 22

Example 6.16. Consider the Cauchy (λ) distribution with characteristic
function φ given by

φ(u) = e−λ|u|.
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According to Example IV.4.7 the Lévy triple of φ is (0, 0,M) with M

absolutely continuous with density

m(x) =
λ

πx2
[x 6= 0 ].

From Theorem 6.12 it follows that φ is self-decomposable, and from Propo-
sition 6.11 that the second canonical triple equals the first one, so the
underlying infinitely divisible distribution is the same Cauchy. 22

Example 6.17. Consider the sym-gamma (r, λ) distribution with charac-
teristic function φ given by

φ(u) =
( λ2

λ2 + u2

)r
.

According to Example IV.4.8 the Lévy triple of φ is (0, 0,M) with M

absolutely continuous with density

m(x) =
r

|x|
e−λ|x| [x 6= 0 ].

From Theorem 6.12 it follows that φ is self-decomposable, and from Propo-
sition 6.11 that the second canonical triple of φ is (0, 0,M0) with M0 ab-
solutely continuous with density

m0(x) = rλ e−λ|x| [x 6= 0 ].

The underlying infinitely divisible characteristic function φ0 of φ can now
be computed by using Theorem IV.4.18, but it can also be obtained from
(6.7); we find

φ0(u) = exp
[
−2r

{
1− λ2

/
(λ2 + u2)

}]
,

so φ0 is of the compound-Poisson type. 22

Self-decomposability is preserved under scale transformations, convolutions
and taking limits; see Propositions 6.2 and 6.3. We now consider some other
operations; cf. Section IV.6.

Proposition 6.18. Let φ be a self-decomposable characteristic function.

Then:

(i) The absolute value |φ| of φ is a self-decomposable characteristic func-

tion.
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(ii) For a > 0 the a-th power φa of φ is a self-decomposable characteristic

function.

Proof. By Corollary 6.8 φ and its factors φα are infinitely divisible.
Therefore, Proposition IV.2.2 implies that |φ| and |φα| are characteristic
functions; part (i) now follows by taking absolute values in (6.1). Similarly,
part (ii) is proved by taking the a-th power in (6.1) and using Proposi-
tion IV.2.5. 22

If φ is a self-decomposable characteristic function, then 1− α + αφ with
α ∈ (0, 1) is not self-decomposable because of Theorem 6.14. In partic-
ular, the factors φα of the sym-gamma characteristic function φ, which
were computed in Example 6.6, are not self-decomposable; note that by
Example 6.17 the underlying characteristic function φ0 of φ is not self-de-
composable either. In fact, self-decomposability of the φα turns out to be
equivalent to that of φ0.

Theorem 6.19. Let φ be a self-decomposable characteristic function.

Then its factors φα with α ∈ (0, 1) are self-decomposable iff the underly-

ing infinitely divisible characteristic function φ0 of φ is self-decomposable.

In fact, for α ∈ (0, 1) the φ0-function of φα equals the φα-function of φ0:

φα,0 = φ0,α.

Proof. Recall that φα and φ0 are defined by

φα(u) =
φ(u)
φ(αu)

, φ0(u) = exp
[
uφ′(u)

/
φ(u)

]
for u 6= 0;

because of Propositions 6.1 and 6.13 φ is differentiable on R \{0} and has
no zeroes. It follows that φα has the same properties, so its φ0-function is
well defined; it is given by

φα,0(u) := exp
[
uφ′α(u)

/
φα(u)

]
=

exp
[
uφ′(u)

/
φ(u)

]
exp

[
αuφ′(αu)

/
φ(αu)

] =

=
φ0(u)
φ0(αu)

=: φ0,α(u).

This proves the final statement of the theorem. The rest is now easy; use
Corollary 6.9 for φα, and (6.1) and Corollary 6.8 for φ0. 22

For every pLSt π and every infinitely divisible characteristic function φ0

the function φ := π ◦ (− log φ0) is a characteristic function; cf. (IV.3.8).
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Moreover, if π is infinitely divisible, then so is φ; cf. (IV.6.4). Now, if π
is self-decomposable, then φ need not be self-decomposable, even if φ0 is
self-decomposable; see Section 9 for an example. Taking φ0 stable as in
Example IV.4.9, however, yields the positive result stated below; just use
(2.1) with α replaced by αγ and s by |u|γ .

Proposition 6.20. If π is a self-decomposable pLSt, then u 7→ π
(
|u|γ

)
is

a self-decomposable characteristic function for every γ ∈ (0, 2 ].

A self-decomposable distribution function F with `F = 0 has a density f
that is continuous and positive on (0,∞). This result is contained in Theo-
rem 2.16 and can be used to prove a similar property for self-decomposable
distributions on R.

Theorem 6.21. A non-degenerate self-decomposable distribution on R
has a density which is either continuous and bounded on R or is continuous

and monotone on (−∞, b) and on (b,∞) for some b ∈R.

Proof. We will use several times the easily verified fact that if g and h

are probability densities on R and one of them is continuous and bounded
on R, then so is the density f := g ∗ h for which

f(x) =
∫ ∞

−∞
g(x− y)h(y) dy [x ∈R ].

Let F be a non-degenerate self-decomposable distribution function with
Lévy triple (a, σ2,M). As a normal distribution has a continuous bounded
density, it follows that F has such a density if it has a normal component,
i.e., if σ2 > 0. So, further let σ2 = 0. Then we write M as the sum of
two canonical functions M+ and M− with M+(0−) = 0 and M−(0+) = 0.
By Proposition IV.4.5 (iv) we have F = G ? H, where G and H are infin-
itely divisible with Lévy functions M+ and M−, respectively. Since by
Theorem 6.12 M has a density m such that x 7→ xm(x) is nonincreasing
on (−∞, 0) and on (0,∞), the same holds for M+ and M−, so G and H

are self-decomposable and, if non-degenerate, have densities g and h, say,
because of Theorem 6.14. The function f as defined above is then a density
of F . Now, set k(x) := xm(x) for x > 0 and `(x) := −xm(x) for x < 0;
then we distinguish the following two cases: I. k(0+) > 1 or `(0−) > 1;
II. k(0+) ≤ 1 and `(0−) ≤ 1.
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We start with case I; without restriction we may assume that k(0+) > 1.
First, suppose that

∫ 1

0
k(x) dx < ∞. Then by Theorem IV.4.13 we have

`G > −∞, and as k is the canonical density (in the R+-sense) of G( · +`G),
we can apply Theorem 2.16 and Corollary 2.18 (vi) to conclude that the
density g of G may be taken continuous and bounded on R. Hence F has a
continuous bounded density, both in case `(0−) = 0 and in case `(0−) > 0.
Next, suppose that

∫ 1

0
k(x) dx = ∞, so k(0+) = ∞. Then on (0,∞) we

write m as the sum of two canonical densities m1 and m2 with

m1(x) := min
{
2/x, m(x)

}
[x > 0 ].

As above it follows that G can be written as the convolution of two distrib-
ution functions G1 and G2, where G1 is self-decomposable with canonical
density (in the R+-sense) k1 given by k1(x) = xm1(x) = min

{
2, k(x)

}
for

x > 0. Now, k1 satisfies k1(0+) = 2 > 1 and
∫ 1

0
k1(x) dx <∞; hence, as we

have seen above, G1 has a continuous bounded density. But then so has G
and hence F .
In case II we trivially have

∫ 1

0
k(x) dx <∞ and

∫ 1

0
`(x) dx <∞, so G

and H are restricted to half-lines; without loss of generality we may take
`G = rH = 0. Since k is the canonical density (in the R+-sense) of G and `
that of H, we can apply Theorems 2.16 and 2.17 to conclude that the den-
sity g of G may be taken continuous and nonincreasing on (0,∞) and the
density h of H continuous and nondecreasing on (−∞, 0). Now, observe
that the density f of F can be written as

f(x) =


∫∞
0
h(x− y) g(y) dy , if x < 0,∫ 0

−∞ g(x− y)h(y) dy , if x > 0.

From this it is immediately clear that f is nondecreasing on (−∞, 0) and
nonincreasing on (0,∞). Moreover, by the monotone convergence theorem
it now follows that f is continuous on R \{0}. 22

In case II of the preceding proof we expect f to be continuous on all of R if
at least one of g and h is bounded; then f will be bounded as well. If g and h
are both discontinuous at zero, then both continuity of f and discontinuity
of f are possible; in the latter case g and h must be unbounded near zero.
Examples of both situations are provided by the sym-gamma distribution
of Example 6.6.
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A self-decomposable distribution obeying the second alternative of The-
orem 6.21 is obviously unimodal ; see Section A.2 for definition and proper-
ties. Actually, all self-decomposable distributions turn out to be unimodal.
In showing this we can restrict ourselves to distributions without normal
component because the normal distribution has a log-concave density and
hence (cf. Theorem A.2.11) is strongly unimodal, i.e., its convolution with
any unimodal distribution is again unimodal. So, let F be a self-decom-
posable distribution function without normal component, and suppose first
that the Lévy function M of F satisfies M(0−) = 0. Then one can show
(we will do so in the proof of Theorem 6.23) that F is the weak limit of
shifted self-decomposable distribution functions on R+. Since unimodality
is preserved under weak convergence, the unimodality of F immediately
follows from Theorem 2.17. Similarly, F is unimodal if M(0+) = 0. Now,
in order to deal with the general case we have to consider convolutions of
these two types of distribution functions. In general, however, unimodality
is not preserved under convolutions. But it is if one imposes some extra
conditions as given by the following lemma.

Lemma 6.22. Let G be an absolutely continuous distribution function

on R+ with density g that is continuous on (0,∞), and let H be an abso-

lutely continuous distribution function on R− with density h that is con-

tinuous on (−∞, 0). Suppose G and H are unimodal with modes a and b,

respectively, and have the following property: If a > 0, then g(0+) = 0
and g is positive and log-concave on (0, a); if b < 0, then h(0−) = 0 and h

is positive and log-concave on (b, 0). Then G ? H is unimodal.

Since this lemma has nothing to do with infinite divisibility, we don’t give
a proof and refer to Section 10 for further information. We will use it now
to prove the following important result.

Theorem 6.23. A self-decomposable distribution on R is unimodal.

Proof. Let F be a self-decomposable distribution function. Let (a, σ2,M)
be its Lévy triple; as argued above, we may take σ2 = 0. According to
Theorem 6.12 the function M has a density m such that x 7→ xm(x) is
nonincreasing on (−∞, 0) and on (0,∞); we take m right-continuous. First
we show that we may restrict ourselves to functions m with some further
nice properties.
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Suppose that m can be obtained as the monotone (pointwise) limit of a
sequence (mn)n∈N of canonical densities with the same monotonicity prop-
erty as m has. Then, letting I(u, x) be the ‘Lévy kernel’ as before, by the
monotone convergence theorem we have

lim
n→∞

∫
R\{0}

I(u, x)mn(x) dx =
∫

R\{0}
I(u, x)m(x) dx [u ∈R ],

and hence limn→∞ F̃n(u) = F̃ (u) for u ∈R, where Fn is the infinitely divis-
ible distribution function with Lévy triple (a, 0,Mn) and Mn has den-
sity mn. From the continuity theorem it follows that (Fn) converges weakly
to F . Since unimodality is preserved under weak convergence, we conclude
that F is unimodal as soon as all Fn are unimodal.
This observation will now be used repeatedly for showing that m may
be taken special, as indicated below. Set k(x) := xm(x) for x > 0 and
`(x) := −xm(x) for x < 0; then k is nonincreasing and ` is nondecreasing.
We approximate k and ` as in step 1 in the proof of Theorem 2.17; define
kn(x) := min

{
k(1/n), k(x)

}
for n ∈N and x > 0, and similarly `n(x) for

n ∈N and x < 0. For the resulting Lévy density mn this amounts to

mn(x) = min
{ 1
n|x|

m
( x

n|x|

)
,m(x)

}
[n ∈N; x 6= 0 ].

Each mn is a canonical density having the same monotonicity property
as m has; moreover, mn is such that kn and `n are bounded. Since mn ↑ m
as n→∞, we may further assume that m is like mn, i.e., that k and ` are
bounded. Now, observe that M has the following property:∫

[−1,1]\{0}
|x|dM(x) =

∫ 1

0

k(x) dx+
∫ 0

−1

`(x) dx <∞.

From Theorem IV.4.15 it follows that, up to a shift over some constant
which may be taken zero, of course, F can be written as F = G ? H,
where G is a self-decomposable distribution function with `G = 0 and with
canonical density k, and H is a self-decomposable distribution function
with rH = 0 and with canonical density `. According to Theorem 2.17 G

and H are unimodal; moreover, both have modes zero iff k(0+) ≤ 1 and
`(0−) ≤ 1. So, in this case F is unimodal as well, because of Lemma 6.22
(with a = 0 and b = 0); see also case II in the proof of Theorem 6.21.
When k(0+) > 1 or `(0−) > 1, we first have to approximate m (mono-
tonically) further. We do so by approximating k and/or ` as in steps 2,
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3 and 4 in the proof of Theorem 2.17. Thus, if e.g. k(0+) > 1, we may
further assume that m is such that k is bounded and has a bounded, con-
tinuous, negative derivative on (0,∞). We can then apply Proposition 2.19
to conclude that the component G of F has a continuous density g that
satisfies g(0+) = 0 and is positive and log-concave on (0, a), where a is a
(positive) mode of G. Since H can be handled similarly, Lemma 6.22 yields
the unimodality of F = G ? H also in the present case. 22

Finally, we return to Theorem 6.7. Let L1 be the set of C-valued func-
tions on R of the form − log φ where φ is the characteristic function of an
infinitely divisible distribution on R with finite logarithmic moment, and
let L2 be the set of functions of the form − log φ where φ is a self-decom-
posable characteristic function. Then Theorem 6.7 says that the following
mapping T is 1–1 from L1 onto L2:

(Th)(u) :=
∫ u

0

h(v)
v

dv [h ∈L1; u ∈R ].(6.21)

Now, L1 and L2 are semi-linear spaces and T is a semi-linear mapping in
the same sense as at the end of Section 2. So one may ask for the possible
eigenvalues and eigenfunctions of T , i.e., the constants τ > 0 and functions
h ∈L1 for which

Th = τh.(6.22)

Proposition 6.24. Consider the bijective mapping T : L1 → L2 as given

by (6.21); it has the following properties:

(i) A constant τ > 0 is an eigenvalue of T iff τ ≥ 1
2 .

(ii) The functions h of the form h(u) = iua with a ∈R are eigenfunctions

of T at the eigenvalue τ = 1.

(iii) For τ ≥ 1
2 a function h ∈L1, not of the form h(u) = iua with a ∈R,

is an eigenfunction of T at the eigenvalue τ iff h has the form

h(u) = λ |u|1/τ (1±uθi) [u ∈R ],

where λ > 0, θ ∈R and ±u := + if u ≥ 0 and := − if u < 0.

Proof. Clearly, a function h of the form h(u) = iua with a ∈R belongs
to L1 and satisfies (6.22) with τ = 1. Exclude further such functions h,
and suppose that τ > 0 is an eigenvalue of T with eigenfunction h ∈L1.
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Then also h ∈L2, so h = − log φ with φ the characteristic function of a
non-degenerate self-decomposable, and hence absolutely continuous, dis-
tribution; cf. Theorem 6.14. As is well known, φ then satisfies φ(u) 6= 1 for
u 6= 0, so h(u) 6= 0 for u 6= 0. Since h is continuous, we can now differentiate
in (6.22) to obtain τ h′(u)

/
h(u) = 1/u for u 6= 0; as h(−u) = h(u), this

differential equation is solved by

h(u) = (λ±uµi) |u|1/τ [u ∈R ],

where λ, µ ∈R. As h ∈L1, the characteristic function φ above has the prop-
erty that |φ| is a characteristic function as well; cf. Proposition IV.2.2.
Now, |φ| is given by∣∣φ(u)

∣∣ = exp
[
−λ |u|1/τ

]
[u ∈R ],(6.23)

and, as has been shown in Example IV.4.9, this function of u is a charac-
teristic function (if and) only if λ > 0 and τ ≥ 1

2 ; see also Example 9.20.
Thus, only τ ≥ 1

2 can be an eigenvalue of T , and h can be rewritten as
in (iii); take θ := µ/λ. Conversely, any such function h obviously satisfies
(6.22). But only when θ = 0 we know that h ∈L1 because then φ with
− log φ = h satisfies φ = |φ| as in (6.23). Nevertheless, this is sufficient for
any τ ≥ 1

2 being indeed an eigenvalue of T . 22

Actually, in Examples 6.15 and 6.16 we already saw that the normal and
Cauchy distributions lead to eigenfunctions of T (as in (iii), with θ = 0) at
the eigenvalues τ = 1

2 and τ = 1, respectively. For general h as in (iii) the
function φ with − log φ = h has the form

φ(u) = exp
[
−λ |u|1/τ (1±uθi)

]
.(6.24)

Note that if φ is a characteristic function, which so far we only know
when θ = 0, then φ is infinitely divisible and hence h ∈L1 and h is an
eigenfunction of T ; it then follows that also h ∈L2, so φ is self-decom-
posable. In the next section these special self-decomposable characteristic
functions will be recognized as being stable with exponent 1/τ .

7. Stability on the real line

We shall mainly be concerned with (strictly) stable distributions on R
for reasons that have been made clear in Section 1; only at the end of the
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present section we briefly turn to the more general weakly stable distrib-
utions on R. Recall from Section 1 that a random variable X is called
stable if for every n ∈N there exists cn > 0 such that

X
d= cn (X1 + · · ·+Xn),(7.1)

where X1, . . . , Xn are independent with Xi
d= X for all i. In terms of the

characteristic function φ of X equation (7.1) reads as follows:

φ(u) =
{
φ(cnu)

}n
.(7.2)

From (7.1) or (7.2) one immediately obtains the following important ob-
servation: A stable characteristic function is infinitely divisible, and hence

has no zeroes. This result will be frequently and often tacitly used, as will
be the following property of a general characteristic function φ: If a > 0
and b > 0, then

φ(au) = φ(bu) for all u ∈R =⇒ a = b.(7.3)

We are interested in a canonical representation for the stable charac-
teristic functions and in a characterization of the stable distributions among
the infinitely divisible and self-decomposable ones. In deriving these results
we will only partly be able to proceed along the lines of Section 3 for the
R+-case. Let φ be a stable characteristic function. Then from (7.2) it
follows that for m,n ∈N

φ(cmnu) =
{
φ(cncmnu)

}n =
{
φ(cmcncmnu)

}mn = φ(cmcnu),

and hence, because of (7.3),

cmn = cmcn [m,n ∈N ].(7.4)

Now, in view of the observations above, in exactly the same way as in the
proof of Theorem 3.1, we can generalize (7.2) and (7.4) as follows; there
exists a continuous function c : (0,∞) → (0,∞) such that{

φ(u) =
{
φ
(
c(x)u

)}x for x > 0,

c(xy) = c(x) c(y) for x > 0 and y > 0.
(7.5)

Moreover, such a function c necessarily has the form c(x) = xr for some
r ∈R; and by letting x ↓ 0 in the first part of (7.5) we see that r must be
negative. Thus we can write r = −1/γ for some γ > 0. This results in
the direct part of the following basic theorem; the converse part follows by
taking x = n ∈N.
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Theorem 7.1. A characteristic function φ is stable iff there exists γ > 0
such that

φ(u) =
{
φ(x−1/γu)

}x [x > 0 ].(7.6)

For a stable characteristic function φ the positive constant γ for which
(7.6) holds, is called the exponent (of stability) of φ (or of a corresponding
random variable X). From Theorem 7.1 and its proof it will be clear that
for γ > 0 a characteristic function φ is stable with exponent γ iff the con-
stants cn in (7.2) have the form cn = n−1/γ . This yields the following
characterization in terms of random variables.

Corollary 7.2. For γ > 0 a random variable X is stable with exponent γ

iff for every n ∈N it can be written as

X
d= n−1/γ (X1 + · · ·+Xn),(7.7)

where X1, . . . , Xn are independent with Xi
d= X for all i.

From Theorem 7.1 it also easily follows that a stable random variable X
with exponent γ satisfies

(x+ y)1/γX d= x1/γX + y1/γX ′ [x > 0, y > 0 ],(7.8)

where X ′ denotes a random variable with X ′ d= X and independent of X.
Dividing both sides by (x+ y)1/γ leads to the direct part of the follow-
ing characterization result; the converse part follows, as in the R+-case,
from Corollary 7.2 by using induction, and taking α =

{
n
/
(n+ 1)

}1/γ and

β =
{
1
/
(n+ 1)

}1/γ with n ∈N.

Theorem 7.3. For γ > 0 a random variable X is stable with exponent γ

iff, with X ′ as above, X can be written as

X
d= αX + βX ′(7.9)

for all α, β ∈ (0, 1) with αγ + βγ = 1.

An immediate consequence of this theorem is the following important re-
sult; just use the definition of self-decomposability.

Theorem 7.4. A stable distribution on R is self-decomposable.
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We proceed with showing how Theorem 7.1 gives rise to a canonical
representation for the stable distributions on R. We further exclude the
degenerate distributions; they are stable with exponent γ = 1. Let γ > 0,
and let φ be a stable characteristic function with exponent γ, so φ satisfies
(7.6). Since by Theorems 7.4 and 6.14 φ corresponds to a non-degenerate
self-decomposable, and hence absolutely continuous, distribution, we have,
as is well known, φ(u) 6= 1 for u 6= 0, so in particular φ(1) 6= 1. Therefore,
we can first take u = 1 in (7.6) and then x = u−γ with u > 0 to see that
φ(u) with u > 0 satisfies

log φ(1) = u−γ log φ(u), so φ(u) = exp
[
−ζ uγ

]
,

where we put ζ := − log φ(1), which is non-zero. Because φ(u) = φ(−u),
it follows that φ(u) with u < 0 can be represented similarly; replace ζ

by ζ and u by |u|. Any function φ of the resulting form with ζ ∈C \{0}
obviously satisfies (7.6). But for φ to be an infinitely divisible charac-
teristic function it is necessary that |φ| is a characteristic function as well;
cf. Proposition IV.2.2. Now, |φ| is given by∣∣φ(u)

∣∣ = exp
[
−λ |u|γ

]
[u ∈R ],(7.10)

where λ := Re ζ, and, as has been shown in Example IV.4.9, this function
of u is a characteristic function iff λ > 0 and γ ≤ 2; see also Example 9.20.
Thus, putting θ := (Im ζ)

/
λ, we arrive at the following result; here we set,

as before, ±u := + if u ≥ 0 and := − if u < 0.

Proposition 7.5. For γ > 0 a characteristic function φ corresponds to a

non-degenerate stable distribution with exponent γ iff γ ≤ 2 and φ has the

form

φ(u) = exp
[
−λ |u|γ (1±uθi)

]
,(7.11)

where λ > 0 and θ ∈R.

This result is not as nice as it may seem. It does show that there are no
stable distributions with exponent γ > 2, but for γ ≤ 2 not all functions φ
of the form (7.11) are characteristic functions; the set of admissible con-
stants θ, i.e., the θ’s for which (7.11) is a characteristic function, turns out
to depend on γ. Of course, when we restrict attention to symmetric dis-
tributions, we must take θ = 0; since, as noted above, this θ is admissible,
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Proposition 7.5 does yield a canonical representation for symmetric stable
distributions on R.

Theorem 7.6 (Canonical representation; symmetric case). For

γ ∈ (0, 2 ] a C-valued function φ on R is the characteristic function of a

symmetric stable distribution with exponent γ iff φ has the form

φ(u) = exp
[
−λ |u|γ

]
[u ∈R ],(7.12)

where λ > 0.

When γ = 1, the function φ in (7.12) describes the symmetric Cauchy dis-
tributions and, as ±u1 = u

/
|u| for u 6= 0, the more general φ in (7.11) can

be rewritten as

φ(u) = exp
[
−λ |u| − iuλθ

]
;(7.13)

so any θ ∈R is admissible and the set of non-degenerate stable distributions
with exponent γ = 1 is given by the family of Cauchy distributions. In case
γ = 2 only θ = 0 is admissible, so the symmetric normal distributions are
the only stable distributions with exponent γ = 2. This can be shown with
some difficulty by inverting (7.11) with γ = 2, but we will not do so here;
see, however, Theorem 7.13. Instead we first turn to the Lévy triple of a
stable distribution, and then show how the resulting Lévy representation
leads to a precise determination of the admissible θ and hence to a canonical
representation for stable distributions also in the non-symmetric case.

In order to obtain the Lévy triple of a stable distribution we observe
that, up to a (− log) - transformation, the functions in Proposition 7.5 and
those in Proposition 6.24 are exactly the same. This immediately leads to
a characterization of the stable characteristic functions as in the theorem
below; recall that L1 and L2 are the semi-linear spaces of functions of
the form − log φ with φ an infinitely divisible characteristic function with
finite logarithmic moment and with φ a self-decomposable characteristic
function, respectively.

Theorem 7.7. For γ ∈ (0, 2 ] a characteristic function φ without zeroes is

stable with exponent γ iff the function h = − log φ is an eigenfunction at

the eigenvalue 1/γ of the semi-linear bijective mapping T : L1 → L2 given

by
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(Th)(u) :=
∫ u

0

h(v)
v

dv [h ∈L1; u ∈R ].

The mapping T has no other eigenvalues than 1/γ with γ ∈ (0, 2 ].

We next combine this theorem with Theorem 6.7 and recall that the second
canonical triple of a self-decomposable characteristic function φ equals the
Lévy triple of the underlying infinitely divisible characteristic function φ0

of φ; by Proposition IV.4.5 (iii) we then arrive at the following preliminary
result.

Proposition 7.8. For γ ∈ (0, 2 ] a characteristic function φ is stable with

exponent γ iff it is self-decomposable with underlying infinitely divisible

characteristic function φ0 given by φ0 = φγ or, equivalently, with second

canonical triple (a0, σ
2
0 ,M0) given by

(a0, σ
2
0 ,M0) = (γa, γσ2, γM),(7.14)

where (a, σ2,M) is the Lévy triple of φ.

Equation (7.14) can be solved by using the relation between the triples
(a, σ2,M) and (a0, σ

2
0 ,M0) as given by Proposition 6.11, which shows that

(7.14) is equivalent to
(γ − 1) a = 2γ

∫
R\{0}

{
x
/
(1 + x2)

}2
M(x) dx,

(γ − 2)σ2 = 0,

m(x) = −γM(x)
/
x [x 6= 0 ],

(7.15)

wherem is a density ofM . Thus we are led to the following characterization
of the stable distributions among the infinitely divisible ones.

Theorem 7.9. For γ ∈ (0, 2 ] a non-degenerate probability distribution

on R is stable with exponent γ iff it is infinitely divisible with Lévy triple

(a, σ2,M) of the following form:

(i) If γ = 2, then a = 0, σ2 > 0 and M = 0 everywhere on R \{0}.
(ii) If γ = 1, then a ∈R, σ2 = 0, and M is absolutely continuous with

density m, for some c > 0 given by

m(x) = c
1
x2

[x 6= 0 ].
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(iii) If γ 6∈ {1, 2}, then σ2 = 0, M is absolutely continuous with density

m(x) =

{
c1 |x|−1−γ , if x < 0,

c2 x
−1−γ , if x > 0,

for some c1 ≥ 0 and c2 ≥ 0 with c1 + c2 > 0, and a is given by

a =

 (c2 − c1)
∫∞
0
x−γ

/
(1 + x2) dx , if 0 < γ < 1,

(c1 − c2)
∫∞
0
x2−γ/(1 + x2) dx , if 1 < γ < 2.

Proof. Consider a non-degenerate stable distribution; then, as argued
above, its Lévy triple (a, σ2,M) satisfies (7.15). First, look at the equation
for the density m; from this it follows that m has a continuous derivative
on R \{0} with

xm′(x) = (−1− γ)m(x) [x 6= 0 ].

Clearly, the only solutions m that are continuous on R \{0}, are given by
the functions m in (iii) with c1 ≥ 0 and c2 ≥ 0.
Now, let γ = 2. Then c1 = c2 = 0, because a function m with the property
that m(x) = 1

/
|x|3 for x < 0 or x > 0 cannot be a canonical density; it

violates the condition
∫
[−1,1]\{0} x

2m(x) dx <∞. So M = 0 everywhere,
and hence by (7.15) also a = 0. So σ2 > 0, and (i) is proved.
Next, let γ = 1. Then the second equation in (7.15) shows that σ2 = 0,
and the first one that c1 = c2 =: c, which is positive because we exclude
degenerate distributions. Thus also (ii) is proved; cf. Example IV.4.7.
Finally, let γ 6∈ {1, 2}. Then again σ2 = 0, and necessarily c1 > 0 or c2 > 0,
so c1 + c2 > 0. Since γM(x) = c1 |x|−γ if x < 0 and = −c2 x−γ if x > 0,
the first equation in (7.15) shows that a satisfies

(γ − 1) a = 2(c1 − c2)
∫ ∞

0

x2−γ

(1 + x2)2
dx.

Using integration by parts and viewing 2x
/
(1 + x2)2 as the derivative of

−1
/
(1 + x2) if 0 < γ < 1 and of 1− 1

/
(1 + x2) = x2

/
(1 + x2) if 1 < γ < 2,

one easily shows that a can be written as in (iii).
Conversely, an infinitely divisible distribution with Lévy triple (a, σ2,M)
as given in (i), (ii) or (iii) is self-decomposable on account of Theorem 6.12,
and by use of Proposition 6.11 its second canonical triple is easily shown
to satisfy (7.14). From Proposition 7.8 we then obtain the desired stability
of the distribution. 22
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This theorem enables us to rewrite the Lévy representation of a stable
characteristic function such that it takes the form (7.11) for some γ ∈ (0, 2 ],
λ > 0 and θ ∈R; this will immediately yield the admissible θ. For instance,
part (i) of the theorem shows that the stable characteristic functions with
exponent γ = 2 are given by the functions φ of the form

φ(u) = exp [− 1
2σ

2u2] [u ∈R ](7.16)

with σ2 > 0, so φ satisfies (7.11) with λ = 1
2σ

2 and θ = 0. When γ = 1,
we already know from (7.13) that any θ ∈R is admissible, so we need not
rewrite the Lévy representation in this case. But when we do so by using
part (ii) of the theorem, as in the proof of Theorem 7.15 below, we can
express (λ, θ) in terms of the constants a ∈R and c > 0; we find:

φ(u) = exp
[
−cπ|u|+ iua

]
,(7.17)

and hence λ = cπ and θ = −a
/
(cπ), which relations also easily follow from

Example IV.4.7. In rewriting the Lévy representation when γ 6∈ {1, 2} we
need the following technical lemma; see Section A.5.

Lemma 7.10. In the following statement the first equality holds for every

γ ∈ (0, 1) and the second one for every γ ∈ (1, 2):∫ ∞

0

eit− 1
t1+γ

dt = −Γ(2− γ)
γ (1− γ)

e−
1
2γπi =

∫ ∞

0

eit− 1− it

t1+γ
dt.

Theorem 7.11 (Canonical representation; general case). For

γ ∈ (0, 2 ] a C-valued function φ on R is the characteristic function of a

non-degenerate stable distribution with exponent γ iff φ has the form

φ(u) = exp
[
−λ |u|γ (1±uθi)

]
,(7.18)

where λ > 0 and where θ ∈R is such that

|θ| ≤ | tan 1
2γπ| [ := ∞ if γ = 1 ].(7.19)

Proof. In view of the discussion above we only need consider γ 6∈ {1, 2}.
According to Theorem 7.9 the stable characteristic functions with expo-
nent γ are then given by the functions φ that satisfy

log φ(u) = iua+ c1

∫ 0

−∞

I(u, x)
|x|1+γ

dx+ c2

∫ ∞

0

I(u, x)
x1+γ

dx,
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where c1 ≥ 0 and c2 ≥ 0 with c1 + c2 > 0 and a is determined by c1 and c2
as indicated in part (iii) of the theorem; here I(u, x) is the ‘Lévy kernel’
as defined in Section 6. In showing that these functions φ are of the form
(7.18), we only need consider φ(u) with u > 0 because φ(u) = φ(−u). Then
one easily verifies that for 0 < γ < 1∫ 0

−∞

I(u, x)
|x|1+γ

dx = uγ
∫ ∞

0

e−it− 1
t1+γ

dt+ iu

∫ ∞

0

x−γ

1 + x2
dx,∫ ∞

0

I(u, x)
x1+γ

dx = uγ
∫ ∞

0

eit− 1
t1+γ

dt− iu

∫ ∞

0

x−γ

1 + x2
dx,

and for 1 < γ < 2∫ 0

−∞

I(u, x)
|x|1+γ

dx = uγ
∫ ∞

0

e−it− 1 + it

t1+γ
dt− iu

∫ ∞

0

x2−γ

1 + x2
dx,∫ ∞

0

I(u, x)
x1+γ

dx = uγ
∫ ∞

0

eit− 1− it

t1+γ
dt+ iu

∫ ∞

0

x2−γ

1 + x2
dx.

Hence in both cases the linear term in log φ(u) disappears, and because of
Lemma 7.10

log φ(u) = −Γ(2− γ)
γ (1− γ)

uγ
{
c1 e

1
2γπi + c2 e−

1
2γπi

}
=

= −Γ(2− γ)
γ (1− γ)

uγ
{
(c1 + c2) cos 1

2γπ + i (c1 − c2) sin 1
2γπ

}
.

This shows that φ is of the form (7.18) with λ and θ given by

λ = (c1 + c2)
Γ(2− γ)
γ (1− γ)

cos 1
2γπ, θ =

c1 − c2
c1 + c2

tan 1
2γπ.(7.20)

It follows that λ > 0 and, since by the nonnegativity of c1 and c2 we have
|c1 − c2| ≤ c1 + c2, that θ satisfies the inequality (7.19). Moreover, any
such λ and θ can be obtained by choosing c1 and c2 appropriately. 22

Sometimes it is convenient to write the canonical representation (7.18) for
γ 6∈ {1, 2} in the following form:

φ(u) = exp
[
−λ |u|γ (1±u i β tan 1

2γπ)
]
,(7.21)

where λ > 0 and β ∈R with |β| ≤ 1. In fact, by (7.20) we have

β =
c1 − c2
c1 + c2

,(7.22)

where c1 and c2 are the nonnegative constants that determine both the
Lévy density m and the Lévy constant a as indicated in Theorem 7.9 (iii).
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Combining this with Theorem IV.4.13 leads to the following identification of
the one-sided stable distributions among the general ones; cf. Theorem 3.5.

Proposition 7.12. Let γ ∈ (0, 2 ], and let F be a non-degenerate distrib-

ution function with characteristic function φ that is stable with exponent γ.

Then `F > −∞ iff γ < 1 and, in representation (7.21) for φ, β = −1. In

this case `F = 0 and the pLSt π of F is given by

π(s) = exp [−λ0 s
γ ] with λ0 := λ

/
cos 1

2γπ.(7.23)

Similarly, rF <∞ iff γ < 1 and β = 1, in which case rF = 0.

Proof. Let γ 6∈ {1, 2}, otherwise `F = −∞. Then F has canonical triple
(a, 0,M) with a and M as in Theorem 7.9 (iii). By Theorem IV.4.13
`F > −∞ iff M(0−) = 0 and

∫
(0,1]

xdM(x) <∞. This means that c1 = 0
and

∫
(0,1]

x−γ dx <∞, i.e., β = −1 and γ < 1. In this case `F = 0 because
of the expression for `F given by Theorem IV.4.13. Moreover, φ(u) in (7.21)
with u > 0 can then be rewritten, with λ0 as in (7.23):

− log φ(u) = λ0 u
γ (cos 1

2γπ − i sin 1
2γπ) = λ0 u

γ e−
1
2γπi =

= λ0 exp
[
γ

{
log |− iu|+ i arg (−iu)

}]
= λ0 (−iu)γ .

Since this function of u is analytic on the set of u ∈C for which Re (−iu) > 0,
i.e., for which Imu > 0, we can take u = is with s > 0 to get the correspond-
ing pLSt π; this results in (7.23). 22

We now briefly look at the stable distributions themselves, rather than
to their transforms or canonical triples. Let X be a non-degenerate stable
random variable with exponent γ < 2. Then by combining Theorems IV.7.3
and 7.9 one immediately sees that for r > 0

IE |X|r <∞ ⇐⇒ r < γ.(7.24)

Next, since X is self-decomposable, we can apply Theorems 6.14, 6.21
and 6.23 to conclude that X has an absolutely continuous, unimodal dis-
tribution with a density that is continuous ‘outside the mode’. This den-
sity, however, may be taken to be continuous everywhere because by The-
orem 7.11 the corresponding characteristic function φ is absolutely inte-
grable; cf. Section A.2. Moreover, by Fourier inversion one obtains the
following integral representation for the density, also when γ = 2.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Theorem 7.13. For γ ∈ (0, 2 ] a non-degenerate stable distribution with

exponent γ is absolutely continuous and unimodal with a bounded con-

tinuous density which, up to a scale transformation, is of the form fθ with

fθ(x) =
1
π

∫ ∞

0

e−u
γ

cos (xu+ θuγ) du [x ∈R ],(7.25)

where θ ∈R is such that |θ| ≤ | tan 1
2γπ|.

Proof. Since λ in (7.18) is a scale parameter, we may take λ = 1. As
noted in (A.2.15), the bounded continuous density is then of the form fθ

with

2π fθ(x) =
∫ ∞

−∞
e−iuxφ(u) du =

=
∫ 0

−∞
e−iux e−|u|

γ(1−iθ) du +
∫ ∞

0

e−iux e−u
γ(1+iθ) du =

=
∫ ∞

0

e−u
γ {

ei(xu+θuγ) + e−i(xu+θuγ)
}

du,

which reduces to (7.25); here θ ∈R satisfies (7.19). 22

Whereas there are simple explicit expressions for the characteristic function
and the canonical density of a stable distribution, its density itself seems
to be generally intractable. Theorem 7.13, together with Proposition 7.5
and Theorem 7.11, implies the following curiosity for integrable functions
of the form fθ in (7.25) with θ ∈R:

fθ(x) ≥ 0 for all x ∈R ⇐⇒ |θ| ≤ | tan 1
2γπ|;(7.26)

this result seems very hard to prove directly.

Finally, we pay some attention to the, more general, weakly stable dis-
tributions on R. Recall from Section 1 that a random variable X is said to
be weakly stable if for every n ∈N it can be written as

X
d= cn (X1 + · · ·+Xn) + dn,(7.27)

where cn > 0, dn ∈R, and X1, . . . , Xn are independent with Xi
d= X for

all i. Putting Xs := X −X ′ with X and X ′ independent and X ′ d= X, we
see that if X satisfies (7.27) then so does Xs with dn = 0, so if X is weakly
stable then Xs is (strictly) stable with the same norming constants cn.
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It follows that also in weak stability we have cn = n−1/γ with exponent
γ ∈ (0, 2 ]. Since for γ 6= 1 weakly stable random variables and stable ones
only differ by a shift (see Section 1), we restrict attention to the case γ = 1.
So, let X be non-degenerate and satisfy

X
d=

1
n

(X1 + · · ·+Xn) + dn [n ∈N ],(7.28)

where dn ∈R. Then for the characteristic function φ of X we have

φ(u) =
{
φ(u/n)

}n eiudn [n ∈N ],

and repeated use of this shows that the sequence (dn) satisfies

dmn = dm + dn [m,n ∈N ].

In a similar way as (cn) was extended to a continuous function c on (0,∞),
the sequence (dn) can be extended to a continuous function d on (0,∞)
such that  φ(u) =

{
φ(u/t)

}t eiud(t) for t > 0,

d(st) = d(s) + d(t) for s > 0 and t > 0.
(7.29)

Now, the only continuous functions d satisfying the second part of (7.29)
are those of the form d(t) = c log t for t > 0 and some c ∈R. So for φ we
obtain

φ(u) =
{
φ(u/t)

}t eiuc log t [ t > 0 ].(7.30)

Taking here first u = 1 and then setting t = 1/u, we see that for u > 0

φ(u) =
{
φ(1)

}u eiuc log u = exp [−λu+ iµu+ ic u log u],

where we put φ(1) = exp [−λ+ iµ], with λ > 0 as necessarily
∣∣φ(u)

∣∣ < 1.
Using the fact that φ(u) = φ(−u) we conclude that the characteristic func-
tion φ of a non-degenerate weakly stable distribution with exponent γ = 1
has the form

φ(u) = exp
[
iµu− λ|u|

(
1±u i θ log |u|

)]
,(7.31)

where µ ∈R, λ > 0 and θ ∈R. Clearly, any function φ of this form is weakly
stable if it is a characteristic function, and we have to establish for what
values of θ this is the case.
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To this end we return to the mapping T considered in Theorem 7.7, and
we look for functions h satisfying

(Th)(u) = h(u) + icu(7.32)

for some c ∈R. It is easily verified that h = − log φ with φ a characteristic
function of the form (7.31) satisfies this relation with c = −λθ. Conversely,
if (7.32) holds for h = − log φ with φ a characteristic function without
zeroes, then we can differentiate to obtain h(u) = uh′(u) + icu, and hence
h′′(u) = −ic/u, which implies that for u > 0 and some δ ∈C

h(u) = −ic {u log u− u}+ δu =

= −ic u log u+ i (c+ ν)u+ λu,

where we put δ = λ+ iν, with λ > 0 as necessarily
∣∣φ(u)

∣∣ < 1; so, by vary-
ing c, for φ = exp [−h] we obtain exactly the functions of the form (7.31).
We conclude that a characteristic function φ without zeroes is weakly sta-
ble with exponent γ = 1 iff the function h = − log φ satisfies (7.32) for
some c ∈R or, equivalently, iff φ is self-decomposable with underlying infin-
itely divisible characteristic function φ0 given by φ0(u) = φ(u) eicu for some
c ∈R; here we used Theorem 6.7. Now, proceed as in the stable case and
use Proposition 6.11; then it follows that the weakly stable distributions
with exponent γ = 1 correspond to the infinitely divisible distributions with
Lévy triple (a, 0,M) such that M is absolutely continuous with density m
satisfying

m(x) = − 1
x
M(x) [x 6= 0 ].(7.33)

Solving this equation, as in the beginning of the proof of Theorem 7.9, leads
to the following result.

Theorem 7.14. A non-degenerate probability distribution on R is weakly

stable with exponent γ = 1 iff it is infinitely divisible with Lévy triple

(a, 0,M) where a ∈R and M is absolutely continuous with density m given

by

m(x) =

{
c1 x

−2 , if x < 0,

c2 x
−2 , if x > 0,

(7.34)

for some constants c1 ≥ 0 and c2 ≥ 0 satisfying c1 + c2 > 0.
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This theorem enables us to rewrite the Lévy representation of a weakly
stable characteristic function with γ = 1 such that it takes the form (7.31)
for some µ ∈R, λ > 0, θ ∈R; this will immediately yield the admissible θ’s.
In doing so we need the following technical lemma; see Section A.5 for the
second part.

Lemma 7.15. For u > 0 the following equalities hold:

A(u) :=
∫ ∞

0

1− cos ux
x2

dx = 1
2πu;

B(u) :=
∫ ∞

0

(
sin ux− ux

1 + x2

) 1
x2

dx = b u− u log u,

with b := B(1) = 1− γ, where γ is Euler’s constant.

We thus arrive at the following canonical representation for weakly stable
characteristic functions with exponent γ = 1.

Theorem 7.16. A C-valued function φ on R is the characteristic function

of a non-degenerate weakly stable distribution with exponent γ = 1 iff φ

has the form

φ(u) = exp
[
iuµ− λ |u|

(
1±u i θ log |u|

)]
,(7.35)

where µ ∈R and λ > 0, and where θ ∈R is such that

|θ| ≤ 2
π
.(7.36)

Proof. According to Theorem 7.14 the characteristic functions of the
non-degenerate weakly stable distributions with γ = 1 are given by the
functions φ that satisfy

log φ(u) = iua+ c1

∫ 0

−∞

I(u, x)
x2

dx+ c2

∫ ∞

0

I(u, x)
x2

dx,

where a ∈R, and c1 ≥ 0 and c2 ≥ 0 satisfy c1 + c2 > 0; here I(u, x) is the
‘Lévy kernel’. In showing that these functions φ are of the form (7.35),
we only need consider φ(u) with u > 0 because φ(u) = φ(−u). Then using
Lemma 7.15 (and its notation) we see that

log φ(u) = iua− c1
{
A(u) + i B(u)

}
− c2

{
A(u)− i B(u)

}
=

= iua− (c1 + c2) 1
2πu− i (c1 − c2) {b u− u log u}.
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This shows that φ is of the form (7.35) with µ, λ and θ given by

µ = a− (c1 − c2) b, λ = 1
2π (c1 + c2), θ = − 2

π

c1 − c2
c1 + c2

.(7.37)

It follows that µ ∈R, λ > 0 and, since by the nonnegativity of c1 and c2 we
have |c1 − c2| ≤ c1 + c2, that θ satisfies the inequality (7.36). Moreover,
any such µ, λ, θ can be obtained by choosing a, c1, c2 appropriately. 22

Sometimes it is convenient to write the canonical representation (7.35) in
the following form:

φ(u) = exp
[
iuµ− λ |u|

(
1±u i β (2/π) log |u|

)]
,(7.38)

where µ ∈R, λ > 0 and β ∈R with |β| ≤ 1. In fact, by (7.37) we have

β = −c1 − c2
c1 + c2

,(7.39)

where c1 and c2 are the nonnegative constants that determine the Lévy den-
sity m as indicated in Theorem 7.14. Note that this β has the opposite sign
of β in (7.22). Further note that β = 0 iff c1 = c2, so by Theorems 7.9 (ii)
and 7.14 a non-degenerate weakly stable distribution with exponent γ = 1
is (strictly) stable iff β = 0; this also follows by comparing representations
(7.13) and (7.38).

8. Self-decomposability and stability induced by semi-

groups

The results obtained in Sections 4 and 5 concerning self-decomposability
and stability on Z+ can be generalized by using a multiplication more
general than the standard one used in (4.1) and (5.1). In order to show
this we observe that this standard multiplication can be rewritten in the
following way:

α�X = ZX(t) [ 0 < α < 1; t = − log α ],(8.1)

where ZX(·) is a continuous-time pure-death process starting with X indi-
viduals at time zero. This means that each of these individuals has prob-
ability e−t of surviving during a period of length t, so ZX(t) is the number
of survivors at time t. It is now easy to generalize (8.1) by replacing the
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death process by a more general continuous-time Markov branching pro-
cess ZX(·) with ZX(0) = X. As is well known, such a branching process is
governed by a family F = (Ft)t≥0 of pgf’s that is a composition semigroup:

Fs+t = Fs ◦ Ft [ s, t ≥ 0 ];(8.2)

in fact, Ft is the pgf of Z1(t), and the transition matrix
(
pij(t)

)
of the

Markov process is determined by F as follows:
∑∞
j=0 pij(t) z

j =
{
Ft(z)

}i.
The resulting multiplication will be denoted by �F ; now (8.1), with �
replaced by �F , can be written in terms of pgf’s as

Pα�FX(z) = PX
(
Ft(z)

)
[ 0 < α < 1; t = − log α ].(8.3)

Note that the standard multiplication is obtained by using the semigroup F
given by Ft(z) = 1− e−t + e−t z for t ≥ 0.

The multiplications of the form (8.3) turn out to be the only ones satis-
fying certain minimal requirements. To show this we denote the mapping
PX 7→ Pα�X by Tα, where now � is any reasonable discrete multiplication,
i.e., a multiplication mimicking the ordinary multiplication αX. There-
fore, the following five properties are indispensible for the operators Tα
with α ∈ (0, 1):

TαP is a pgf,

Tα(P1P2) = (TαP1) (TαP2),

Tα(pP1 + (1−p)P2) = p TαP1 + (1−p)TαP2 for 0 < p < 1,

Tα is continuous: P = lim
n→∞

Pn =⇒ TαP = lim
n→∞

TαPn,

TαTβ = Tαβ .

(8.4)

Now, it is not difficult to show that (Tα)0<α<1 satisfies (8.4) iff Tα operates
on pgf’s P in the following way:

TαP = P ◦ Ft [ 0 < α < 1; t := − log α ],(8.5)

where F = (Ft)t>0 is a composition semigroup of pgf’s. Since such semi-
groups need not be very well-behaved, we add the following two regularity
conditions which, like (8.4), are very natural for analogues of scalar multi-
plication:

lim
α↑1

TαP = P, (TαP )′(1) = αP ′(1) for 0 < α < 1.(8.6)
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For the corresponding semigroup F , i.e., F given by (8.5), this means that

lim
t↓0

Ft(z) = z, F ′t (1) = e−t for t > 0.(8.7)

By putting F0(z) := z it follows that F = (Ft)t≥0 is a continuous semi-
group; it is continuous at t = 0, and hence at all t ≥ 0 because of the
semigroup property. Similarly, the second property in (8.7) is equivalent to
just requiring that F ′1(1) = 1/e; it implies that the corresponding branching
process Z1(·) is subcritical, i.e., IEZ1(t) = mt with m < 1, and hence

lim
t→∞

Ft(z) = 1.(8.8)

So we only consider multiplications of the form (8.3) with F = (Ft)t≥0

a continuous composition semigroup of pgf’s satisfying F ′1(1) = 1/e. Be-
fore turning to self-decomposability and stability according to these multi-
plications we need some more information about F , such as can be found
in the literature on branching processes. First of all, it can be shown that
Ft(z) is a differentiable function of t ≥ 0 with

∂

∂t
Ft(z) = U

(
Ft(z)

)
= U(z)F ′t (z) [ t ≥ 0; 0 ≤ z ≤ 1 ],(8.9)

where U is the infinitesimal generator of F defined by

U(z) :=
∂

∂t
Ft(z)

⌋
t=0

= lim
t↓0

Ft(z)− z

t
[ 0 ≤ z ≤ 1 ];(8.10)

U is continuous with U(z) > 0 for 0 ≤ z < 1 and U(z) ∼ 1− z as z ↑ 1. We
further need the function A with

A(z) := exp
[
−

∫ z

0

1
U(x)

dx
]

= 1−B(z) [ 0 ≤ z ≤ 1 ],(8.11)

where B(z) := limt→∞
{
Ft(z)−Ft(0)

}/{
1−Ft(0)

}
is a pgf with B(0) = 0.

Moreover, from the first equality in (8.9) it follows that A satisfies

A
(
Ft(z)

)
= e−tA(z) [ t ≥ 0; 0 ≤ z ≤ 1 ].(8.12)

Unfortunately, there are very few semigroups F with explicit expressions
for Ft, U and A. We give two examples where such expressions are available.

Example 8.1. For t ≥ 0 let the function Ft on [ 0, 1 ] be given by

Ft(z) = 1− e−t (1− z) = 1− e−t + e−t z [ 0 ≤ z ≤ 1 ].
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Clearly, F = (Ft)t≥0 is a continuous composition semigroup of pgf’s with
F ′1(1) = 1/e; its generator U and function A in (8.11) are given by

U(z) = A(z) = 1− z.

This semigroup induces the standard multiplication used before. 22

Example 8.2. For t ≥ 0 let the function Ft on [ 0, 1 ] be given by

Ft(z) = 1− 2 e−t (1− z)
2 + (1− e−t) (1− z)

= (1− γt) + γt z
1− pt
1− ptz

,

where γt := 2 e−t
/
(3− e−t) and pt := 1

3 (1− γt). From the second expres-
sion for Ft it follows that Ft is a pgf with F ′t (1) = e−t, and from the first
one that F = (Ft)t≥0 is a continuous composition semigroup with U and A
given by

U(z) = 1
2 (1− z) (3− z), A(z) = 3

1− z

3− z
.

Note that B = 1−A is the pgf of the geometric ( 1
3 ) distribution on N. 22

Let F be a semigroup and �F the corresponding multiplication as con-
sidered above. Then a Z+-valued random variable X is said to be F-self-
decomposable if for every α ∈ (0, 1) it can be written as

X
d= α�FX +Xα,(8.13)

where in the right-hand side the random variables α �F X and Xα are
independent. In terms of pgf’s relation (8.13) becomes

P (z) = P
(
Ft(z)

)
Pt(z),(8.14)

where we have put P for PX , Pt for PXα
and t = − log α. As in the

standard case (cf. Proposition 4.1) one shows that an F-self-decomposable
pgf P satisfies P (0) > 0. Moreover, we can derive a representation theorem
analogous to Theorem 4.11.

Theorem 8.3. A function P on [ 0, 1 ] is the pgf of an F-self-decomposable

distribution on Z+ iff it has the form

P (z) = exp
[∫ 1

z

log P0(x)
U(x)

dx
]

[ 0 ≤ z ≤ 1 ],(8.15)

where U is the generator of F and P0 is the pgf of an infinitely divisible

random variable X0, for which necessarily IE log (X0 + 1) <∞.
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Proof. Let P be an F-self-decomposable pgf with factors Pt as in (8.14).
In order to show that P has the form (8.15), we proceed as in (6.4) for the
R+-case and as in the first part of the proof of Theorem 6.7 for the R-case.
By the first property of F in (8.7) and the definition of U in (8.10) the
derivative P ′ of P can be obtained in the following way:

P ′(z) = lim
t↓0

P
(
Ft(z)

)
− P (z)

Ft(z)− z
=
P (z)
U(z)

lim
t↓0

1− Pt(z)
t

.(8.16)

It follows that

P0(z) := exp
[
−U(z)P ′(z)

/
P (z)

]
= lim

t↓0
exp

[
−t−1

{
1− Pt(z)

}]
,(8.17)

so the function P0 is the limit of compound-Poisson pgf’s. Now, since
U(z) ∼ 1− z and (1− z)P ′(z) → 0 as z ↑ 1, P0 satisfies P0(1−) = 1. Hence
from the continuity theorem it follows that P0 is a pgf, and from Proposi-
tion II.2.2 that it is infinitely divisible. Next, we express P in terms of P0;
rewriting (8.17) yields

d
dz

log P (z) =
− log P0(z)

U(z)
[ 0 ≤ z < 1 ],

which implies the desired representation (8.15). Finally, the logarithmic
moment condition on P0 follows from the fact that the integral in (8.15) is
finite; since U(z) ∼ 1− z as z ↑ 1, this concerns a general property of pgf’s,
which is proved in Proposition A.4.2.
Conversely, suppose that P is of the form (8.15) with P0 infinitely divisible,
so the R-function R0 of P0 is absolutely monotone. We now proceed as in
the second part of the proof of Theorem 4.8. Because of (8.7), (8.8) and
the second equality in (8.9), the R-function of P can be written as

R(z) =
d
dz

log P (z) =
− log P0(z)

U(z)
=

1
U(z)

∫ 1

z

R0(x) dx =

=
∫ ∞

0

R0

(
Fs(z)

)
F ′s(z) ds =

∫ ∞

0

d
dz

log P0

(
Fs(z)

)
ds,

so R is a mixture of absolutely monotone functions, and hence is itself ab-
solutely monotone. From Theorem II.4.3 it follows that P is a pgf and, in
fact, an infinitely divisible pgf. To show that P is F-self-decomposable, we
take t > 0 and consider the function Pt defined by (8.14). By the semigroup
property of F the R-function Rt of Pt can be written as

Rt(z) =
d
dz

log
P (z)

P
(
Ft(z)

) = R(z)−R
(
Ft(z)

)
F ′t (z) =
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=
∫ t

0

R0

(
Fs(z)

)
F ′s(z) ds =

∫ t

0

d
dz

log P0

(
Fs(z)

)
ds.

As above for P , we conclude that Pt is a pgf and, in fact, an infinitely
divisible pgf, so P is F-self-decomposable. 22

The expressions for R and Rt in the preceding proof suggest similar ex-
pressions for P and Pt; in fact, using the semigroup property of F again
together with (8.8), and now the first equality in (8.9) rather than the
second one, one easily proves the following additional result.

Corollary 8.4. Let P be an F-self-decomposable pgf. Then P is infinitely

divisible, and its representation (8.15) can be rewritten as

P (z) = exp
[∫ ∞

0

log P0

(
Fs(z)

)
ds

]
.(8.18)

Moreover, the factors Pt of P in (8.14) are infinitely divisible, and

Pt(z) = exp
[∫ t

0

log P0

(
Fs(z)

)
ds

]
[ t > 0 ].(8.19)

The expression for R in the proof of Theorem 8.3 also shows that R(0) > 0.
On the other hand, R(0) = p1/p0, if p = (pk)k∈Z+ is the distribution with
pgf P . Therefore, Corollary II.8.3 implies the following property.

Corollary 8.5. The support S(p) of an F-self-decomposable distribution p

on Z+ is equal to Z+.

In Chapter VII we will return to the F-self-decomposable distributions
on Z+, and show that they correspond to limit distributions of subcritical
F-branching processes with immigration.

We turn to stability with respect to the semigroup F . A Z+-valued
random variable X is said to be F-stable if for every n ∈N there exists
cn ∈ (0, 1 ] such that

X
d= cn �F (X1 + · · ·+Xn),(8.20)

where X1, . . . , Xn are independent with Xi
d= X for all i. In terms of the

pgf P of X equation (8.20) reads as follows:

P (z) =
{
P

(
F− log cn

(z)
)}n

,(8.21)
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so an F-stable distribution on Z+ is infinitely divisible (with positive mass
at zero). It is not hard to verify, as in the standard case of Section 5, that
for an F-stable pgf P the constants cn have to be of the form cn = n−1/γ

with γ > 0 and that equation (8.21) for P with n ∈N generalizes to

P (z) =
{
P

(
F(log x)/γ(z)

)}x [x ≥ 1 ],(8.22)

in which case P is called F-stable with exponent γ; we omit the details.
Now we are ready to prove the following analogue of Theorem 5.5.

Theorem 8.6. For γ > 0 a function P on [ 0, 1 ] is the pgf of an F-stable

distribution on Z+ with exponent γ iff γ ≤ 1 and P has the form

P (z) = exp
[
−λA(z)γ

]
,(8.23)

where λ > 0 and A is determined by F as in (8.11).

Proof. Let P be an F-stable pgf with exponent γ, so P satisfies (8.22).
Differentiation in this equation leads to

lim
z↑1

P ′(z)
P ′

(
F(log x)/γ(z)

) = xF ′(log x)/γ(1−) = x1−1/γ [x ≥ 1 ].

Now, this limit does not exceed 1, because P ′ is nondecreasing and Ft(z)≥ z

for all t and z; hence 1− 1/γ ≤ 0, so γ ≤ 1. Next, proceeding as in the
standard case, we first take z = 0 in (8.22) and then x ≥ 1 such that
F(log x)/γ(0) = z with 0 ≤ z < 1; this can be done because by (8.7), (8.8)
and (8.9) the function t 7→ Ft(0) is continuous and increasing on R+ with
Ft(0) → 0 as t ↓ 0 and Ft(0) → 1 as t→∞. We thus obtain

logP (0) = x logP (z), so P (z) = exp [−λx−1],

where we put λ := − logP (0), which is positive. In order to express x in z
we use relation (8.12) for A with z = 0; then we get A

(
Ft(0)

)
= e−t for

t ≥ 0, and hence for x and z as above

A(z) = e−(log x)/γ = x−1/γ , so x = A(z)−γ .

Inserting this in the expression for P (z) above yields representation (8.23).
Conversely, let P be of the form (8.23) with λ > 0 and γ ≤ 1. Then P can
be written as

P (z) = π
(
A(z)

)
, with π(s) := exp [−λ sγ ],(8.24)
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i.e., π is a stable pLSt with exponent γ; cf. Theorem 3.5. Since by (8.11) we
have A = 1−B with B a pgf, from (II.3.7) it follows that P is a pgf. Finally,
using (8.12) one easily verifies that P satisfies (8.22), so P is F-stable with
exponent γ. 22

From Theorem 8.6 and the last part of its proof, especially (8.24), it follows
that F-stability of a pgf P can be characterized by means of stability on R+:

P F-stable ⇐⇒ P = π ◦A with π a stable pLSt.(8.25)

Since an LSt is determined by its values on a finite interval, we can reverse
matters and characterize stability of a pLSt π by means of F-stability:

π stable ⇐⇒ P := π ◦A F-stable.(8.26)

Similarly, using just the definitions and (8.12) one easily shows that

π self-decomposable =⇒ P := π ◦A F-self-decomposable,(8.27)

but the converse of this is not true; see Section 9 for a counter-example and
Section VI.6 for an adapted converse, both in the standard case. Moreover,
not every F-self-decomposable pgf is of the form π ◦A with π a self-de-
composable pLSt; see Section 9 for an example. Since on R+ stability
implies self-decomposability, by combining (8.25) and (8.27) we obtain the
following counterpart on Z+.

Theorem 8.7. An F-stable distribution is F-self-decomposable.

As in the standard case one shows that the F-stable pgf’s with exponent γ
correspond to the F-self-decomposable pgf’s P for which the underlying
infinitely divisible pgf P0 in Theorem 8.3 is given by P0 = P γ . Letting the
classes L1 and L2 be as before, we can reformulate this as follows.

Theorem 8.8. For γ ∈ (0, 1 ] a pgf P is F-stable with exponent γ iff the

function h := − logP is an eigenfunction at the eigenvalue 1/γ of the semi-

linear bijective mapping T : L1 → L2 given by

(Th)(z) =
∫ 1

z

h(x)
U(x)

dx [h ∈L1; 0 ≤ z ≤ 1 ].(8.28)

The mapping T has no other eigenvalues than 1/γ with γ ∈ (0, 1 ].
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The theory developed in this section for distributions on Z+ can be
mimicked for distributions on R+. In order to do this the multiplication
of an R+-valued random variable X by a scalar is generalized in a similar
way. We define α�CX by

α�CX := ZX(t) [ 0 < α < 1; t = − log α ],(8.29)

where ZX(·) is a continuous-time Markov branching process having val-
ues in R+ with ZX(0) = X and C = (Ct)t≥0 the composition semigroup of
cumulant generating functions that governs ZX(·):

Ct = − log ηt, with ηt the pLSt of Z1(t) [ t ≥ 0 ].(8.30)

Here ηt is necessarily infinitely divisible because the branching property
implies that for a > 0 the a-th power ηat of ηt is the pLSt of Za(t). Again,
we assume continuity of C and −η′1(0) = 1/e. In terms of pLSt’s the multi-
plication reads

πα�CX(s) = πX
(
Ct(s)

)
[ 0 < α < 1; t = − log α ].(8.31)

Note that the ordinary multiplication is obtained by using the semigroup C
with

Ct(s) = e−ts, so ηt(s) = exp
[
−e−ts

]
[ t ≥ 0 ].(8.32)

Starting from (8.31) the theory can be developed almost verbatim as in the
discrete case. We return to this briefly in Chapter VII.

9. Examples

Apart from the stable distributions, the only explicit self-decomposable
distributions we have seen so far, are the gamma distributions on R+, the
negative-binomial distributions on Z+ and the sym-gamma distributions
on R. We now examine the possible self-decomposability of some other
infinitely divisible distributions from the previous chapters, using criteria
developed in the present chapter. Also some examples with special features
and curiosities are presented.

We start with a series of examples of distributions on R+. The first
three concern completely monotone densities; some of these densities turn
out to be self-decomposable, others do not. The fourth example exhibits
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another simple class of infinitely divisible distributions not all of which are
self-decomposable.

Example 9.1. For λ > 0 the probability density fλ on (0,∞) given by

fλ(x) = 1
2 e−x + 1

2 λ e−λx [x > 0 ],

is completely monotone and hence infinitely divisible by Theorem III.10.7.
Is it also self-decomposable ? The Lt πλ of fλ can be written as

πλ(s) = 1
2

1
1 + s

+ 1
2

λ

λ+ s
=

1
1 + s

λ

λ+ s

/ µ

µ+ s
,

with µ := 2λ
/
(λ+ 1). Since from Example III.4.8 it is known that an

exponential (λ) distribution has canonical density k given by k(x) = e−λx

for x > 0, it follows, as in Example III.11.1, that for the canonical density kλ
of fλ we have

kλ(x) = e−x + e−λx − e−µx [x > 0 ],

and the question is whether kλ is nonincreasing; cf. Theorem 2.11. As
λ→∞, however, we have πλ(s) → 1

2

{
1
/
(1 + s)

}
+ 1

2 ; this function of s is
a pLSt, but corresponds to a distribution that is not absolutely continuous.
From Proposition 2.3 and Theorem 2.16 it follows that πλ cannot be self-
decomposable for arbitrarily large λ. For definiteness, it is easily verified
that k3 is nonincreasing, whereas k20 is not. So f3 is self-decomposable,
but f20 is not, though both are completely monotone. 22

Example 9.2. Let π be the function on R+ from Example III.11.9, i.e.,

π(s) = 1 + s−
√

(1 + s)2 − 1 [ s ≥ 0 ].

There it was noted that π is the Lt of a completely monotone density f

and that its ρ -function is given by

ρ(s) =
1√

(1 + s)2 − 1
=

1√
s

1√
2 + s

[ s > 0 ],

so ρ is completely monotone; hence π is an infinitely divisible pLSt. In order
to determine whether π is self-decomposable, we compute its ρ0-function
and find

ρ0(s) :=
d
ds

[
s ρ(s)

]
=

1√
s

( 1
2 + s

)3/2

[ s > 0 ].
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Clearly, ρ0 is completely monotone, so by Theorem 2.6 the pLSt π is self-
decomposable. To show this one can also use Theorem 2.11 and prove
that the canonical density k, as given in Example III.11.9, is monotone.
In Example VII.7.1 the pLSt π will be interpreted as the transform of a
first-passage time. 22

Example 9.3. Let π be the function on (0,∞) from Example III.11.10,
i.e.,

π(s) = 2
√

1 + s− 1
s

=
2

1 +
√

1 + s
[ s > 0 ].

With some difficulty it was established that π is the Lt of a probability
density f on (0,∞) given by

f(x) =
1√
π

∫ ∞

x

y−3/2 e−y dy [x > 0 ],

so f is completely monotone; hence π is an infinitely divisible pLSt. In
order to determine whether π is self-decomposable, we look at the canonical
function K of π; its LSt K̂ is given by

K̂(s) = − d
ds

log π(s) = 1
2

1
1 + s+

√
1 + s

.

Expanding K̂(s) in a series of powers of (1 + s)−1/2 and using Laplace
inversion leads to a formula for a density k of K in exactly the same way
as the formula for f was obtained; we find:

k(x) =
1

2
√
π

∫ ∞

x

y−1/2 e−y dy [x > 0 ],

so k is nonincreasing. From Theorem 2.11 it follows that π is self-decom-
posable. A more direct way of proving this, is observing that π can be
written as

π(s) =
π1(1 + s)
π1(1)

, with π1(s) :=
1

1 +
√
s

= π0

(√
s
)
,

where π0 is the pLSt of the standard exponential distribution. Now apply
Proposition 2.14 (ii), (iii). 22
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Example 9.4. Let fλ be the probability density on (0,∞) given by

fλ(x) = 1
2 x e−x + 1

2 λ e−λx [x > 0 ],

where λ > 0. Then its Lt πλ can be written as

πλ(s) = 1
2

( 1
1 + s

)2

+ 1
2

λ

λ+ s
=

=
( 1

1 + s

)2 λ

λ+ s

/( µ

µ+ s

ν

ν + s

)
,

where µ :=
(
1 + 2λ+

√
dλ

)/
(2λ) and ν :=

(
1 + 2λ−

√
dλ

)/
(2λ) with dλ

given by dλ := 1 + 4λ− 4λ2, so ν = µ if dλ < 0. As in Examples 9.1
and III.11.1 it follows that the ρ-function of πλ is the Lt of the function kλ
given by

kλ(x) = 2 e−x + e−λx − e−µx − e−ν x [x > 0 ],

which can be seen to be nonnegative, also when µ and ν are not real; we will
return to this in Section VI.4. We conclude that fλ is infinitely divisible. Is
it also self-decomposable ? If so, then fλ should be nonincreasing because
of Theorem 2.17 and the fact that kλ(0+) = 1. Now, fλ(0+) = 1

2λ ∈ (0,∞),
and

f ′λ(x) = 1
2 e−x (1− x− λ2 e−(λ−1) x) [x > 0 ];

by letting x ↓ 0 it follows that fλ is not self-decomposable when λ < 1.
On the other hand, f1 is nonincreasing and, as is easily verified, k1 is
nonincreasing as well. So Theorem 2.11 implies that f1 is self-decompos-
able. Finally, we can proceed as in Example 9.1; letting λ→∞ shows
that fλ cannot be self-decomposable for arbitrarily large λ. For instance,
from the expression for f ′λ(x) above it follows that f ′10(x) > 0 for x = 0.7,
so f10 is not monotone, and hence not self-decomposable. 22

We proceed with three examples around stable distributions on R+; the
third one is just a curiosity. Recall from Theorem 3.5 that the stable
pLSt’s with exponent γ ∈ (0, 1 ] are given by the functions π of the form
π(s) = exp [−λ sγ ] with λ > 0; this π will be referred to as stable (λ).

Example 9.5. Let π be the pLSt that is stable (2) with exponent γ = 1
2 :

π(s) = exp
[
−2

√
s
]
.
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According to Theorem 3.9 the distribution corresponding to π has a con-
tinuous unimodal density f with f(0+) = 0. We shall compute f by
using Theorems 2.16 and 3.6; the canonical density k of π is given by
k(x) = 1

/√
πx for x > 0, so f satisfies

x f(x) =
1√
π

∫ x

0

f(u)
1√
x− u

du [x > 0 ].

To solve this functional equation we put g(y) := y−3/2 f(1/y) for y > 0; by
use of the substitution u = 1

/
(y + t) it follows that g satisfies

g(y) =
1√
π

∫ ∞

0

g(y + t)
1√
t
dt [ y > 0 ].

Now, since Γ( 1
2 ) =

√
π, it is easily seen that any function g of the form

g(y) = c e−y with c ∈R+ provides a solution of this equation. For f , which
has to integrate to one, this implies that

f(x) =
1√
π
x−3/2 e−1/x [x > 0 ].

This is one of the very few explicitly known stable densities.

We make some further remarks. Since stability implies self-decompos-
ability, we can use the closure property of Proposition 2.14 (ii) to conclude
that the function π1 defined by

π1(s) = exp
[
2 (1−

√
s+ 1)

]
[ s ≥ 0 ],

is a self-decomposable pLSt with corresponding density f1 given by

f1(x) =
e2

√
π
x−3/2 e−(x+1/x) [x > 0 ].

By computing the ρ-function of π1 one sees that π1 has the standard
gamma ( 1

2 ) probability density as a (nonincreasing) canonical density. The
distribution with density f1 is sometimes called inverse-Gaussian. For a
more natural form of inversion we return to stability and mention the fol-
lowing property: If X is stable (λ) with exponent γ = 1

2 , then

X
d=

1
U2

, with U normal (0, 2/λ2).

This is easily verified (for λ = 2) by using the expression for f above. Note
that U2 has a gamma ( 1

2 ,
1
4λ

2) distribution, so a stable distribution with
exponent γ = 1

2 can be viewed as an inverse-gamma distribution; cf. Sec-
tion B.3. 22
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Example 9.6. Since stability implies self-decomposability, we can use the
closure property of Proposition 2.2 to conclude that functions π of the form

π(s) = exp
[
−

n∑
j=1

λj s
γj

]
[ s ≥ 0 ],

where λj > 0, γj ∈ (0, 1 ] and n ∈N, are self-decomposable pLSt’s. For the
underlying infinitely divisible pLSt π0 of π we have

π0(s) = exp
[
s

d
ds

log π(s)
]

= exp
[
−

n∑
j=1

λjγj s
γj

]
,

so π0 has the same form as π; it is not only infinitely divisible, but even self-
decomposable. Similarly, the factors πα of π with α ∈ (0, 1) can be written
as

πα(s) =
π(s)
π(αs)

= exp
[
−(1−α)

n∑
j=1

λj s
γj

]
,

so the πα are self-decomposable as well. This phenomenon (of self-decom-
posability of all factors) is called multiple self-decomposability. In the spe-
cial case at hand we even have infinite self-decomposability ; the procedure
can be repeated indefinitely. This example illustrates Theorem 2.15. 22

Example 9.7. Let Y and Z be independent R+-valued random variables,
and suppose that Y is stable (λ) with exponent γ and Z is stable (µ) with
exponent δ. Consider X such that

X
d= Y Z1/γ .

Then the pLSt of X can be computed as follows:

πX(s) =
∫

R2
+

exp
[
−s y z1/γ

]
fY (y) fZ(z) dy dz =

=
∫

R+

πY (s z1/γ) fZ(z) dz =
∫

R+

exp
[
−λ sγz

]
fZ(z) dz =

= πZ(λ sγ) = exp
[
−(λδµ) sγδ

]
,

so X is stable with exponent γδ. 22
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The final example of a distribution on R+ shows that a pLSt of the form
π1 ◦ (− log π0) with π0 and π1 self-decomposable pLSt’s need not be self-
decomposable; it is infinitely divisible, of course.

Example 9.8. Consider the function π on R+ defined by

π(s) =
1

1 + log (1 + s)
[ s ≥ 0 ].

Clearly, π is a compound-exponential pLSt and hence infinitely divisible;
cf. Section III.3. Moreover, the compound-exponentiality implies that the
corresponding distribution is absolutely continuous with density f given by

f(x) =
1
x

e−x
∫ ∞

0

1
Γ(t)

(x/e)t dt [x > 0 ].

In order to determine whether π is self-decomposable, we consider the
canonical function K of π and compute its LSt:

K̂(s) = − d
ds

log π(s) =
1

1 + s
π(s).

It follows that K is absolutely continuous with density k given by

k(x) = e−x
∫ x

0

eu f(u) du [x > 0 ].

Now, letting x ↓ 0, we see that k(0+) = 0, so k cannot be monotone. From
Theorem 2.11 we conclude that π is not self-decomposable. 22

We next turn to infinitely divisible distributions on Z+, and start with
an analogue of the example just given and of Example 9.1.

Example 9.9. For p ∈ (0, 1) consider the function P on [ 0, 1 ] defined by

P (z) =
1

λ+ log (1− p z)
[ 0 ≤ z ≤ 1 ],

where λ := 1− log (1−p), so λ > 1. Clearly, P is a compound-exponential
pgf and hence infinitely divisible; cf. Section II.3. Moreover, the compound-
exponentiality implies that the corresponding distribution (pk)k∈Z+ can be
written as

pk = pk
∫ ∞

0

(
t+ k −1

k

)
e−λt dt [ k ∈Z+ ].
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For k ∈N let ck1, . . , ckk ∈N be such that t (t+1) · · (t+k−1) =
∑k
j=1 ckj t

j ;
then using the fact that

∫∞
0
tj e−λt dt = j!

/
λj+1 for j ∈Z+, we see that (pk)

can be rewritten as

p0 =
1
λ
, pk =

pk

k!

k∑
j=1

ckj
j!
λj+1

for k ∈N.

In order to determine whether P is self-decomposable, we compute its R-
function:

R(z) =
d
dz

log P (z) =
p

1− p z
P (z).

Rewriting this as (1− p z)R(z) = pP (z) shows that the canonical sequence
(rk)k∈Z+ of (pk) satisfies

r0 = p p0, rk − p rk−1 = p pk for k ∈N,

and the question is whether (rk) is nonincreasing; cf. Theorem 4.13. If this
is the case, then by Theorem 4.20 (pk) is monotone; note that r0 ≤ 1. Now,
there is a partial converse: If (pk) is monotone and r0 ≥ r1, then (rk) is
nonincreasing; this follows by noting that the monotonicity of (pk) implies
that rk − p rk−1 ≥ rk+1 − p rk for k ∈N, i.e.,

rk − rk+1 ≥ p (rk−1 − rk) [ k ∈N ].

So, let us determine whether (pk) is monotone. Note that p0 ≥ p1 be-
cause r0 = p1/p0 and r0 ≤ 1. Using the expressions for pk above one sees
that pk+1 with k ∈N can be estimated as follows:

pk+1 =
pk+1

(k + 1)!

∫ ∞

0

k∑
j=1

ckj t
j (t+ k) e−λt dt =

=
pk+1

(k + 1)!

k∑
j=1

ckj

( (j + 1)!
λj+2

+ k
j!
λj+1

)
≤ p

( 1
λ

+ 1
)
pk.

Now, since r1 = p r0 + p p1 = p r0 (1 + p0), it follows that (pk) satisfies the
following inequality (also when k = 0):

pk+1 ≤ (r1/r0) pk [ k ∈Z+ ],

so (pk) is monotone if r0 ≥ r1. Combining this with the partial converse
above we conclude that (rk) is nonincreasing iff r0 ≥ r1 or, equivalently,

p ≤ (1−p)
(
1− log (1−p)

)
,
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i.e., p ≤ p∗ with p∗≈ 0.6822. It follows that P is self-decomposable iff
p ≤ p∗. For instance, taking p = 1

2 leads to the self-decomposability of the
pgf P given by

P (z) =
1

1 + log (2− z)
.

Note that this P is of the form P (z) = π(1− z) with π the pLSt from
the preceding example, which is not self-decomposable; cf. (8.27). On the
other hand, taking p = 3

4 leads to a pgf P that is not self-decomposable,
though P is of the form P = π ◦ (− logP0) with π a pLSt and P0 a pgf,
both self-decomposable. 22

Example 9.10. From Example 4.6 we know that the geometric (p) dis-
tribution is self-decomposable. This is reflected by its canonical sequence
(rk)k∈Z+ , which is given by rk = pk+1 and hence is nonincreasing; cf. Ex-
ample 4.16 and Theorem 4.13. What about mixtures of geometric dis-
tributions ? Such mixtures are completely monotone, and hence infinitely
divisible by Theorem II.10.4. For fixed p, q ∈ (0, 1) let us consider the pgf Pα
defined by

Pα(z) = α
1− q

1− q z
+ (1−α)

1− p

1− p z
,

where α ∈ (0, 1). Then Pα can be written as

Pα(z) =
1− q

1− q z

1− p

1− p z

/ 1− rα
1− rαz

,

where rα satisfies (1− rα) {α (1− q) + (1−α) (1− p)} = (1− q) (1− p); note
that rα ∈ (0, 1). It follows that the canonical sequence

(
rk(α)

)
of Pα is given

by

rk(α) = qk+1 + pk+1 − rk+1
α [ k ∈Z+ ].

Now, if α = 1
2 , then similarly to Example 9.1 it can be shown that

(
rk(α)

)
is nonincreasing, so that Pα is self-decomposable, if p and q are not too
far apart, but not nonincreasing if one is much smaller than the other, in
which case Pα is not self-decomposable. To be more concrete, let q ↓ 0, so
consider

Pα(z) = α+ (1−α)
1− p

1− p z
.
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Note that now Pα is precisely the factor ‘of order α’ of the geometric (p)
distribution; cf. Example 4.6. Hence, as observed just before Theorem 4.18,
Pα is self-decomposable for all α iff p ≤ 1

2 . So we further let p > 1
2 . Because

of Theorem 4.13 Pα is self-decomposable iff for every k ∈N

pk− rkα ≥ pk+1− rk+1
α , i.e., (1− rα) (rα/p)k ≤ 1− p.

Observing that rα/p = α
/
(1− p+ αp) < 1, we conclude that Pα is self-

decomposable iff α satisfies α ≤
{
(1− p)

/
p
}2 or, equivalently, p satisfies

p ≤ 1
/
(1 +

√
α). 22

In the next three examples some more completely monotone distributions
occur, which are well known from Chapter II, viz. the logarithmic-series
distribution, the distribution of the ‘reduced’ first-passage time 1

2 (T1− 1)
from 0 to 1 in the symmetric Bernoulli walk, and the Borel distribution.

Example 9.11. For p ∈ (0, 1) let the distribution (pk)k∈Z+ on Z+ and its
pgf P be given by

pk = cp
pk+1

k + 1
, P (z) = cp

− log (1− pz)
z

,

where cp := 1
/{
− log (1−p)

}
. Then (pk) is completely monotone and hence

infinitely divisible; cf. Example II.11.7. To show that it is also self-decom-
posable, we use the fact, which was mentioned but not proved in Chapter II,
that a completely monotone distribution on Z+ is compound-geometric;
according to Theorem II.5.2 this means that the function S defined by

S(z) =
1
z

{
1− p0

P (z)

}
[ 0 ≤ z < 1 ],

is absolutely monotone. Now, compute the R-function of P :

R(z) =
d
dz

log P (z) =
1

1− p z

p0

z P (z)
− 1
z

=
p− S(z)
1− p z

.

Rewrite this as p− (1−pz)R(z) = S(z); then it follows that the canonical
sequence (rk)k∈Z+ of (pk) satisfies

p rk−1 − rk = sk [ k ∈N ],

where sk is the coefficient of zk in the power-series expansion of S. By the
absolute monotonicity of S we conclude that (rk) is nonincreasing, so (pk)
is self-decomposable by Theorem 4.13. 22
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Example 9.12. For γ ∈ (0, 1 ] let P be the function on [ 0, 1) given by

P (z) =
1

1 + (1− z)γ
[ 0 ≤ z < 1 ].

Since P (z) = π
(
(1− z)γ

)
with π the pLSt of the standard exponential dis-

tribution, from Proposition 4.19 it follows that P is a self-decomposable
pgf. When γ = 1

2 , the corresponding distribution (pk)k∈Z+ is given by

pk =
1

k + 1

(
2k
k

) (
1
2

)2k+1 [ k ∈Z+ ],

it is completely monotone, and its canonical sequence (rk)k∈Z+ is not only
monotone but even completely monotone; see Example II.11.11. 22

Example 9.13. For λ ∈ (0, 1 ] let (pk)k∈Z+ be the distribution on Z+ with

pk = e−λ (λ e−λ)k
(k + 1)k−1

k!
[ k ∈Z+ ].

Then (pk) is infinitely divisible, even completely monotone, and its canon-
ical sequence (rk)k∈Z+ is given by rk = λ (k + 1) pk; this was proved in
Example II.11.16. It follows that

rk/rk−1 = λ e−λ (1 + 1/k)k [ k ∈N ];

since λ e−λ ≤ 1/e and (1 + 1/k)k ↑ e as k →∞, we conclude that (rk) is
nonincreasing, so (pk) is self-decomposable by Theorem 4.13. According
to Proposition 4.17 (i), for a > 0 the distribution (p∗ak )k∈Z+ is self-decom-
posable as well; by applying ‘Bürmann-Lagrange’ (see Section A.5) with
G = Gλ, the Poisson (λ) pgf (as in Example II.11.16), and H = Gaλ = Gaλ,
it is seen that

p∗ak = a e−aλ (λ e−λ)k
(k + a)k−1

k!
[ k ∈Z+ ].

Writing a = θ/λ with θ > 0 we get

p
∗(θ/λ)
k = θ e−θ e−λk

(λk + θ)k−1

k!
[ k ∈Z+ ],

which can be considered as a generalized-Poisson distribution; let λ ↓ 0.
Finally we note that (p∗ak ) is log-convex iff a ≤ 2. 22

The last example of a distribution on Z+ concerns generalized self-decom-
posability as considered in Section 8.
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Example 9.14. Let F be the semigroup from Example 8.2, so with U -
and A-functions given by

U(z) = 1
2 (1− z) (3− z), A(z) = 3

1− z

3− z
.

According to (8.27) F-self-decomposable pgf’s can be constructed from
self-decomposable pLSt’s: If π is a self-decomposable pLSt, then π ◦A is
an F-self-decomposable pgf. For instance, taking for π the pLSt of the
standard exponential distribution, one obtains the F-self-decomposability
of the pgf P1 given by

P1(z) =
1

1 +A(z)
= 1

4 + 3
4 P2(z),

with P2 the pgf of the geometric ( 2
3 ) distribution. On the other hand, not

every F-self-decomposable pgf is of the form π ◦A with π a self-decompos-
able pLSt. To show this we recall from Theorem 8.3 that the F-self-de-
composable pgf’s are given by the functions P of the form

P (z) = exp
[∫ 1

z

2 logP0(x)
(1− x)(3− x)

dx
]

with P0 an infinitely divisible pgf. Now, take for P0 the pgf of the Pois-
son (2) distribution; then it follows that P is given by

P (z) =
2

3− z
,

so the geometric ( 1
3 ) distribution is F-self-decomposable. Suppose that

P = π ◦A for some π; since A−1 = A, on [ 0, 1 ] the function π is then
given by

π(s) = P
(
A(s)

)
=

2
3−A(s)

= 1− 1
3s [ 0 ≤ s ≤ 1 ],

which cannot be a pLSt. So P is not of the form π ◦A with π a pLSt, let
alone with π a self-decomposable pLSt. 22

Finally, we present a series of examples of distributions on R. The first
two show the self-decomposability of two well-known distributions, the next
three concern extensions of these involving stable distributions on R+ and
symmetric stable distributions on R.
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Example 9.15. Let X have the Gumbel distribution with density f on R
and characteristic function φ given by

f(x) = exp
[
−(x+ e−x)

]
, φ(u) = Γ(1− iu).

As noted in Example IV.11.1, we have X d= − log Y with Y standard expo-
nentially distributed; moreover, if Y1, Y2, . . . are independent with Yi

d= Y

for all i, then
n∑
k=1

1
k
Yk − log n d−→ X [n→∞ ].

By using (1.3) and Propositions 6.2 and 6.3 it follows that X is self-decom-
posable. This is also reflected by the Lévy density m of X which was found
in Example IV.11.10: m(x) = 0 for x < 0, and

xm(x) =
1

ex− 1
[x > 0 ],

which is a nonincreasing function of x ; cf. Theorem 6.12.
Now, for α ∈ (0, 1) consider the component Xα of X in (1.1). By Corol-
lary 6.8 it is infinitely divisible, and from Proposition IV.4.5 (ii), (iv) it
follows that Xα has Lévy density mα satisfying mα(x) = 0 for x < 0 and

xmα(x) = xm(x)− x

α
m

(x
α

)
=

1
ex− 1

− 1
ex/α− 1

[x > 0 ],

which can be shown to be nonincreasing in x. From Theorem 6.12 we
conclude that Xα is self-decomposable. This can also be proved from Theo-
rem 6.19; by Proposition 6.11 the underlying infinitely divisible distribution
of X has Lévy density m0 satisfying m0(x) = 0 for x < 0 and

xm0(x) = −x d
dx

{
xm(x)

}
=

x ex

(ex− 1)2
[x > 0 ],

which is easily seen to be nonincreasing in x.
Finally, we note that in Example 9.17 the self-decomposability of X will
be proved by using just the definition and the representation X d= − log Y
mentioned above. 22

Example 9.16. Let X have the logistic distribution with density f on R
and characteristic function φ given by

f(x) = 1
4

1
cosh2 1

2x
= 1

2

1
coshx+ 1

, φ(u) =
πu

sinhπu
.
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As noted in Example IV.11.2, we haveX d= Y1 − Y2 with Y1 and Y2 indepen-
dent and both having the Gumbel distribution of the preceding example.
So X is self-decomposable by Proposition 6.2. This is also apparent from
the Lévy density m of X which was found in Example IV.11.11:

|x|m(x) =
1

e|x|− 1
[x 6= 0 ];

cf. Theorem 6.12. Clearly, as in Example 9.15, the components Xα and the
underlying infinitely divisible distribution of X are self-decomposable. 22

Example 9.17. Take λ > 0. For γ ∈ (0, 1) let Tγ be a random variable
that is positive and stable (λ) with exponent γ, i.e., Tγ has pLSt πγ given
by πγ(s) = exp [−λ sγ ]; cf. Theorem 3.5. Consider X such that

X
d= log Tγ .

ThenX is self-decomposable. To show this we take λ = 1; this is no essential
restriction because of (1.3). Let Z be standard exponential and indepen-
dent of Tγ ; then for x > 0

IP
(
(Z/Tγ)γ > x

)
=

∫ ∞

0

IP(Z > x1/γt) dFTγ (t) =

=
∫ ∞

0

exp [−x1/γt] dFTγ
(t) = πγ(x1/γ) = e−x = IP(Z > x),

so we have

(Z/Tγ)γ
d= Z.

Now, taking logarithms one sees that − logZ is self-decomposable and that
its component in (1.1) of order γ, say (− logZ)γ , has the same distribution
as γ log Tγ , so for X we have

X
d=

1
γ

(− logZ)γ .

Since − logZ has a Gumbel distribution, we can apply the results of Ex-
ample 9.15 to conclude that X is self-decomposable.
Before considering a special case, we note that the relation between Tγ

and Z above easily yields an explicit expression, in case λ = 1, for the
moment of Tγ of order r < γ

(
cf. (3.17)

)
:

IE(Tγ)r =
IEZ−r/γ

IEZ−r
=

Γ(1− r/γ)
Γ(1− r)

.
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Consider the special case with λ = 2 and γ = 1
2 , as in Example 9.5; so we

start from the stable density g on (0,∞) given by

g(x) =
1√
π
x−3/2 e−1/x [x > 0 ].

A simple calculation then shows that X has density f given by

f(x) = ex g(ex) =
1√
π

exp
[
−( 1

2x+ e−x)
]

[x ∈R ],

which is self-decomposable by the result proved above. As noted at the
end of Example 9.5, the stable density g can be viewed as a density of
1/Y with Y standard gamma ( 1

2 ) distributed, so X can be written as

X
d= − log Y . This explains the similarity of f to the density of the Gum-

bel distribution in Example 9.15. See also the next example, where we
consider a generalization of both densities. 22

Example 9.18. For r > 0 let Y have the standard gamma (r) distribution.
Consider X such that

X
d= − log Y.

Then one easily verifies that X has density f on R and characteristic func-
tion φ given by

f(x) =
1

Γ(r)
exp

[
−(r x+ e−x)

]
, φ(u) =

Γ(r − iu)
Γ(r)

.

Now, by using Euler’s formula for the gamma function (see Section A.5) it
follows that φ can be obtained as

φ(u) = lim
n→∞

n−iu
n∏
k=1

k + r − 1
k + r − 1− iu

.

Hence, if Y1, Y2, . . . are independent and standard exponential, then
n∑
k=1

1
k + r − 1

Yk − log n d−→ X [n→∞ ].

As in Example 9.15 we conclude that X is self-decomposable. Moreover,
by considering differences as in Example 9.16 it follows that for r > 0 the
distribution with density gr on R and characteristic function χr given by

gr(x) =
1

B(r, r)

( 1
2 cosh 1

2x

)2r

, χr(u) =
Γ(r − iu) Γ(r + iu)

Γ(r)2
,
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is self-decomposable as well. For instance, taking r = 1
2 one obtains a dis-

tribution with the curious property that its density g and characteristic
function χ are essentially the same functions:

g(x) =
1
2π

1
cosh 1

2x
, χ(u) =

1
coshπu

.

Here the expression for χ is obtained by using some properties of the gamma
function as given in Section A.5; cf. the case r = 1 which was treated in
Example IV.11.11. Of course, the distribution with density h := g∗2 and
characteristic function ψ := χ2 also is self-decomposable; we find

h(x) =
1

2π2

x

sinh 1
2x
, ψ(u) =

1
cosh2πu

=
2

cosh 2πu+ 1
.

Here the expression for h can be computed directly, or by using the inversion
result of (A.2.15) together with the fact that, save for norming constants,
h can be viewed as the Ft of the ‘density’ ψ; see Example 9.16. 22

Example 9.19. Take λ > 0. For γ ∈ (0, 2) let Sγ be a random variable
that is symmetric stable (λ) with exponent γ, i.e., Sγ has characteristic
function φγ given by φγ(u) = exp [−λ |u|γ ]; cf. Theorem 7.6. Consider X
such that

X
d= log |Sγ |.

Then X is self-decomposable. To show this we note that φγ(u) = πγ/2(u2),
where πγ/2 is the pLSt of a positive stable (λ) random variable Tγ/2 with
exponent γ/2; cf. Example 9.17. It follows (cf. Sections VI.2 and VI.9)
that Sγ can be written as

Sγ
d=

√
Tγ/2 U,

where U is normal (0, 2) and independent of Tγ/2. Now, taking absolute
values and logarithms one sees that

X
d= 1

2 log Tγ/2 + log |U | = 1
2 log Tγ/2 + 1

2 log V,

with V gamma ( 1
2 ,

1
4 ); applying the results of Examples 9.17 and 9.18 we

conclude that X is self-decomposable. Finally, we note that, in case λ = 1,
for r < γ

(
cf. (7.24)

)
:

IE |Sγ |r =
(
IE (Tγ/2)r/2

)
(IEV r/2) = 2r

Γ(1− r/γ)
Γ(1− r/2)

Γ
(
(r + 1)/2

)
√
π

,

where we again used Example 9.17. 22
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The last two examples also concern stable distributions on R. The first
one shows an alternative way of proving that for λ > 0 and γ ∈ (0, 2 ] the
function u 7→ exp

[
−λ |u|γ

]
is a (stable) characteristic function. The second

presents a simple function that turns out to be a weakly stable characteristic
function.

Example 9.20. Let γ ∈ (0, 2 ], and for n ∈N let Yn,1, . . . , Yn,n be indepen-
dent and uniformly distributed on (−n, n). Define Xn by

Xn =
n∑
j=1

sgn {Yn,j}
|Yn,j |1/γ

,

where sgn {r} := +1 if r ≥ 0, and := −1 if r < 0. Then the characteristic
function φn of Xn is given by

φn(u) =
{

1− 1
n

∫ n

0

(
1− cos (u/y1/γ)

)
dy

}n
,

so limn→∞ φn(u) exists with

lim
n→∞

φn(u) = exp
[
−

∫ ∞

0

(
1− cos (u/y1/γ)

)
dy

]
=

= exp
[
−γ |u|γ

∫ ∞

0

1− cos t
t1+γ

dt
]

= exp
[
−λ |u|γ

]
=: φ(u),

with λ > 0. Since φ is continuous at zero, from the continuity theorem it
follows that φ is a characteristic function and, as we know from Section 7,
a stable one. 22

Example 9.21. Consider the function φ on R defined by

φ(u) = (iu)iu [ principal value, u 6= 0; φ(0) = 1 ].

Then one easily verifies that φ can be rewritten as

φ(u) = exp
[
−(π/2) |u|

(
1±u i (−2/π) log |u|

) ]
[u ∈R ],

so φ has the form (7.38) with µ = 0, λ = π/2 and β = −1. From Theo-
rem 7.16 it follows that φ is the characteristic function of a weakly stable
distribution with exponent γ = 1. Note that by (7.39) the corresponding
canonical function M vanishes everywhere on (0,∞). Nevertheless, the
distribution is not concentrated on a half-line; compare Theorems 7.14
and IV.4.13. 22
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10. Notes

Contrary to the order in this chapter, the more special, stable dis-
tributions were introduced earlier than the self-decomposable ones. Lévy
(1923) considered stable distributions in the context of the central limit
theorem; some of them had been known for some time. Self-decomposable
distributions were introduced by Lévy (1937) in the same context; see Sec-
tion I.5. Classical books on stability and self-decomposability are Gnedenko
and Kolmogorov (1968), and Zolotarev (1986); there are many textbooks
where the subject is treated in more or less detail, e.g., Breiman (1968),
Lukacs (1970, 1983), Feller (1971), Loève (1977), Petrov (1995), Lamperti
(1996). The book by Samorodnitsky and Taqqu (1994) presents an overview
of stable distributions and processes on Rn.

The canonical representations of stable characteristic functions, as given
in Theorems 7.11 and 7.16, are due to Khintchine and Lévy (1936). A quite
different approach is presented in Geluk and de Haan (2000). Hall (1981)
gives an account of the many sign errors in these formulas that occur in
the literature. A treatment of stable distributions on R+ can be found
in Feller (1971). Stable and self-decomposable distributions on Z+ were
introduced and studied in Steutel and van Harn (1979); here also the basic
representation of a self-decomposable characteristic function as given in
Theorem 6.7 was presented without proof. A very different representation
is given in Urbanik (1968). The characterization of self-decomposable dis-
tributions in Theorem 6.12 in terms of the canonical function is due to Lévy
(1937). It leads to the differentiability property of Proposition 6.13, which
is not true for general (infinitely divisible) characteristic functions, as was
shown by Looijenga (1990). An integral representation for self-decompos-
able random variables is given by Wolfe (1982); see also Jurek and Vervaat
(1983). Part of the results on self-decomposability on R+ in Section 2 can
be found in Bondesson (1992). Here also the class of generalized gamma
convolutions introduced by Thorin (1977a,b) is studied in detail; this class
‘interpolates’ between the class of stable distributions and that of self-de-
composable distributions on R+; see also Section VI.5. Bondesson (1987)
gives a sufficient condition for self-decomposability which is satisfied by any
density on R+ that is proportional to a self-decomposable pLSt.

Explicit expressions for stable densities are unavailable except for the
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few examples we have given; series expansions are given in Feller (1971),
and numerical results in Nolan (1997). Gawronski (1984) proves a detailed
result on the (bell-) shape of stable densities. Hoffmann-Jørgensen (1993)
expresses these densities in terms of special functions.

The problem of unimodality of self-decomposable distributions has a
long and rather amusing history; see Lukacs (1970) and Wolfe (1971a).
It was eventually solved by Wolfe (1971a) for distributions on R+, and
finally on R by Yamazato (1978) who succeeded to extend Wolfe’s result
by proving Lemma 6.22; for more specific results see Sato and Yamazato
(1978, 1981). The location of modes is a rather intractable problem; some
information on this is contained in Hall (1984) and in Shkol’nik (1992); the
mode of the stable distribution on Z+ with exponent γ = 1

2 is considered
by Barendregt (1979). Sato (1994) studies the surprising multimodality of
convolution powers of infinitely divisible distributions.

Lévy (1937) considers a class of distributions that he calls ‘semi-stable’.
Generalizations of self-decomposability are studied by O’Connor (1979a,b),
Jurek (1985), Hansen (1988a) and Bunge (1997). The extensions related to
the multiplication induced by semigroups in Section 8 can be found in van
Harn et al. (1982), and in van Harn and Steutel (1993); this multiplication
is used by Hansen (1988a) and (1996), where the eigenfunction properties
for logarithms of stable characteristic functions also turn up.

Many known distributions are self-decomposable; cf. Jurek (1997). On
the other hand, Examples 9.1, 9.4 and 9.8 show that there also are sim-
ple classes of counter-examples. Results on multiple self-decomposability,
which was mentioned in Example 9.6, are given in Urbanik (1972), Kumar
and Schreiber (1978), and in Berg and Forst (1983), who use a mapping
which is the inverse of our T in Section 2; see also Forst (1984), where
a notion of self-decomposability on Z is discussed. Most results in Exam-
ples 9.17, 9.18 and 9.19 occur in Shanbhag and Sreehari (1977), or Shanbhag
et al. (1977). The construction of the symmetric stable characteristic func-
tions in Example 9.20 can be found in Lamperti (1996). Finally, as an ex-
ample of how difficult it is to decide on the self-decomposability of a given
density, we mention the self-decomposability of the half-Cauchy distrib-
ution due to Diédhiou (1998); he continued an investigation by Bondesson
(1987), who proved that the half-Cauchy distribution is infinitely divisible
(cf. Example VI.12.4).
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Chapter VI

INFINITE DIVISIBILITY AND MIXTURES

1. Introduction

There is no special reason why mixtures of infinitely divisible distrib-
utions should be infinitely divisible; in fact, it is quite easy to destroy
infinite divisibility by mixing, such as by randomizing a parameter. On
the other hand, mixing is such an ordinary phenomenon that the question
whether or when infinite divisibility is preserved under mixing arises very
naturally.

Let F1 and F2 be distribution functions, and let α ∈ (0, 1). Then the
following function F is a new distribution function:

F (x) = αF1(x) + (1− α)F2(x) [x ∈R ];

it is called a mixture of F1 and F2. The probability distribution corre-
sponding to F is then also called a mixture. If both F1 and F2 are infinitely
divisible, then F may or may not be infinitely divisible. Examples of both
situations are easily given: A mixture of two different normal distributions
is not infinitely divisible because its tail is too thin (cf. Theorem IV.9.8
and Example IV.11.14); and a mixture of two exponential distributions
is infinitely divisible since it has a completely monotone density (cf. Theo-
rem III.10.7). Still, as we shall see, there is some structure in the occurrence
of infinite divisibility in mixtures.

The distribution function F above is the very simplest example of a
mixture. In this chapter we consider mixtures of the following more general
kind:

F (x) =
∫

Θ

Fθ(x) ν(dθ) [x ∈R ].(1.1)
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Here ν is a probability measure on a measurable space (Θ, T ) and Fθ is
a distribution function for every θ such that θ 7→ Fθ(x) is T -measurable
for all x. In most cases Θ will be (part of) R+, and ν will be the Stieltjes
measure mG induced by a distribution function G. In isolated cases ν will
be replaced by a signed measure with ν(Θ) = 1; we will then speak of a
generalized mixture. We shall be interested in infinite divisibility of F , and
look for conditions on the Fθ and/or ν (or G) for this to occur.

As is well known, mixtures as in (1.1) can be written in terms of charac-
teristic functions in the following way:

φ(u) =
∫

Θ

φθ(u) ν(dθ) [u ∈R ],(1.2)

and similarly for probability generating functions (pgf’s) and probability
Laplace-Stieltjes transforms (pLSt’s). If, for every θ, Fθ is absolutely con-
tinuous with density fθ, then the mixture F is absolutely continuous with
density f given by

f(x) =
∫

Θ

fθ(x) ν(dθ) [x ∈R ];(1.3)

a similar relation holds for discrete distributions. Also the transforms and
densities of mixtures will be called mixtures.

In Section 2 we introduce some general types of frequently used mix-
tures; special cases are then treated in the subsequent sections. Mixtures
of exponential distributions are dealt with in Section 3; mixtures of gamma
distributions are studied in Section 4. Then in Section 5 we briefly con-
sider the important class of generalized gamma convolutions, which can be
viewed as (limits of) mixtures of gamma distributions. Since this class is
extensively studied in a recent monograph by Bondesson, we do not give
all the, sometimes very technical, details. Section 6 deals with mixtures
of Poisson distributions; these mixtures make it possible to easily relate
R+-results to results on Z+, and this leads in a natural way to results
on mixtures of negative-binomial distributions in Section 7 and general-
ized negative-binomial convolutions in Section 8. Similarly, mixtures of
zero-mean normal distributions, considered in Section 9, lead to results on
mixtures of sym-gamma distributions in Section 10 and generalized sym-
gamma convolutions in Section 11. The results of the present chapter give
rise to many interesting examples; they are given in Section 12. Finally,
Section 13 contains notes and bibliographical information.
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2. Two important types of mixtures

In this section we consider two types of mixtures that are frequently
used. First, in (1.2) we let Θ = R+ and take φθ = φθ1 with φ1 a charac-
teristic function. This leads to the so-called power mixtures, of the following
form:

φ(u) =
∫

R+

{
φ1(u)

}θ dG(θ),(2.1)

where G is a distribution function on R+. When the support S(G) of G is
not contained in Z+, we require infinite divisibility of φ1; this ensures φθ1
to be a characteristic function for all θ. In this case (2.1) can be written as

φ(u) = Ĝ
(
− log φ1(u)

)
,(2.2)

with Ĝ the LSt of G; a random variable X with characteristic function φ

can be expressed as

X
d= S(T ),(2.3)

where S(·) is an sii-process with φS(1) = φ1 and T is a random variable
that is independent of S(·) with FT = G. In fact, the power mixtures of
(2.1) correspond exactly to the compound distributions considered earlier
in the third sections of Chapters I, II, III and IV. Still, there sometimes is
a difference in accent, as we shall see when considering mixtures of normal
distributions. We now rephrase Proposition IV.3.6 in the present context;
its proof reflects the fact that

{
φ(u)

}t =
∫

R+

{
φ1(u)

}θ dG?t(θ) [ t > 0 ].(2.4)

Proposition 2.1. If both the characteristic function φ1 and the distrib-

ution function G are infinitely divisible, then the power mixture φ in (2.1)

is infinitely divisible.

When the support S(G) of G is contained in Z+, then φθ1 is a characteristic
function for all θ ∈S(G) and hence we need not require infinite divisibility
of φ1. Now (2.1) can be rephrased as

φ(u) = P
(
φ1(u)

)
,(2.5)
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with P the pgf corresponding to G, and to get an analogue of (2.3) we have
to replace S(·) by a discrete-time sii-process (Sn)n∈Z+ (so Sn = Y1+ · · +Yn
for all n with Y1, Y2, . . . independent and distributed as S1):

X
d= SN (so X

d= Y1 + · · ·+ YN ),(2.6)

where N is a random variable that is independent of the Yi and has pgf P .
Proposition IV.3.1 now yields a less restrictive result; we only have to
take G such that in (2.4) S(G?t) ⊂ Z+ for all t > 0.

Proposition 2.2. If the distribution function G is infinitely divisible with

support satisfying 0 ∈S(G) ⊂ Z+, then for any characteristic function φ1

the power mixture φ in (2.1) is infinitely divisible.

Consider the special case of (2.1) where φ1 is the characteristic function
of the standard normal distribution: φ1(u) = exp [− 1

2u
2]. Then for φ we

have

φ(u) =
∫

R+

exp [− 1
2θu

2] dG(θ) = Ĝ( 1
2u

2),(2.7)

so φ corresponds to a variance mixture of normal distributions (with zero
mean). From Proposition 2.1 it is clear that such a variance mixture is
infinitely divisible if the mixing function G is infinitely divisible. Further,
a random variable X corresponding to φ can not only be written as in (2.3)
but also as

X
d=
√
T Y,(2.8)

with Y := S(1). This observation leads to a second kind of much used
mixtures; the distribution of a random variable X is said to be a scale
mixture if

X
d= Z Y,(2.9)

where Z and Y are independent and Z is nonnegative. In terms of charac-
teristic functions we now get the following counterpart to (2.1):

φ(u) =
∫

R+

φ1(θu) dG(θ),(2.10)

where φ1 = φY and G =FZ . When Y is nonnegative, we sometimes allow Z

to have negative values as well; in (2.10) we then have to integrate over R.
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Not very much in general can be said about the infinite divisibility of X in
(2.9): Z Y may be infinitely divisible though neither of Z and Y are, and
Z Y may be not infinitely divisible though both Z and Y are; cf. Section 12.
Still, as we shall see in the next sections, large classes of infinitely divisible
scale mixtures can be identified.

Finally we briefly discuss a discrete analogue of the scale mixtures in
(2.9) that is suggested by the discrete multiplication � introduced in Sec-
tion A.4. Let X satisfy

X
d= Z � Y,(2.11)

where Z and Y are independent, Z has values in [ 0, 1 ] and Y is Z+-valued.
Then X is Z+-valued as well, and from (A.4.13) it is seen that the pgf P
of X is given by

P (z) =
∫

[0,1]

P1(1− θ + θz) dG(θ),(2.12)

where P1 = PY and G = FZ . In the case where Y is Poisson, Z in (2.11)
may be taken arbitrarily nonnegative; the pgf’s of the resulting mixtures
of Poisson distributions then take the form

P (z) =
∫

R+

exp
[
−λ θ (1− z)

]
dG(θ) = Ĝ

(
λ {1− z}

)
,(2.13)

with λ > 0. Note that P in (2.13) can also be viewed as a power mixture;
so, from Proposition 2.1 it follows that a mixture of Poisson distributions
with infinitely divisible mixing function G is infinitely divisible. A converse
to this statement will be given in Section 6, where we shall see that also
other properties of P and G in (2.13) are closely related.

3. Mixtures of exponential distributions

The exponential distribution with parameter λ > 0 is a probability dis-
tribution on R+ with density fλ and pLSt πλ given by

fλ(x) = λ e−λx, πλ(s) =
λ

λ+ s
.

According to (1.2) and (1.3), mixing with respect to λ leads to a distrib-
ution on R+ with density f and pLSt π of the form

f(x) =
∫

(0,∞)

λ e−λx dG(λ), π(s) =
∫

(0,∞)

λ

λ+ s
dG(λ),(3.1)
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with G a distribution function on (0,∞). Note that the resulting mixtures
can be viewed as scale mixtures; putting λ = 1/θ one sees that π in (3.1)
can be rewritten in the form (2.10):

π(s) =
∫

R+

1
1 + θs

dH(θ),(3.2)

with H a distribution function on (0,∞). So, mixtures of exponential den-
sities correspond to random variables of the form Z Y with Z positive
and Y exponential, and Z and Y independent. Random variables Z Y
with Z nonnegative have pLSt’s π of the form (3.2) with H a distribution
function on R+; this means that an additional mixing with the degenerate
distribution at zero is allowed. Since this distribution can be viewed as an
exponential distribution ‘with λ = ∞’, we extend π in (3.1) in this sense
and agree that any distribution with pLSt π of the following form will be
called a mixture of exponential distributions:

π(s) = α+ (1−α)
∫

(0,∞)

λ

λ+ s
dG(λ),(3.3)

with α ∈ [ 0, 1 ] and G a distribution function on (0,∞). This has the ad-
vantage that the resulting class of distributions is closed under weak con-
vergence.

Proposition 3.1. If a sequence (πn) of mixtures of exponential pLSt’s

converges (pointwise) to a pLSt π, then π is a mixture of exponential pLSt’s.

Proof. Let πn be of the form (3.2) with H replaced by a distribution
function Hn on R+, and suppose that π := limn→∞ πn exists and is a pLSt.
According to Helly’s selection theorem (Hn) has a subsequence (Hn(k)) that
is convergent in the sense that

lim
k→∞

Hn(k)(θ) = H(θ) [ θ ∈R such that H is continuous at θ ],

where H is a right-continuous nondecreasing function with H(θ) = 0 for
θ < 0 and H(θ) ≤ 1 for θ ≥ 0. Now, for s > 0 the function θ 7→ 1

/
(1 + θs)

is continuous and bounded on R+ and tends to 0 as θ → ∞. Hence, for
s > 0 we have

π(s) = lim
k→∞

∫
R+

1
1 + θs

dHn(k)(θ) =
∫

R+

1
1 + θs

dH(θ).
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Since π is a pLSt, by letting s ↓ 0 we see that limθ→∞H(θ) = 1, so H is a
distribution function on R+. We conclude that π is of the form (3.2) and
hence is a mixture of exponential pLSt’s; the proposition is proved. Addi-
tionally, by using a uniqueness theorem for transforms of type (3.2), one
sees that any other convergent subsequence of (Hn) has the same limit H;
hence (Hn) converges weakly to H. 22

From Bernstein’s theorem it follows that the mixtures of exponential
densities coincide with the completely monotone densities; see Proposi-
tion A.3.11. Therefore, Theorem III.10.7 immediately yields the infinite
divisibility of such mixtures, and applying Proposition III.2.2 then accounts
for the more general mixtures in (3.3); cf. the proof of Theorem 3.3 below.
So we have the following result.

Theorem 3.2. A mixture of exponential densities is log-convex, and hence

infinitely divisible. The more general mixtures of exponential distributions

are infinitely divisible as well.

Though this may seem to be all one would want to know, it is of interest to
consider the mixtures of exponential distributions from a somewhat differ-
ent perspective. This will lead to a more direct proof of their infinite divis-
ibility, to a representation formula for their pLSt’s, to a characterization of
them in terms of the Lévy canonical function, and to some generalizations,
one of which is deferred to Section 4.

Before showing this we recall some basic facts from Section III.4. Ac-
cording to Theorem III.4.3 a function π on R+ is the pLSt of an infinitely
divisible distribution on R+ if π has the form

π(s) = exp
[
−

∫ ∞

0

(1− e−sx)
1
x
k(x) dx

]
[ s ≥ 0 ],(3.4)

with k a nonnegative function on (0,∞); k is called the canonical density
of π. Note that multiplying two functions of the form (3.4) corresponds
to addition of their canonical densities; cf. Proposition III.4.5 (ii). Further,
from Example III.4.8 it is known that for λ > 0:

π(s) =
λ

λ+ s
=⇒ π has the form (3.4) with k(x) = e−λx.(3.5)
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We first consider finite mixtures of exponential densities; for n ∈N with
n ≥ 2 let the density fn on (0,∞) and its Lt πn be given by

fn(x) =
n∑
j=1

gj λje−λjx, πn(s) =
n∑
j=1

gj
λj

λj + s
,(3.6)

where the gj are positive with
∑n
j=1 gj = 1 and 0 < λ1 < · · · < λn. Then πn

can be written as πn = Qn−1/Pn, where Qn−1 and Pn are polynomials of
degree n− 1 and n, respectively; in fact, if we take Pn(s) =

∏n
j=1(λj + s),

then the leading coefficient of Qn−1 is given by
∑n
j=1 gjλj . Extending the

domain of both polynomials to R we see that πn has poles at −λ1, . . . ,−λn
with

lim
s↑−λj

πn(s) = −∞, lim
s↓−λj

πn(s) = ∞ [ j = 1, . . . , n ].

Since πn is continuous on R\{−λ1, . . . ,−λn}, it follows that πn, and hence
Qn−1, has n− 1 zeroes −µ1, . . . ,−µn−1 satisfying µj ∈ (λj , λj+1) for all j.
As πn(0) = 1, we conclude that πn can be written as

πn(s) =
(
∑n
j=1 gjλj)

∏n−1
j=1 (µj + s)∏n

j=1(λj + s)
=

∏n
j=1 λj

/
(λj + s)∏n−1

j=1 µj
/
(µj + s)

.(3.7)

Now, using (3.5) and the remark preceding it, we see that πn can be put
in the form (3.4) with k replaced by kn, where

kn(x) =
n−1∑
j=1

(e−λjx− e−µjx) + e−λnx [x > 0 ].(3.8)

Since µj > λj for all j, kn is a nonnegative function on (0,∞); hence πn
is infinitely divisible with canonical density kn. Thus we are led to the
following result.

Theorem 3.3. A mixture of exponential distributions is infinitely divis-

ible. Equivalently, a random variable X with X
d= Z Y is infinitely divisible

if Z and Y are independent, Z is nonnegative and Y is exponential.

Proof. Let π be of the form (3.3) with α ∈ [ 0, 1) and G a distribution
function on (0,∞). As is well known, we can write G as the weak limit of
a sequence (Gn) of distribution functions on (0,∞) with finite supports.
Since λ 7→ λ

/
(λ+ s) is a bounded continuous function on (0,∞), it follows

that
∫
(0,∞)

λ
/
(λ+s) dG(λ) is the pointwise limit of the same integral withG
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replaced by Gn. Hence there exist probabilities gn,j and parameters λn,j
such that

π(s) = lim
λ→∞

lim
n→∞

{ n∑
j=1

(1−α) gn,j
λn,j

λn,j + s
+ α

λ

λ+ s

}
;(3.9)

this means that π is the pointwise limit of pLSt’s πn of the form (3.6). As
we saw above, these πn are infinitely divisible; hence so is π, because of
Proposition III.2.2. The final statement in terms of random variables now
follows from the equivalence of (3.2) and (3.3). 22

The method of proof above suggests both a representation formula for
the pLSt’s of mixtures of exponential distributions and a characterization,
via the canonical density k, of these distributions among the infinitely divis-
ible ones. To show this we start again by looking at finite mixtures.

Proposition 3.4. Let n ≥ 2 and 0 < λ1 < · · · < λn. Then a function π

on R+ is a mixture of the type

π(s) =
n∑
j=1

gj
λj

λj + s
,(3.10)

where the gj are positive with
∑n
j=1 gj = 1, iff π is an infinitely divisible

pLSt having a canonical density k such that x 7→ k(x)
/
x is completely

monotone with Bernstein representation of the form

1
x
k(x) =

∫ ∞

0

e−λx v(λ) dλ [x > 0 ],(3.11)

where for some µ1, . . . , µn−1 satisfying λj < µj < λj+1 for all j:

v(λ) =

{
1 , if λ ∈ (λj , µj) for some j or λ > λn,

0 , otherwise.
(3.12)

Equivalently, a function π on R+ is a mixture of type (3.10) iff π has the

form

π(s) = exp
[
−

∫ ∞

0

( 1
λ
− 1
λ+ s

)
v(λ) dλ

]
[ s ≥ 0 ](3.13)

with v as in (3.12).
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Proof. As we saw above, a function π of type (3.10) is an infinitely divis-
ible pLSt with canonical density k given by (3.8); clearly, k can be rewritten
as in (3.11). Conversely, let π be an infinitely divisible pLSt with canonical
density k as indicated. Then k can be written as in (3.8), from which by
use of (3.4) and (3.5) it follows that π coincides with the function of s in the
right-hand side of (3.7). Partial-fraction expansion of this function shows
that π is of the form (3.10) with

gj =
1
λj

(∏
`6=j

λ`
λ` − λj

) (n−1∏
`=1

µ` − λj
µ`

)
[ j = 1, . . . , n ].

By taking s = 0 we see that
∑n
j=1 gj = 1; the positivity of the gj follows

from the inequalities on the µj . The final statement is now an immediate
consequence; the representation formula (3.13) is obtained by inserting
(3.11) in the canonical representation (3.4) for π and changing the order of
integration. 22

This result can be generalized to arbitrary mixtures of exponential dis-
tributions, by taking limits. In doing so it is easiest to start with the
representation part.

Theorem 3.5 (Canonical representation). A function π on R+ is the

pLSt of a mixture of exponential distributions iff π has the form

π(s) = exp
[
−

∫ ∞

0

( 1
λ
− 1
λ+ s

)
v(λ) dλ

]
[ s ≥ 0 ],(3.14)

where v is a measurable function on (0,∞) satisfying 0 ≤ v ≤ 1 and, nec-

essarily, ∫ 1

0

1
λ
v(λ) dλ <∞.(3.15)

Proof. Let π be the pLSt of a mixture of exponential distributions. Then
from the proof of Theorem 3.3 it follows that π = limn→∞ πn with πn of
the form (3.10), and hence by Proposition 3.4 of the form (3.13) with v as
in (3.12). One can show that this implies (3.14) with 0 ≤ v ≤ 1. We do not
give the details; see Notes.
Conversely, let π be given by (3.14), where v satisfies 0 ≤ v ≤ 1. Then one
can show (again we do not give the details) that π = limn→∞ πn with πn of
the form (3.13) with v as in (3.12). By Proposition 3.4 the πn are mixtures
of exponential pLSt’s, and hence so is π because of Proposition 3.1.
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Finally, condition (3.15) on v follows from the fact that the integral in
(3.14) should be finite for all s; note that

∫ 1

0
1
/
(λ + s) v(λ) dλ < ∞ for

s > 0, since 0 ≤ v ≤ 1. 22

Sometimes we shall call the function v in the representation (3.14) for π
the second canonical density of π, in order to distinguish it from the (first)
canonical density k in the representation (3.4) for π. We state some conse-
quences of Theorem 3.5. The first one is immediate.

Corollary 3.6. If π is the pLSt of a mixture of exponential distributions,

then so is πa for any a ∈ [ 0, 1 ]. Consequently, the convolution roots of a

mixture of exponential distributions are mixtures of exponential distrib-

utions as well.

It follows that if G is a distribution function on (0,∞) and if a ∈ (0, 1), then(∫
(0,∞)

λ

λ+ s
dG(λ)

)a
=

∫
(0,∞)

λ

λ+ s
dGa(λ),(3.16)

where Ga is a distribution function on (0,∞). This result does not seem
obvious without the use of Theorem 3.5. The next consequence is easily
obtained by letting s→∞ in (3.14) and using monotone convergence.

Corollary 3.7. A mixture of exponential distributions has positive mass α,

say, at zero iff its second canonical density v satisfies∫ ∞

1

1
λ
v(λ) dλ <∞,(3.17)

in which case α is given by α = exp
[
−

∫∞
0

(1/λ) v(λ) dλ
]
.

A last consequence of Theorem 3.5 concerns the canonical function K of a
pLSt π as in (3.14). As known from Section III.4, the LSt K̂ of K is given
by the ρ-function of π for which

ρ(s) := − d
ds

log π(s) =
∫ ∞

0

1
(λ+ s)2

v(λ) dλ.(3.18)

Now, s 7→ 1
/
(λ+ s)2 is the Lt of the function x 7→ x e−λx on (0,∞). Using

this in (3.18) and changing the order of integration, we see that K̂ is the Lt
of the function k in (3.11). Thus we are led to the following generalization
of the first part of Proposition 3.4; the converse statement again follows by
inserting the expression for k in (3.4), and then using Theorem 3.5.
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Theorem 3.8. A probability distribution on R+ is a mixture of exponen-

tial distributions iff it is infinitely divisible having a canonical density k such

that x 7→ k(x)
/
x is completely monotone with Bernstein representation of

the form

1
x
k(x) =

∫ ∞

0

e−λx v(λ) dλ [x > 0 ],(3.19)

where v is a measurable function on (0,∞) satisfying 0 ≤ v ≤ 1 and, nec-

essarily, condition (3.15). In this case v is the second canonical density.

Condition (3.15) also follows from (3.19) and the fact that
∫∞
1

(
1/x

)
k(x) dx

is finite. Note that the completely monotone function x 7→ k(x)
/
x is pre-

cisely the restriction of the Lévy canonical density m to (0,∞); cf. (IV.4.16).
Finally we mention a consequence of (3.18), or (3.19), and (III.7.2).

Corollary 3.9. Let the distribution of a random variable X be a mixture

of exponential distributions with second canonical density v. Then

IEX =
∫ ∞

0

1
λ2

v(λ) dλ [≤ ∞ ].(3.20)

We return to Theorem 3.3; the method used there to prove infinite
divisibility can be extended to distributions that are obtained from expo-
nential distributions by a more general mixing procedure. First we will
show that a restricted use of ‘negative probabilities’ in the mixing function
is allowed. Consider n exponential densities with parameters λ1, . . . , λn

satisfying 0 < λ1 < · · · < λn, and mix them as follows: let the function fn
on (0,∞) and its Lt πn be given by

fn(x) =
n∑
j=1

gj λje−λjx, πn(s) =
n∑
j=1

gj
λj

λj + s
,(3.21)

where now the gj are non-zero, possibly negative, with
∑n
j=1 gj = 1, so fn

integrates to one and πn(0) = 1. Of course, we want fn to be a density,
i.e., fn(x) ≥ 0 for all x. By letting x → ∞ and x ↓ 0 we see that for this
to be the case it is necessary that

g1 > 0,
n∑
j=1

gjλj ≥ 0.(3.22)

One easily verifies that this condition is also sufficient when n = 2, but not
for larger n. If, however, as in the case n = 2, in the sequence (g1, . . . , gn)
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there is not more than one change of sign, then condition (3.22) is sufficient
for fn to be nonnegative, also when n > 2. Moreover, the density fn turns
out to be infinitely divisible in that case.

In order to show this we suppose that δn :=
∑n
j=1 gjλj ≥ 0 and that

the gj satisfy for some m ∈ {1, . . . , n−1}:

g1 > 0, . . . , gm > 0, gm+1 < 0, . . . , gn < 0.(3.23)

Now, observe that the mixture fn can be written in the following form:

fn(x) =
n∑
j=1

gjλj (e−λjx− e−λmx) + δn e−λmx [x > 0 ].(3.24)

Then it follows that fn(x) ≥ 0 for all x, so fn is a probability density. For
proving that fn is infinitely divisible, one could proceed as before and look
for the zeroes of the corresponding pLSt πn; n− 2 of them are easily (and
similarly) found, whereas in case δn > 0 an additional zero is obtained by
observing that πn(s) =

{
δn + o(1)

}/{
s+O(1)

}
as s→ −∞. Thus we find

that fn is infinitely divisible with canonical density kn given by

kn(x) =
∑
j 6=m

(e−λjx− e−µjx) + e−λmx [x > 0 ],(3.25)

where µj ∈ (λj , λj+1) for j ≤ n− 1 (and j 6= m), and µn > λn if δn > 0,
and µn := ∞ (so e−µnx = 0) if δn = 0. This searching for zeroes of πn can
be avoided, however, by making use of the special representation of fn in
(3.24); taking Lt’s there, one easily verifies that πn can be written as

πn(s) =
{ n∑
j=1

gj
λm − λj
λm

λj
λj + s

+
δn
λm

} λm
λm + s

.(3.26)

So, πn corresponds to the convolution of an exponential distribution and
a finite mixture of exponential distributions (with nonnegative weights).
Therefore, we can apply Theorem 3.3 and (3.8) to conclude again that πn
is infinitely divisible with canonical density kn as given by (3.25).

This result, including the factorization in (3.26), can be extended to all
generalized mixtures of exponential densities in the following way.

Theorem 3.10. Let G be a right-continuous bounded function satisfying

G(λ) = 0 for λ ≤ 0 and such that for some λ0 > 0{
G is nondecreasing on [ 0, λ0),

G is nonincreasing on [λ0,∞) with limλ→∞G(λ) = 1.
(3.27)
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With this G, let the function f on (0,∞) and its Lt π be defined by

f(x) =
∫

(0,∞)

λ e−λx dG(λ), π(s) =
∫

(0,∞)

λ

λ+ s
dG(λ).(3.28)

Then f can be viewed as a probability density iff δ :=
∫
(0,∞)

λ dG(λ) ≥ 0,

in which case f is infinitely divisible; in fact, π can then be written as

π(s) = π1(s)π2(s),(3.29)

where π1 is the pLSt of the exponential (λ0) distribution and π2 is the pLSt

of a mixture of exponential distributions.

Proof. Note that
∫∞
0
f(x) dx =

∫
(0,∞)

dG(λ) = 1, and that f(0+) = δ

with δ ∈ [−∞,∞). So, if δ < 0, then f is not a density. Let further δ ≥ 0.
Then f can be written as

f(x) =
∫

(0,∞)

λ (e−λx − e−λ0x) dG(λ) + δ e−λ0x [x > 0 ],

so f(x) ≥ 0 for all x, and by taking Lt’s we see that π can be put in the
following form:

π(s) =
{∫

(0,∞)

λ

λ+ s

1
λ0

(λ0 − λ) dG(λ) +
δ

λ0

} λ0

λ0 + s
.

Hence π satisfies (3.29) with π1 and π2 as indicated. From Theorem 3.3 it
now follows that π is infinitely divisible. 22

By writing e−λx as
∫∞
λ
x e−tx dt and changing the order of integration we

see that the function f in (3.28) can also be written as

f(x) = x

∫ ∞

0

e−λxA(λ) dλ [x > 0 ],(3.30)

where A(λ) :=
∫
(0,λ]

y dG(y) for λ > 0. Note that A, like G, is unimodal;
it satisfies (3.27), but with limλ→∞A(λ) = δ. Let further δ ≥ 0. Then A

is nonnegative, so from (3.30) it is seen once more that f(x) ≥ 0 for all x.
Moreover, it follows that f is a mixture of gamma (2) densities, i.e., of
gamma densities with shape parameter r = 2; the mixing function is rather
special: it is absolutely continuous with density λ 7→ A(λ)

/
λ2 on (0,∞).

The infinite divisibility of these special mixtures, which follows from The-
orem 3.10, will be extended in Section 4 to all mixtures of gamma (2)
distributions.
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A second generalization concerns an extension to distributions on R;
we will show that in mixing exponential distributions also ‘negative scales’
are allowed. To do so we start with using a mixture of exponential dis-
tribution functions as a mixing function in the power mixture of (2.1) or
(2.2). Applying Proposition 2.1 then leads to the following generalization
of Theorem 3.3.

Theorem 3.11. If φ1 is an infinitely divisible characteristic function, then

so is φ given by

φ(u) = α+ (1−α)
∫

(0,∞)

λ

λ− log φ1(u)
dG(λ),(3.31)

where α ∈ [ 0, 1 ] and G is a distribution function on (0,∞).

Now, take for φ1 the characteristic function of a normal (0, 2) distribution,
so take φ1(u) = exp [−u2], and replace G by a distribution function of the
form λ 7→ G(

√
λ); then for φ in (3.31) we get

φ(u) = α+ (1−α)
∫

(0,∞)

λ2

λ2 + u2
dG(λ).(3.32)

Since the integrand here is recognized as the characteristic function of the
Laplace (λ) distribution, we are led to the result in Theorem 3.12 below. Es-
sentially, it was already obtained as Theorem IV.10.1 with the same proof;
but now the degenerate distribution at zero is also viewed as a Laplace dis-
tribution, ‘with λ = ∞’. The final statement follows as before by rewriting
(3.32) similar to (3.2).

Theorem 3.12. A mixture of Laplace distributions is infinitely divisible.

Equivalently, a random variable X with X
d= WV is infinitely divisible if W

and V are independent, W is nonnegative and V has a Laplace distribution.

This result can easily be translated in terms of scale mixtures of expo-
nential distributions; cf. the remark following (2.10). To do so, we let A
be a symmetric Bernoulli variable with values ±1. Then a random vari-
able V is Laplace iff V d= AY with A and Y independent and Y exponential.
Moreover, a random variable Z is symmetric iff Z d= AW with A and W in-
dependent and W nonnegative. Thus Theorem 3.12 implies that a random
variable X with X d= Z Y is infinitely divisible if Z and Y are independent,
Z has a symmetric distribution and Y is exponential.
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It can be shown, however, that symmetry of Z is not necessary here;
any characteristic function φ of the following form is infinitely divisible:

φ(u) =
∫

R

1
1− iuθ

dH(θ),(3.33)

with H a distribution function on R. In proving this we prefer to rewrite
(3.33) as

φ(u) = α+ β

∫
(0,∞)

λ

λ− iu
dG1(λ) + γ

∫
(0,∞)

λ

λ+ iu
dG2(λ),(3.34)

where α, β, γ ∈ [ 0, 1 ] with α + β + γ = 1 and G1 and G2 are distribution
functions on (0,∞). As before, φ can be written as the pointwise limit of
finite mixtures φn of the form

φn(u) =
n∑
j=1

gj
λj

λj − iu
+

n∑
j=1

g′j
λ′j

λ′j + iu
,(3.35)

where the gj and g′j are positive with
∑n
j=1(gj+g

′
j) = 1, 0 < λ1 < · · · < λn

and 0 < λ′1 < · · · < λ′n. Hence by Proposition IV.2.3 it is sufficient to show
that such a φn is infinitely divisible. To do so we proceed as before; we
extend φn analytically and write for s 6∈ {−λ1, . . . ,−λn, λ′1, . . . , λ′n}:

φn(is) =
n∑
j=1

gj
λj

λj + s
+

n∑
j=1

g′j
λ′j

λ′j − s
=
Q2n−1(s)
P2n(s)

,(3.36)

where P2n is a polynomial of degree 2n, and Q2n−1 is a polynomial of
degree 2n− 2 if δn = 0, and of degree 2n− 1 if δn 6= 0; here we define
δn :=

∑n
j=1(gjλj−g′jλ′j). As in the proof of Theorem 3.3 one sees thatQ2n−1

has 2n− 2 zeroes −µ1, . . ,−µn−1 and µ′1, . . , µ
′
n−1 satisfying µj ∈ (λj , λj+1)

and µ′j ∈ (λ′j , λ
′
j+1) for all j. As in the first proof of Theorem 3.10, in

case δn 6= 0 we find a final zero −µn satisfying µn > λn, or µ′n satisfying
µ′n > λ′n, depending on the sign of δn. Put the quantities µn and/or µ′n that
are not yet defined, equal to ∞, and agree that µ

/
(µ+ c) := 1 if µ = ∞.

Then we conclude that in all cases φn(is) can be written as

φn(is) =
( n∏
j=1

λj
λj + s

/ µj
µj + s

) ( n∏
j=1

λ′j
λ′j − s

/ µ′j
µ′j − s

)
.(3.37)

Now, use (3.5); since µj > λj and µ′j > λ′j for all j, it follows that φn is of
the form
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φn(u) = φ(1)
n (u)φ(2)

n (u),(3.38)

with φ
(1)
n the characteristic function of an infinitely divisible distribution

on R+ and φ(2)
n the characteristic function of an infinitely divisible distrib-

ution on R−. Therefore, φ is infinitely divisible. We thus have proved the
following result.

Theorem 3.13. A mixture of the form (3.34) is infinitely divisible. Equiv-

alently, a random variable X with X
d= Z Y is infinitely divisible if Z and Y

are independent and Y is exponential.

Taking α = 0 in (3.34) we get the characteristic function of an absolutely
continuous distribution with density f given by

f(x) =

 β
∫
(0,∞)

λ e−λx dG1(λ) , if x > 0,

(1−β)
∫
(0,∞)

λ e−λ|x| dG2(λ) , if x < 0.
(3.39)

Since by Bernstein’s theorem a completely monotone density is a mixture of
exponential densities (see Proposition A.3.11), for this case Theorem 3.13
can be reformulated as follows.

Corollary 3.14. A probability density f on R with the property that both

x 7→ f(x) and x 7→ f(−x) are completely monotone on (0,∞), is infinitely

divisible.

4. Mixtures of gamma distributions

The gamma distribution with parameters r > 0 and λ > 0 is a prob-
ability distribution on R+ with density fr,λ and pLSt πr,λ given by

fr,λ(x) =
λr

Γ(r)
xr−1 e−λx, πr,λ(s) =

( λ

λ+ s

)r
.

We want to generalize the fact that mixtures of exponential distributions
are infinitely divisible; cf. Theorem 3.3. Therefore, we first mix with respect
to λ at a fixed value of r ; the resulting mixtures of gamma (r) densities have
the form

f(x) =
∫

(0,∞)

λr

Γ(r)
xr−1 e−λx dG(λ) [x > 0 ],(4.1)
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with G a distribution function on (0,∞), or, equivalently (by Bernstein’s
theorem),

f(x) = xr−1 ψ(x) [x > 0 ],(4.2)

with ψ completely monotone. Slightly more generally, as in Section 3 we
allow an additional mixing with the degenerate distribution at zero; by a
mixture of gamma (r) distributions we understand any distribution on R+

with pLSt π of the following form:

π(s) = α+ (1−α)
∫

(0,∞)

( λ

λ+ s

)r
dG(λ),(4.3)

with α ∈ [ 0, 1 ] and G a distribution function on (0,∞). Of course, Propo-
sition 3.1 and its proof generalize to the present situation; the class of
mixtures of gamma (r) distributions is closed under weak convergence.

Proposition 4.1. If a sequence (πn) of mixtures of gamma (r) pLSt’s con-

verges (pointwise) to a pLSt π, then π is a mixture of gamma (r) pLSt’s.

Also, the mixtures (4.3) are scale mixtures; they correspond to random
variables of the form Z Y with Z nonnegative and Y gamma (r), and Z

and Y independent. By giving Z an appropriate beta distribution we can
thus obtain the gamma distributions with shape parameter smaller than r ;
in fact, as is well known, for all α ∈ (0, 1) and λ > 0:

Z beta
(
αr, (1−α) r

)
, Y gamma (r, λ) =⇒ Z Y gamma (αr, λ).(4.4)

Multiplying Z Y here by a nonnegative random variable proves the follow-
ing result; for densities it is also immediate from (4.2).

Proposition 4.2. For α ∈ (0, 1), mixtures of gamma (αr) distributions can

be regarded as mixtures of gamma (r) distributions.

It follows that for r ≤ 1 all mixtures of gamma (r) distributions are
infinitely divisible. On the other hand one can show (see Section 12) that
for r > 2 these mixtures are in general not infinitely divisible. Hence by
Proposition III.2.2 there must exist r0 with 1 ≤ r0 ≤ 2 such that all mix-
tures of gamma (r) distributions are infinitely divisible if r ≤ r0, and not
all such mixtures are infinitely divisible if r > r0. We will show that r0 = 2:
all mixtures of gamma (2) distributions are infinitely divisible.
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We may expect the proof in this boundary case to be harder than in
the exponential case where r = 1. Nevertheless, we try to proceed as for
Theorem 3.3, and consider first finite mixtures of gamma (2) densities; for
n ≥ 2 let the density fn on (0,∞) and its Lt πn be given by

fn(x) =
n∑
j=1

gj λ
2
j x e−λjx, πn(s) =

n∑
j=1

gj

( λj
λj + s

)2

,(4.5)

where the gj are positive satisfying
∑n
j=1 gj = 1 and 0 < λ1 < · · · < λn.

Then πn can be written as πn = Q2n−2/P2n, whereQ2n−2 and P2n are poly-
nomials of degree 2n− 2 and 2n, respectively. Extend the domain of both
polynomials to C ; since πn(s) > 0 for s ∈R \ {−λ1, . . . ,−λn}, the 2n− 2
zeroes of Q2n−2 occur in n− 1 pairs of complex conjugates (−σ1,−σ1),
. . . ,(−σn−1,−σn−1), say. Hence πn can be written as

πn(s) =
{ n∏
j=1

( λj
λj + s

)2}/{n−1∏
j=1

σj
σj + s

σj
σj + s

}
.(4.6)

Using (3.5), including an extension to complex λ, we now see that πn can
be put in the form (3.4) with k replaced by kn given by

kn(x) = 2
n∑
j=1

e−λjx −
n−1∑
j=1

{e−σjx + e−σjx} =

= 2
n−1∑
j=1

(e−λjx − e−µjx cos νjx) + 2 e−λnx [x > 0 ],

(4.7)

where we have written σj = µj+iνj for all j; without restriction we suppose
that µ1 ≤ µ2 ≤ · · · ≤ µn−1. We conclude that the following condition is
sufficient for infinite divisibility of πn:

n−1∑
j=1

e−λjx ≥
n−1∑
j=1

e−µjx [x > 0 ].(4.8)

In proving this inequality one might hope that µj ≥ λj for all j, as in
the case r = 1. The situation is, however, not that simple. It is not difficult
to show that µj ∈ (λ1, λn) for all j, but this helps us only when n = 2. It
turns out that (4.8) can be proved by using the following special case of
Karamata’s inequality ; cf. Section A.5.
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Lemma 4.3. Let the function f : R → R be convex and nondecreasing,

and let (a1, . . . , an) and (b1, . . . , bn) be finite nondecreasing sequences in R
satisfying

∑m
j=1 aj ≤

∑m
j=1 bj for m = 1, . . . , n. Then:

n∑
j=1

f(−aj) ≥
n∑
j=1

f(−bj).

By taking f in this lemma of the form t 7→ etx with x > 0 and replacing n
by n− 1 we see that for obtaining (4.8) it is sufficient to have the following
analytical result. Because of its crucial role we formulate it independently
and in a slightly more general setting.

Lemma 4.4. For n ∈N with n ≥ 2 let R be a function of the form

R(z) =
n∑
j=1

Aj
(λj + z)2

[
z ∈C \ {−λ1, . . . ,−λn}

]
,

where the Aj are positive and 0 < λ1 < · · · < λn. Denote the 2n−2 zeroes

of R by −µj ± i νj , j = 1, . . . , n − 1, and order them in such a way that

µ1 ≤ · · · ≤ µn−1. Then the following inequalities hold:

m∑
j=1

λj ≤
m∑
j=1

µj for m = 1, . . . , n− 1.

Unfortunately, this lemma is very hard to prove. Therefore, we do not give
a proof; see Notes.

We conclude that the finite mixture πn in (4.5) is infinitely divisible
with canonical density kn given by (4.7). In exactly the same way as in the
proof of Theorem 3.3 we are led to the following generalization, the main
result of this section.

Theorem 4.5. A mixture of gamma (2) distributions is infinitely divisible.

Equivalently, a random variable X with X
d= Z Y is infinitely divisible if Z

and Y are independent, Z is nonnegative and Y is gamma (2).

Because of (4.2) the theorem can be reformulated in the following appealing
way; this also leads to a result on so-called size-biased densities.

Corollary 4.6. A probability density f on (0,∞) is infinitely divisible if

f(x) = xψ(x) [x > 0 ](4.9)
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with ψ completely monotone. Consequently, f is infinitely divisible if

f(x) =
1
µ
x g(x) [x > 0 ](4.10)

with g a mixture of exponential densities with finite mean µ.

As we saw above, the zeroes of a mixture of gamma (2) pLSt’s are not so
simply related to the poles as for mixtures of exponential pLSt’s. Therefore,
representation and characterization theorems and generalizations to ‘neg-
ative probabilities’ and ‘negative scales’ as in the preceding section seem
hard to obtain for mixtures of gamma (2) distributions. We only note that
a pLSt π that is a generalized mixture of two gamma (2) pLSt’s:

π(s) = α
( λ1

λ1 + s

)2

+ (1−α)
( λ2

λ2 + s

)2

,(4.11)

with 0 < λ1 < λ2 and α > 0, is infinitely divisible for all α, also when α > 1;
see Section 12. On the other hand, we do have analogues of Theorems 3.11
and 3.12, of course.

Theorem 4.7. If φ1 is an infinitely divisible characteristic function, then

so is φ given by

φ(u) = α+ (1−α)
∫

(0,∞)

( λ

λ− log φ1(u)

)2

dG(λ),(4.12)

where α ∈ [ 0, 1 ] and G is a distribution function on (0,∞). In particular,

φ is an infinitely divisible characteristic function if φ is of the form

φ(u) = α+ (1−α)
∫

(0,∞)

( λ2

λ2 + u2

)2

dG(λ),(4.13)

so a random variable X with X
d= WV is infinitely divisible if W and V are

independent, W is nonnegative and V has a sym-gamma (2) distribution.

Also the remark following Theorem 3.12 has an analogue. With (4.13) one
might expect to have obtained the infinite divisibility of the random vari-
ables X d= Z Y with Z and Y independent, Z symmetric and Y gamma (2),
but this is not so: If A is a symmetric Bernoulli variable with values ±1
and independent of Y , then AY is double-gamma (2) and hence not infin-
itely divisible; cf. Example IV.11.15. The right analogue is obtained by
observing that a random variable V is sym-gamma (2) iff V

d= AY with A
and Y independent and Y having density f given by

f(x) = 1
2 (1 + x) e−x [x > 0 ],(4.14)
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which is a mixture of an exponential and a gamma (2) density. Using
again the fact that a random variable Z is symmetric iff Z

d= AW with A
and W independent and W nonnegative, one is then led to the following
consequence of the last part of Theorem 4.7.

Corollary 4.8. A random variable X with X
d= Z Y is infinitely divisible

if Z and Y are independent, Z has a symmetric distribution and Y has

density f given by (4.14).

From Proposition 4.2 it follows that in Theorem 4.7 the exponent 2
may be replaced by any positive r < 2. Moreover, we may mix with re-
spect to such an r. We show this by generalizing Theorem 4.5 rather than
Theorem 4.7.

Theorem 4.9. A pLSt π of the form

π(s) = α+ (1−α)
∫

(0,2]×(0,∞)

( λ

λ+ s

)r
dG(r, λ),(4.15)

with α ∈ [ 0, 1 ] and G a distribution function on (0, 2 ]× (0,∞), is infinitely

divisible.

Proof. According to Proposition 4.2, or (4.4), a gamma (r, λ) distribution
with r ≤ 2 can be represented as a mixture of gamma (2) distributions:( λ

λ+ s

)r
=

∫
(0,∞)

( µ

µ+ s

)2

dHr,λ(µ);

in fact, Hr,λ is the distribution function of λ/Z with Z beta (r, 2− r) dis-
tributed. Inserting this in (4.15) shows that π can be put in the form

π(s) = α+ (1−α)
∫

(0,∞)

( µ

µ+ s

)2

dH(µ),

where H(µ) :=
∫
(0,2]×(0,∞)

Hr,λ(µ) dG(r, λ) for µ > 0. From Theorem 4.5
we conclude that π is infinitely divisible. 22

It follows that for λ > 0 and a distribution function G on (0,∞) the power
mixture

π(s) =
∫

(0,∞)

( λ

λ+ s

)r
dG(r)(4.16)

is infinitely divisible if the support S(G) of G is restricted to (0, 2 ]. Of
course, another sufficient condition is infinite divisibility of G; cf. Proposi-
tion 2.1.
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5. Generalized gamma convolutions

In this section we consider a class of infinitely divisible distributions
that is closely related to the mixtures of gamma distributions discussed in
Sections 3 and 4. About this class of so-called generalized gamma convo-
lutions a whole book has been written; see Notes. Therefore, we want to
be rather brief, and it will be impossible to do justice to this very rich, but
rather technical subject. We shall present some highlights, often without
giving detailed proofs. Emphasis will be on results providing the infin-
ite divisibility of distributions, not on specific properties of or relations
between generalized gamma convolutions.

A distribution on R+ is said to be a generalized gamma convolution if
it is the weak limit of finite convolutions of gamma distributions. Equiv-
alently, as has been done in the book mentioned above, the generalized
gamma convolutions can be defined by the specific form of their pLSt’s.
This form is suggested by rewriting the pLSt πn of a convolution of mn

gamma distributions in the following way:

πn(s) =
mn∏
j=1

( λn,j
λn,j + s

)rn,j

= exp
[mn∑
j=1

rn,j log
λn,j

λn,j + s

]
,(5.1)

and then letting n → ∞. Also note that the degenerate distribution at
a > 0 can be obtained as the weak limit of gamma (n, n/a) distributions as
n→∞. Thus one is led to the following representation result.

Theorem 5.1 (Canonical representation). A function π on R+ is the

pLSt of a generalized gamma convolution iff it has the form

π(s) = exp
[
−as+

∫
(0,∞)

log
λ

λ+ s
dU(λ)

]
[ s ≥ 0 ],(5.2)

where a ≥ 0 and U is an LSt-able function with U(0) = 0 and, necessarily,∫
(0,1]

log
1
λ

dU(λ) <∞,

∫
(1,∞)

1
λ

dU(λ) <∞.(5.3)

Here condition (5.3) is equivalent to the integral in (5.2) being finite. The
proof of Theorem 5.1 is related to the not surprising fact that the class of
generalized gamma convolutions is closed under weak convergence.

Proposition 5.2. If a sequence (πn) of LSt’s of generalized gamma convo-

lutions converges (pointwise) to a pLSt π, then π is the LSt of a generalized

gamma convolution.
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The proof of this result is similar to that of Proposition 3.1 for mixtures
of exponential distributions. Clearly, the class of generalized gamma con-
volutions is also closed with respect to convolutions and convolution roots.
In particular, a generalized gamma convolution is infinitely divisible; this
also follows from its definition and Section III.2, of course. As is known
from Section III.4, the LSt K̂ of the canonical function K of π as in (5.2)
is given by the ρ-function of π for which

ρ(s) := − d
ds

log π(s) = a+
∫

(0,∞)

1
λ+ s

dU(λ).(5.4)

It follows that K(0) = a, so a is the left extremity of the distribution cor-
responding to π, and for many purposes it is sufficient to consider the
case where a = 0. By using Fubini’s theorem in (5.4) one easily shows that
K −K(0) is absolutely continuous with density k = Û , so with k completely
monotone. We conclude that the canonical pair (a, U) of π is uniquely de-
termined by π; the function U is called the Thorin function of π (and of the
corresponding distribution); cf. Notes. We have thus proved the direct part
of the following characterization result; the converse part is similarly ob-
tained from Theorem 5.1 by using Bernstein’s theorem and Theorem III.4.2
or III.4.3.

Theorem 5.3. A distribution with left extremity zero is a generalized

gamma convolution iff it is infinitely divisible with an absolutely continuous

canonical function K having a completely monotone density k. In this case

k = Û with U the Thorin function of the distribution.

We apply this theorem to obtain a sufficient condition for infinite divisibility
of a so-called size-biased density; see Corollary 4.6 for another sufficient
condition.

Proposition 5.4. A probability density f on (0,∞) is infinitely divisible

if it is of the form

f(x) =
1
µ
x g(x) [x > 0 ],(5.5)

with g a density of a generalized gamma convolution with left extremity

zero and finite mean µ.
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Proof. Let π1 be the Lt of g and let ρ1 be the ρ-function of π1; according
to Theorem 5.3 ρ1 is the Lt of a completely monotone function. Now, note
that the Lt π of f can be written as

π(s) = − 1
µ
π′1(s) =

1
µ
π1(s) ρ1(s) = π1(s)π2(s),

where π2 :=ρ1/µ is the Lt of a probability density that is completely mono-
tone and hence infinitely divisible. It follows that π = π1π2 is also infinitely
divisible. 22

Theorem 5.3 can also be used to relate the generalized gamma convo-
lutions to the self-decomposable and stable distributions on R+. Since by
Theorem V.2.11 an infinitely divisible distribution on R+ having a nonin-
creasing canonical density k is self-decomposable, it is immediately clear
that a generalized gamma convolution is self-decomposable; this also fol-
lows from its definition, of course, because the class of self-decomposable
distributions contains the gamma distributions and is closed with respect
to convolutions and weak limits. In view of Theorems V.2.16, V.2.17 and
Corollary V.2.18 we may conclude the following.

Proposition 5.5. A generalized gamma convolution is self-decomposable.

When its left extremity is zero, it is unimodal and absolutely continuous

with a density f that is positive and continuous on (0,∞); moreover, f

is nonincreasing or, equivalently, f(0+) > 0 (possibly ∞) iff the canonical

density k satisfies k(0+) ≤ 1.

So, the generalized-gamma-convolution property is much stronger than self-
decomposability. This is also apparent from Theorem V.2.6 and the follow-
ing result, which can be derived with some difficulty (by induction) from
Theorem 5.3.

Theorem 5.6. A pLSt π is the LSt of a generalized gamma convolution

iff its ρ-function has the following property:

s 7→ dm

dsm
[
smρ(s)

]
is completely monotone for all m ∈Z+.

As is known from Section V.3, the class of self-decomposable distributions
on R+ contains the stable distributions on R+, with LSt’s of the form

π(s) = exp [−λ sγ ],(5.6)
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where λ > 0 and γ ∈ (0, 1 ]. Moreover, if γ < 1, then π in (5.6) has canonical
density k given by k(x) = λγ x−γ

/
Γ(1−γ) for x > 0. Theorem 5.3 now

immediately implies the following result (see Section A.5 for the gamma
function); alternatively, one can use Theorem 5.6 and (5.4).

Proposition 5.7. A stable distribution on R+ is a generalized gamma con-

volution. Moreover, if γ < 1, then π in (5.6) has an absolutely continuous

Thorin function U with density u on (0,∞) given by

u(x) =
λγ

Γ(γ) Γ(1−γ)
x−(1−γ) = λγ

sin γπ
π

x−(1−γ).

Before identifying a more interesting subclass of the class of generalized
gamma convolutions, we establish a connection with mixtures of gamma
distributions. First, recall from Theorem 3.8 that the mixtures of exponen-
tial distributions correspond to the infinitely divisible distributions on R+

that have a canonical density k such that x 7→ k(x)
/
x is the Lt of a func-

tion v satisfying 0 ≤ v ≤ 1; the function v is called the second canonical
density of the mixture. Now, by using Fubini’s theorem one easily verifies
that if k = Û then x 7→ k(x)

/
x is the Lt of the function U :

1
x
k(x) =

∫ ∞

0

e−λx U(λ) dλ [x > 0 ].(5.7)

From Theorem 5.3 we conclude that the generalized gamma convolutions
that can be viewed as mixtures of exponential distributions, can be char-
acterized as follows.

Proposition 5.8. A generalized gamma convolution with canonical pair

(a, U) is a mixture of exponential distributions iff a = 0 and U satisfies

limλ→∞ U(λ) ≤ 1. In this case for the second canonical density v of the

mixture one may take v = U .

In view of Proposition 5.5 and because limλ→∞ U(λ) = k(0+), Proposi-
tion 5.8 can be reformulated in the following way.

Corollary 5.9. The continuous density f of a generalized gamma convo-

lution with left extremity zero is completely monotone iff it is monotone.

Equivalently, f is completely monotone iff f(0+) > 0 (possibly ∞).

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



The computation leading to (5.7) can be reversed; so if (5.7) holds with U
an LSt-able function, then k = Û . Together with Theorem 5.3 and Propo-
sition 5.8 this shows that also the mixtures of exponential distributions
that can be viewed as generalized gamma convolutions, can be identified.

Corollary 5.10. A mixture of exponential distributions with second can-

onical density v is a generalized gamma convolution iff v can be chosen to

be nondecreasing.

By using the canonical representation of Theorem 5.1 one easily sees that
the main part of Proposition 5.8 can be generalized as follows.

Corollary 5.11. For r > 0 a generalized gamma convolution with canon-

ical pair (a, U) is the r-fold convolution of a mixture of exponential distrib-

utions iff a = 0 and U satisfies limλ→∞ U(λ) ≤ r.

The generalized gamma convolutions in this corollary, at a fixed r, can also
be viewed as mixtures of gamma (r) distributions. To show this we start
with considering the convolution of a gamma (s, λ) and a gamma (t, µ) dis-
tribution, and set r := s + t. When µ = λ we get a gamma (r, λ) distrib-
ution, and if µ 6= λ, then the convolution has density f on (0,∞) with

f(x) =
∫ x

0

λs

Γ(s)
(x− y)s−1 e−λ(x−y) µt

Γ(t)
yt−1 e−µy dy =

= xr−1 λsµt

Γ(s) Γ(t)

∫ 1

0

e−{λv+µ(1−v)}x vs−1(1− v)t−1 dv,

so f has the form

f(x) = xr−1 ψ(x), with ψ completely monotone.(5.8)

Convolving f in (5.8) with a third gamma density similarly yields a density
of the form (5.8) with r now given by the sum of the three shape param-
eters. Iterating this procedure we find that πn in (5.1) corresponds to a
density of the form (5.8) with r :=

∑mn

j=1 rn,j , so by (4.2) πn is the LSt of
a mixture of gamma (r) distributions. Now, by comparing (5.1) and (5.2)
one sees that r = limλ→∞ Un(λ), with Un the Thorin function of πn. Since
an arbitrary generalized gamma convolution with limλ→∞ U(λ) = r finite
can be obtained as the weak limit of generalized gamma convolutions as in
(5.1) with

∑mn

j=1 rn,j = r, from Propositions 4.1 and 4.2 we conclude that
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the claim above does indeed hold. As in Proposition 5.8 there is a converse.
To show this we first observe that the Thorin function U of a generalized
gamma convolution with left extremity zero satisfies

lim
λ→∞

U(λ) = lim
s→∞

s ρ(s),(5.9)

with ρ the corresponding ρ-function as given by (5.4)
(
or by (5.11) below

)
.

Next, one easily verifies that the ρ-function of a mixture of gamma (r) dis-
tributions satisfies the inequality s ρ(s) ≤ r for all s. Combining these two
results immediately yields the desired converse. It can also be obtained by
noting that a density f of the form (5.8) satisfies f(x)

/
xr−1 6−→ 0 as x ↓ 0,

and by using the following alternative for (5.9) (which can be proved by a
well-known Tauberian theorem):

lim
λ→∞

U(λ) = sup
{
t > 0 : f(x)

/
xt−1→ 0 as x ↓ 0

}
,(5.10)

where f is the continuous density of the generalized gamma convolution.
Thus we have proved the following generalization of the main part of Propo-
sition 5.8.

Theorem 5.12. For r > 0 a generalized gamma convolution with canon-

ical pair (a, U) is a mixture of gamma (r) distributions iff a = 0 and U

satisfies limλ→∞ U(λ) ≤ r.

Combining this with Corollary 5.11 yields the following curious result.

Corollary 5.13. For r > 0 a generalized gamma convolution is a mixture

of gamma (r) distributions iff it is the r-fold convolution of a mixture of

exponential distributions.

We stress that by no means all densities f of the form (5.8) correspond
to generalized gamma convolutions. In fact, for r > 2 not all of them are
infinitely divisible, and for r = 1 we have Corollary 5.10.

The densities f in (5.8) do correspond to generalized gamma convo-
lutions if the complete monotonicity of ψ is replaced by so-called hyperbolic
complete monotonicity of ψ. For proving this very useful result the real
characterizations of the generalized gamma convolutions in Theorems 5.1,
5.3 and 5.6 will not suffice; we need a special complex characterization.
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Return to the expression (5.4) for the ρ-function of a generalized gamma
convolution with canonical pair (a, U):

ρ(s) = a+
∫

(0,∞)

1
λ+ s

dU(λ) [ s > 0 ];(5.11)

this function of s > 0, which is a Stieltjes transform, has an analytic con-
tinuation to C \ (−∞, 0 ] satisfying, as is easily verified, Im ρ(z) ≥ 0 if
Im z < 0. Now, there is a converse; this is a consequence of the follow-
ing general result (see Notes).

Lemma 5.14. A function ψ : (0,∞) → R has an analytic continuation to

C \ (−∞, 0 ] satisfying Im ψ(z) ≥ 0 for Im z < 0 iff it has the form

ψ(s) = −bs+ c+
∫

R+

( 1
λ+ s

− λ

1 + λ2

)
dU(λ) [ s > 0 ],(5.12)

where b ≥ 0, c ∈R, and U is an LSt-able function with the property that∫
R+

1
/
(1 + λ2) dU(λ) <∞.

Theorem 5.15. A pLSt π is the LSt of a generalized gamma convolution

iff its ρ-function has an analytic continuation to C \ (−∞, 0 ] for which

Im ρ(z) ≥ 0 if Im z < 0.(5.13)

Equivalently, π is the LSt of a generalized gamma convolution iff it has an

analytic continuation to C \ (−∞, 0 ] for which

Im π′(z)π(z) ≤ 0 if Im z < 0.(5.14)

Proof. We only need to show the ‘if’ part. So, let the ρ-function of π
satisfy (5.13). By the lemma it then has the form (5.12) with b, c and U

as indicated. Now, from the fact that ρ(s) ≥ 0 for all s > 0, it follows
that b = 0, d :=

∫
R+
λ
/
(1 + λ2) dU(λ) <∞ and a := c− d ≥ 0. So, the ex-

pression (5.12) for ρ reduces to (5.11) with (0,∞) replaced by R+. Since
− log π(s) =

∫ s
0
ρ(u) du for s > 0, we see that necessarily U(0) = 0 and

hence that π can be represented as in (5.2). So π is the LSt of a gen-
eralized gamma convolution.
The equivalent formulation is obtained by noting that ρ can be written as
ρ(z) = −π′(z)π(z)

/∣∣π(z)
∣∣2 and showing that π has no zeroes in C\(−∞, 0 ]

if it satisfies (5.14). 22
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In most cases it is not easy to apply this theorem directly; the case
of a stable distribution on R+ is an exception (cf. Proposition 5.7). As
announced above, the theorem can be used, however, for identifying a very
important class of generalized gamma convolutions. To this end the fol-
lowing curious definition is needed: A function ψ : (0,∞) → R+ is said to
be hyperbolically completely monotone if for every u > 0 the function

v 7→ ψ(uv)ψ(u/v) [ v > 0 ](5.15)

is completely monotone
(
on ( 2,∞)

)
as a function of w := v+1/v; one eas-

ily verifies that (5.15) is indeed a function of w. Before showing the relation
with generalized gamma convolutions, we give some examples and elemen-
tary properties of hyperbolically completely monotone functions, and note
in advance that not all these functions are completely monotone.

Proposition 5.16. In each of the following five cases the function ψ on

(0,∞) is hyperbolically completely monotone: (i) ψ(s) = sα with α ∈R;

(ii) ψ(s) = e−s; (iii) ψ(s) = e−1/s; (iv) ψ(s) = (1 + s)−γ with γ > 0;

(v) ψ(s) = exp [−sα] with |α| ≤ 1.

Proof. We only consider case (v); the others are easily handled. So, let
|α| ≤ 1 and take u > 0. Then for ψ in (v) we have

ψ(uv)ψ(u/v) = exp
[
−uα {vα + v−α}

]
[ v > 0 ],

so we are ready if g with g(v) := vα + v−α, as a function of w := v + 1/v,
has a completely monotone derivative; cf. Proposition A.3.7. Of course, in
proving this we may restrict ourselves to α ∈ (0, 1); then

v−α = cα

∫ ∞

0

1
x+ v

x−α dx [ v > 0 ]

for some cα > 0. This simply follows by substituting x = vt in the integral;
in fact, by using (5.4) in the special case of Proposition 5.7 with γ = 1−α
one can show that cα = (sin απ)

/
π. It follows that

d
dw

g(v) =
g′(v)
w′(v)

=
g′(v)

1− v−2
= α

vα − v−α

v − v−1
=

= α cα
1

v − v−1

∫ ∞

0

( 1
x+ 1/v

− 1
x+ v

)
x−α dx =

= α cα

∫ ∞

0

1
1 + x2 + xw

x−α dx,
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which, as a function of w, is a mixture of completely monotone functions
and hence itself is completely monotone. We conclude that ψ in (v) is
hyperbolically completely monotone. 22

The result we just proved, can be generalized to a useful closure property
as follows. Let ψ be hyperbolically completely monotone, so by Bernstein’s
theorem for every u > 0 there exists an LSt-able function Lu such that

ψ(uv)ψ(u/v) =
∫

R+

exp
[
−λu (v + 1/v)

]
dLu(λ) [ v > 0 ],(5.16)

where the factor u in the exponent is inserted for convenience. We note in
passing that from (5.16) it easily follows that ψ is positive unless ψ ≡ 0.
Now, let |α| ≤ 1 and define χ(s) := ψ(sα). Then for u > 0

χ(uv)χ(u/v) =
∫

R+

exp
[
−λuα(vα+ v−α)

]
dLuα(λ) [ v > 0 ],

which by (the proof of) Proposition 5.16 (v), as a function of w := v+1/v, is
a mixture of completely monotone functions and hence itself is completely
monotone. We conclude that χ is hyperbolically completely monotone. We
formally state this result together with some other closure properties, which
are easily verified.

Proposition 5.17. The set of hyperbolically completely monotone func-

tions is closed under each of the following operations: (i) scale transforma-

tion; (ii) pointwise multiplication; (iii) pointwise limit; (iv) composition

with the function s 7→ sα, where |α| ≤ 1.

We now come to the main theorem of this section, and consider prob-
ability densities f that are hyperbolically completely monotone; as we shall
see later, pLSt’s π and distribution functions F with this property are also
of interest. First, note that from parts (i) and (ii) of Propositions 5.16
and 5.17 it follows that the gamma densities are all hyperbolically com-
pletely monotone. On the other hand, by looking at the convolution of
two different exponential distributions, for instance, one sees that not all
generalized gamma convolutions have hyperbolically completely monotone
densities. In fact, it goes the other way around, as is shown in the following
theorem; we only give a sketch of a proof, which also contains a serious
restriction.
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Theorem 5.18. A probability distribution on R+ that has a hyperboli-

cally completely monotone density, is a generalized gamma convolution,

and is therefore self-decomposable and infinitely divisible.

Proof. Let f be a probability density that is hyperbolically completely
monotone, and let π be the Lt of f . We want to apply Theorem 5.15 and
therefore consider

J(z) := −π′(z)π(z) =
∫ ∞

0

∫ ∞

0

x exp [−zx−zy] f(x) f(y) dxdy;

we have to show that Im J(z) ≥ 0 if Im z < 0. We will do so only for
Re z > 0; we only know that on this area J is a well-defined analytic func-
tion. Now, make the hyperbolic substitution x = uv, y = u/v, with Jacobian
−2u/v; then it follows that

J(z) =
∫ ∞

0

∫ ∞

0

2u2 exp [−zuv − zu/v] f(uv) f(u/v) du dv.

Since here f(uv) f(u/v) can be represented as in (5.16), we get, changing
the order of integration,

J(z) =
∫ ∞

0

2u2
(∫

R+

I(z;λ, u) dLu(λ)
)

du.

Here the integral I is defined and next rewritten, by setting v = u (λ+z) θ,
in the following way:

I(z;λ, u) :=
∫ ∞

0

exp
[
−(λ+ z)uv − (λ+ z)u/v

]
dv =

= u (λ+ z)
∫
`(z,λ)

exp
[
−|λ+ z|2 u2 θ − 1/θ

]
dθ,

where `(z, λ) is the ray
{
c (λ+ z) : c > 0

}
, directed away from the origin.

Now, it can be proved that integrating over this ray may be replaced by
integrating over the positive half-line. Then obviously Im I(z;λ, u) ≥ 0
if Im z < 0, and hence Im J(z) ≥ 0 if Im z < 0. Thus π is the LSt of a
generalized gamma convolution. 22

The distribution of a random variable X is a generalized gamma convo-
lution if for every n ∈N the (better behaved !) distribution of X Yn is a
generalized gamma convolution, where Yn is gamma (n, n) and indepen-
dent of X; just note that X Yn

d−→ X as n→∞ and use Proposition 5.2.
This observation is one of the means by which the proof of Theorem 5.18
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can be made rigorous, because if X has a hyperbolically completely mono-
tone density, then so has X Yn for every n ∈N. The last implication is an
immediate consequence of the second part of the following useful result.

Proposition 5.19.

(i) If X has a hyperbolically completely monotone density, then so has

the q-th power Xq of X for all q ∈R with |q| ≥ 1. So, X has a hyper-

bolically completely monotone density iff 1/X has.

(ii) If X and Y are independent and both have a hyperbolically com-

pletely monotone density, then so have X Y and X/Y .

Proof. Part (i) follows from Propositions 5.16 (i) and 5.17 (ii), (iv) by
noting that Y := Xq has density fY given by fY (y) = |α| yα−1fX(yα) for
y > 0, where α := 1/q satisfies |α| ≤ 1 if |q| ≥ 1.
Because of (i), in part (ii) it suffices to consider X/Y ; it has a density h

that can be written as

h(a) =
∫ ∞

0

f(ay) g(y) dy [ a > 0 ],(5.17)

where f := fX and g with g(y) := y fY (y) for y > 0 are both hyperboli-
cally completely monotone. In order to show that also h is hyperbolically
completely monotone, we take s > 0 and want to prove that the following
function of t > 0 is completely monotone in w := t+ 1/t:

h(st)h(s/t) =
∫ ∞

0

∫ ∞

0

f(stx) f(sy/t) g(x) g(y) dxdy.

Now, proceed as in the proof of Theorem 5.18. Using the same hyperbolic
substitution and applying representation (5.16) to both f and g, one easily
shows that

h(st)h(s/t) =
∫ ∞

0

2u
(∫

R+

∫
R+

I(t;λ, λ̃, u) dL(1)
su (λ) dL(2)

u (λ̃)
)

du,

where

I(t;λ, λ̃, u) :=
∫ ∞

0

exp
[
−λsu

(
tv + 1

/
(tv)

)
− λ̃u (v + 1/v)

] dv
v

=

=
∫ ∞

0

exp
[
−(λ2s2 + λ̃2 + λλ̃sw)u2θ − 1/θ

] dθ
θ

;

here we have set v = u (λs/t+ λ̃) θ. We conclude that the desired complete
monotonicity in w does indeed hold. 22
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By using the preceding theory on hyperbolically completely monotone
densities, one can simply solve several classical problems in infinite divis-
ibility that were open for a long time; see Notes. We show this in two
special cases. The first result, on products and powers of gamma variables,
is immediate from Proposition 5.19 and Theorem 5.18.

Theorem 5.20. If X1, X2, . . . , Xn are independent gamma random vari-

ables and q1, q2, . . . , qn are real numbers satisfying |qj | ≥ 1 for all j, then

Xq1
1 Xq2

2 · · ·Xqn
n

is self-decomposable and hence infinitely divisible.

The second result concerns the log-normal distribution, which is of interest
in financial mathematics. Its infinite divisibility was very hard to prove
before the theory on hyperbolic complete monotonicity was developed. Now
it is easy.

Theorem 5.21. The log-normal distribution with density f given by

f(x) =
1√
2π

1
x

exp
[
− 1

2 (log x)2
]

[x > 0 ],

is self-decomposable and hence infinitely divisible.

Proof. We apply Theorem 5.18; it is then sufficient to show that the
function ψ with ψ(s) := exp

[
− 1

2 (log s)2
]

for s > 0 is hyperbolically com-
pletely monotone. To do so we take u > 0, and consider

ψ(uv)ψ(u/v) = exp
[
−(log u)2 − (log v)2

]
[ v > 0 ].

As in the proof of Proposition 5.16 we are ready if g with g(v) := (log v)2,
as a function of w := v+ 1/v, has a completely monotone derivative. Now,
since

log v =
∫ ∞

0

( 1
x+ 1

− 1
x+ v

)
dx [ v > 0 ],

we see that

d
dw

g(v) =
g′(v)

1− v−2
=

log v − log 1/v
v − 1/v

=

=
1

v − 1/v

∫ ∞

0

( 1
x+ 1/v

− 1
x+ v

)
dx =

∫ ∞

0

1
1 + x2 + xw

dx,
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which, as a function of w, is a mixture of completely monotone functions
and hence itself is completely monotone. We conclude that ψ, and there-
fore f , is hyperbolically completely monotone. 22

We state a more general result. Starting from the log-normal density and
the densities generated by Proposition 5.16, and applying the operations of
Proposition 5.17 (i), (ii) and (iv), we find a large class of concrete infinitely
divisible densities several of which are well known; see also the examples in
Section 12. Note that in the following theorem not every combination of
the parameters yields a probability density; for instance, if n = 0, d = 0,
m 6= 0 and the αj are positive, then necessarily 0 < r <

∑m
j=1 αjγj .

Theorem 5.22. Any probability density f on (0,∞) of the following form

is hyperbolically completely monotone and hence self-decomposable and

infinitely divisible:

f(x) = c xr−1
m∏
j=1

( 1
1 + ajxαj

)γj

exp
[
−

n∑
j=1

bjx
βj − d (log x)2

]
,(5.18)

where r ∈R, m,n ∈Z+, d ≥ 0, and for all j: aj > 0, bj > 0, αj 6= 0 with

−1 ≤ αj ≤ 1, βj 6= 0 with−1 ≤ βj ≤ 1, γj > 0, and c is a norming constant.

To conclude the study of hyperbolically completely monotone densities we
state the following immediate consequence of Theorem 5.18 and Corol-
lary 5.9.

Proposition 5.23. Let f be a probability density on (0,∞) that is hy-

perbolically completely monotone and continuous. Then f is completely

monotone iff it is monotone. Equivalently, f is completely monotone iff

f(0+) > 0 (possibly ∞).

We next turn to pLSt’s that are hyperbolically completely monotone;
we will show that the class of distributions with such LSt’s coincides with
the class of generalized gamma convolutions. Clearly, a pLSt πn as in
(5.1) is a hyperbolically completely monotone function, and hence so is
any limit of it as n→∞; cf. Propositions 5.16 (iv) and 5.17. So, the LSt π
of a generalized gamma convolution is hyperbolically completely monotone.
To show that the converse holds, is more difficult.
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Theorem 5.24. A continuous function π on (0,∞) with π(0+) = 1 is hy-

perbolically completely monotone iff it is the LSt of a generalized gamma

convolution. So, a probability distribution on R+ with a hyperbolically

completely monotone LSt is self-decomposable and hence infinitely divis-

ible.

Proof. Let π be hyperbolically completely monotone; as π(0+) = 1, we
have π 6≡ 0, so π is positive. First, assume that x 7→ xn−1 π(x/n) is inte-
grable over (0,∞) for all n ∈N. Taking n = 1 we see that π is proportional
to a continuous probability density, so from Proposition 5.23 it follows
that π is completely monotone and hence is a pLSt. To show that π corre-
sponds to a generalized gamma convolution, we let X be a random variable
with pLSt π and take Yn independent of X and gamma (n, n) distributed;
then X Yn

d−→ X as n→∞. From the continuity theorem it then follows
that π is the pointwise limit as n→∞ of the pLSt π(n) with

π(n)(s) := IE exp [−sX Yn] =
∫ ∞

0

π(sy)
nn

Γ(n)
yn−1 e−ny dy =

= s−n
∫ ∞

0

e−(1/s) x 1
Γ(n)

xn−1 π(x/n) dx = cn s
−n πn(1/s),

where cn :=
∫∞
0
xn−1 π(x/n) dx

/
Γ(n) and πn is the Lt of the probability

density fn given by

fn(x) =
1

cn Γ(n)
xn−1 π(x/n) [x > 0 ].

Now, π is hyperbolically completely monotone, hence so is fn. From Theo-
rem 5.18 it follows that πn is the LSt of a generalized gamma convolution.
Moreover, because of (5.10) its Thorin function Un has the property that
limλ→∞ Un(λ) = n. Using the canonical representation of Theorem 5.1
for πn, one then sees that π(n) satisfies

log π(n)(s) = log cn +
∫

(0,∞)

log
λ

λs+ 1
dUn(λ).

As letting s ↓ 0 shows that log cn= −
∫
(0,∞)

log λ dUn(λ), we conclude that

log π(n)(s) =
∫

(0,∞)

log
λ

λ+ s
dUn(1/λ),

so by Theorem 5.1 π(n) is the LSt of a generalized gamma convolution.
Hence so is π; this follows from Proposition 5.2 by letting n→∞.
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Next, consider the case where π does not satisfy the integrability conditions
above. Then for any ε > 0 πε does, where πε(s) := e−εs π(s). Moreover,
πε is continuous with πε(0+) = 1 and is also hyperbolically completely
monotone, of course. From the first part of the proof it now follows that,
for any ε > 0, πε is the LSt of a generalized gamma convolution. Hence so
is π = limε↓0 πε, because of Proposition 5.2. 22

This theorem has several nice implications. For instance, together with
Proposition 5.17 (iv) it immediately yields the following closure property
of the class of generalized gamma convolutions; cf. Propositions III.6.4
and V.2.14 (iii).

Proposition 5.25. If π is the LSt of a generalized gamma convolution,

then so is s 7→ π(sγ) for every γ ∈ (0, 1 ].

Another closure property that is often useful in dealing with concrete ex-
amples, is the following; it easily follows from Theorems 5.1 or 5.2.

Proposition 5.26. If π is the pLSt of a generalized gamma convolution,

then so is the function s 7→ π(a+ s)
/
π(a) for every a > 0.

It follows that if f is a density of a generalized gamma convolution, then so
is any density g on (0,∞) of the form g(x) = c e−ax f(x) with a > 0, where
c > 0 is a norming constant.

From Theorem 5.24 one can also easily obtain the following counterpart
to Proposition 5.19 (ii).

Proposition 5.27. Let X and Y be independent, let the distribution of X

be a generalized gamma convolution, and let Y have a hyperbolically com-

pletely monotone density. Then the distributions of X Y and X/Y are

generalized gamma convolutions.

Proof. By Theorem 5.24 the pLSt πX of X is hyperbolically completely
monotone, as is the density fY of Y . Now, the pLSt π of X Y can be
written as

π(s) =
∫ ∞

0

πX(sy) fY (y) dy,(5.19)

similar to the function h in (5.17). Hence we can proceed as in the proof
of Proposition 5.19 (ii) to verify that π is hyperbolically completely mono-
tone. Applying Theorem 5.24 once more shows that π corresponds to a
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generalized gamma convolution. The assertion on X/Y now immediately
follows from Proposition 5.19 (i). 22

An important special case is obtained by taking here Y gamma (r). Then
considering X Y yields a result, stated in the first corollary below, that
supplements Theorem 4.5 when r > 2; and by calculating a density of X/Y
with r = n ∈N one easily obtains the closure property formulated in the
second corollary.

Corollary 5.28. For r > 0 a scale mixture of gamma (r) distributions is

a generalized gamma convolution, and is hence infinitely divisible, if the

mixing function is a generalized gamma convolution.

Corollary 5.29. If π is the LSt of a generalized gamma convolution and

if n ∈N, then the following function f is a density of a generalized gamma

convolution:

f(x) =
(−1)n

(n−1)!
(1/x)n+1 π(n)(1/x) [x > 0 ].(5.20)

Not all densities f in (5.20) are hyperbolically completely monotone; see
Section 12. In view of this it is important to note that if π is the Lt of a
hyperbolically completely monotone density g, say, then writing

(−1)n π(n)(s) =
∫ ∞

0

e−sx xn g(x) dx(5.21)

and comparing this with (5.19) we see that (−1)n π(n) is hyperbolically
completely monotone for all n, and hence so is f in (5.20). Actually, one
can show that the class of Lt’s π of hyperbolically completely monotone
densities g is characterized by the condition that (−1)n π(n) is hyperboli-
cally completely monotone for all n ∈Z+ (and π does not correspond to a
degenerate distribution).

Finally, we pay some attention to distribution functions that are hyper-
bolically completely monotone; they turn out to correspond to generalized
gamma convolutions as well. Return to X/Y in Proposition 5.27 with Y

exponential (or to Corollary 5.29 with n = 1). One easily verifies that the
distribution function F of X/Y is then given by

F (x) = π(1/x) [x > 0 ],(5.22)
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where π := πX . Now, if π is the LSt of a generalized gamma convolution,
then F not only corresponds to a generalized gamma convolution, but F
is also hyperbolically completely monotone; cf. Theorem 5.24 and Proposi-
tion 5.17 (iv). There is a converse. To see this, let F be a continuous dis-
tribution function on R+ and suppose that F is hyperbolically completely
monotone. Then the function π with π(s) := F (1/s) for s > 0 is continuous
with π(0+) = 1 and is also hyperbolically completely monotone, of course.
From Theorem 5.24 we then conclude that π is the LSt of a generalized
gamma convolution. Since F satisfies (5.22), it follows that F is the dis-
tribution function of X/Y with X and Y as above, so F corresponds to a
generalized gamma convolution. Thus we have proved the following result.

Theorem 5.30. A continuous distribution function F on R+ that is hy-

perbolically completely monotone, corresponds to a generalized gamma

convolution, and is therefore self-decomposable and infinitely divisible. In

fact, F is hyperbolically completely monotone iff it is the distribution func-

tion of X/Y , where X and Y are independent, the distribution of X is a

generalized gamma convolution, and Y is exponential.

In a similar way the generalized gamma convolutions in Corollary 5.29
with n ≥ 2 give also rise to useful criteria in terms of hyperbolic complete
monotonicity. Taking n = 2, for instance, one can show that a continuous
distribution function F on R+ has the property that x 7→

∫ x
0
F (y) dy is

hyperbolically completely monotone, iff it is the distribution function of
X/Y , where X and Y are independent, the distribution of X is a general-
ized gamma convolution, and Y is gamma (2). We do not pursue this, and
conclude with an obvious counterpart to Proposition 5.19.

Proposition 5.31.

(i) If X has a hyperbolically completely monotone distribution function,

then so has Xq for all q ≥ 1.

(ii) If X and Y are independent and both have a hyperbolically com-

pletely monotone distribution function, then so has max {X,Y }.

There is a simple dual result to Theorem 5.30. Consider, instead of
X/Y , the random variable Y/X with X and Y independent and Y expo-
nential. From Section 3 we know that, for every X > 0, Y/X then has a
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completely monotone density, and hence is infinitely divisible. One easily
verifies that the distribution function F of Y/X is given by

F (x) = 1− π(x) [x > 0 ],(5.23)

where π := πX . Now, if π is the LSt of a generalized gamma convolution,
then by Theorem 5.24 the tail function F with F (x) := 1− F (x) is hy-
perbolically completely monotone. Conversely, if a continuous distribution
function F on R+ has a hyperbolically completely monotone tail function F ,
then by Theorem 5.24 F is the LSt of a generalized gamma convolution;
so, because of (5.23) F is the distribution function of Y/X with X and Y

as above. We summarize, and state an obvious counterpart to Proposi-
tion 5.31.

Theorem 5.32. A continuous distribution function F on R+ for which the

tail function F is hyperbolically completely monotone, has a completely

monotone density, and is hence infinitely divisible. In fact, F has a hy-

perbolically completely monotone tail function F iff it is the distribution

function of Y/X, where X and Y are independent, the distribution of X is

a generalized gamma convolution, and Y is exponential.

Proposition 5.33.

(i) If X has a hyperbolically completely monotone tail function, then so

has Xq for all q ≥ 1.

(ii) If X and Y are independent and both have a hyperbolically com-

pletely monotone tail function, then so has min {X,Y }.

Note that a random variable X has a hyperbolically completely monotone
distribution function iff 1/X has a hyperbolically completely monotone
tail function. Using this together with parts (i) of Propositions 5.19, 5.31
and 5.33 yields the following result on infinite divisibility of powers of ran-
dom variables.

Corollary 5.34. If X is a random variable for which a density, the distrib-

ution function or the tail function is hyperbolically completely monotone,

then Xq is infinitely divisible for all q ∈R with |q| ≥ 1.

One might wonder whether hyperbolic complete monotonicity of the LSt
of X is also sufficient for Xq being infinitely divisible for all |q| ≥ 1. When
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q ≥ 1, there is much support for the stronger assertion that ifX corresponds
to a generalized gamma convolution, then so does Xq; cf. Theorem 5.24.
In case q ≤ −1, however, if one takes X with `X > 0, then Xq is bounded
and hence not infinitely divisible. For a counter-example with `X = 0 we
refer to Section 12.

Summarizing the main results of this section, i.e., Theorems 5.18, 5.24
and 5.30, we can say that a sufficient condition for self-decomposability,
and hence for infinite divisibility, of a probability distribution on R+ is
given by the hyperbolic complete monotonicity of a density, the LSt or the
distribution function of the distribution. Illustrative examples of the use of
this condition are given in Section 12.

6. Mixtures of Poisson distributions

Consider the Poisson distribution; it has a positive parameter, which
here we denote by t. When mixing with respect to t we allow t to be zero;
the corresponding ‘Poisson’ distribution is degenerate at zero. Thus by
a mixture of Poisson distributions we understand a distribution (pk)k∈Z+

on Z+ of the form

pk =
∫

R+

tk

k!
e−t dG(t) [ k ∈Z+ ],(6.1)

with G a distribution function on R+. The corresponding pgf P can be
written in terms of the LSt π of G as follows:

P (z) =
∫

R+

exp
[
−t (1− z)

]
dG(t) = π(1− z).(6.2)

As noted in Section 2, a mixture of Poisson distributions can be viewed
as a power mixture and as a scale mixture. This means that a random
variable X with distribution (6.1) and pgf (6.2) can be represented as

X
d= N(T ) and X

d= T �N,(6.3)

where N(·) is a Poisson process of rate one, N := N(1) and T is an R+-
valued random variable that is independent of N(·) with FT = G. Now,
let Z be nonnegative and independent of

(
N(·), T

)
; then considering Z�X

with X as in (6.3) and using (A.4.11) one sees that

Z �N(T ) d= Z � (T �N) d= (ZT )�N
d= N(ZT ).(6.4)
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In the sequel most results on mixtures of Poisson distributions will be
formulated, without further comment, in terms of the first representation in
(6.3). From the well-known fact that an LSt is determined by its values on
a finite interval, it follows that the distributions of T and N(T ) determine
each other, so

N(T1)
d= N(T2) ⇐⇒ T1

d= T2.(6.5)

Moreover, similar to the proof of Proposition 3.1 one shows that the class
of mixtures of Poisson distributions is closed under weak convergence.

Proposition 6.1. If a sequence (Pn) of mixtures of Poisson pgf’s converges

(pointwise) to a pgf P , then P is a mixture of Poisson pgf’s.

We want to know what mixtures of Poisson distributions are infinitely
divisible. By looking for complex zeroes of the pgf P or by considering
the tail behaviour of the distribution (pk) one can show that a finite mix-
ture of (different) Poisson distributions cannot be infinitely divisible; cf.
Example II.11.2. In a similar way one obtains the following more general
result.

Proposition 6.2. The random variable N(T ) is not infinitely divisible

if T is non-degenerate and bounded.

Proof. Let T be bounded by some a > 0. Consider the tail probability
IP

(
N(T ) > k

)
for k ∈Z+; then using (6.1) and the fact that IP

(
N(t) > k

)
is nondecreasing in t, we see that

IP
(
N(T ) > k

)
≤ IP

(
N(a) > k

)
[ k ∈Z+ ].

Now, suppose that N(T ) is infinitely divisible, and apply Corollary II.9.5.
Then it follows that N(T ) is Poisson distributed and hence by (6.5) that T
is degenerate. 22

On the other hand, from Proposition 2.1 it follows that N(T ) is infinitely
divisible if T is infinitely divisible or, equivalently (cf. Theorem III.4.1),
if the ρ-function of (the pLSt π of) T , i.e., ρ(s) := −(d/ds) log π(s), is
completely monotone: ρ has alternating derivatives on the whole interval
(0,∞). Now, this sufficient condition can be weakened in such a way that
it becomes also necessary, as follows.
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Theorem 6.3. The random variable N(T ) is infinitely divisible iff the ρ-

function of T is completely monotone on the interval (0, 1 ].

Proof. According to Theorem II.4.3 N(T ) is infinitely divisible iff the R-
function of (the pgf P of) N(T ), i.e., R(z) := (d/dz) logP (z), is absolutely
monotone: R has nonnegative derivatives on the interval [ 0, 1). Now, by
(6.2) the R-function of P and the ρ-function of T are related by

R(z) = ρ(1− z) for z ∈ [ 0, 1), ρ(s) = R(1− s) for s ∈ (0, 1 ].

From these relations the theorem immediately follows. 22

In Section 12 we shall give an example of a random variable T that itself
is not infinitely divisible, but does make N(T ) infinitely divisible.

Theorem 6.3 suggests a characterization of infinite divisibility on R+ by
infinite divisibility of certain mixtures of Poisson distributions. Consider,
for θ > 0, the random variable N(θT ); since the ρ-function ρθ of θT is
related to the ρ-function ρ of T by ρθ(s) = θ ρ(θs), we see that N(θT ) is
infinitely divisible iff ρ is completely monotone on the interval (0, θ ]. Thus
we are led to the following result.

Theorem 6.4. An R+-valued random variable T is infinitely divisible iff

N(θT ) is infinitely divisible for all θ > 0.

This theorem can also be obtained by (only) using the fact that the class
of infinitely divisible distributions on R+ is closed under weak convergence;
cf. Proposition III.2.2. This will be clear from the following general result
which shows two things: The property of being a pLSt can be characterized
in a ‘discrete’ way related to mixtures of Poisson pgf’s, and the pLSt can
then be constructed from these mixtures.

Proposition 6.5. A function π on R+ is the pLSt of an R+-valued random

variable T iff the function Pθ defined by

Pθ(z) = π
(
θ{1− z}

)
[ 0 ≤ z ≤ 1 ],(6.6)

is the pgf of a Z+-valued random variable Xθ for all θ > 0. In this case

Xθ
d= N(θT ) and, conversely, T can be obtained from the Xθ by

1
θ
Xθ

d−→ T as θ →∞.(6.7)
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Proof. The ‘only-if’ part is trivial; cf. (6.2). So, let the function Pθ given
by (6.6) be the pgf of a random variable Xθ for all θ > 0. Then, since a pgf
is absolutely monotone on [ 0, 1) and π(s) = Pθ(1 − s/θ) for s ∈ [ 0, θ ], the
function π is completely monotone on (0, θ ] for all θ > 0, so π is completely
monotone

(
on (0,∞)

)
. By Bernstein’s theorem it follows that π is an LSt,

and since π(0) = 1, π is the pLSt of a random variable T . Next, by (6.2)
and (6.3) the random variable N(θT ) has pgf Pθ, so Xθ

d= N(θT ). Finally,
the pLSt πθ of Xθ/θ satisfies

πθ(s) = Pθ(e−s/θ) = π
(
θ {1− e−s/θ}

)
−→ π(s) as θ →∞,

so by the continuity theorem we have Xθ/θ
d−→ T as θ →∞. 22

We further note that for θ > 0 the distribution
(
pk(θ)

)
k∈Z+

of N(θT ) can
be obtained by repeated differentiation of the pLSt πT of T :

pk(θ) =
∫

R+

(θt)k

k!
e−θt dFT (t) =

(−θ)k

k!
π

(k)
T (θ) [ k ∈Z+ ].(6.8)

In a way similar to Theorem 6.4 the mixtures of Poisson distributions
provide a link between several other classes of distributions on R+ and their
counterparts on Z+. We will show this for the self-decomposable distrib-
utions on R+, for the stable distributions on R+ with fixed exponent γ,
for the gamma (r) distributions with r fixed and hence for the exponential
distributions, for the compound-exponential distributions on R+, for the
monotone densities on (0,∞), for the log-convex densities on (0,∞), for the
completely monotone densities on (0,∞) and, more general, for the mixtures
of gamma (r) distributions with r fixed, and, finally, for the generalized
gamma convolutions. The resulting relations can be used to simply obtain
results on R+, such as canonical representations, from their counterparts
on Z+; in some cases one can also go the other way around. We will do
this only to obtain discrete analogues of some of the results of Sections 3,
4 and 5; see Sections 7 and 8.

We start with the self-decomposable distributions; this case can be han-
dled in a way similar to the first proof of Theorem 6.4 (including the proof
of Theorem 6.3).

Theorem 6.6. An R+-valued random variable T is self-decomposable iff

N(θT ) is (discrete) self-decomposable for all θ > 0.
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Proof. Take θ > 0, and let ρ be the ρ-function of (the pLSt π of) T and
letR be the R-function of (the pgf P of)N(θT ). Recall from Theorem V.2.6
that T is self-decomposable iff ρ0 with ρ0(s) := (d/ds)

[
s ρ(s)

]
is completely

monotone. Similarly, from Theorem V.4.8 we know that N(θT ) is self-de-
composable iff R0 with R0(z) := −(d/dz)

[
(1− z)R(z)

]
is absolutely mono-

tone. Now, since by (6.6) P and π are related by P (z) = π
(
θ{1− z}

)
, one

easily verifies that

R(z) = θ ρ
(
θ{1− z}

)
, and hence R0(z) = θ ρ0

(
θ{1− z}

)
.(6.9)

It follows that R0 is absolutely monotone iff ρ0 is completely monotone on
(0, θ ]. The assertion of the theorem now immediately follows. 22

From the proof just given it will be clear that the mixtures of Poisson
distributions that are self-decomposable, can be characterized in a way
similar to Theorem 6.3: N(T ) is self-decomposable iff the ρ0-function of T

is completely monotone on (0, 1 ]. To prove Theorem 6.6 one might also use
just the definitions of self-decomposability on R+ and on Z+ together with
Proposition 6.5. The resulting proof is, however, somewhat more delicate
than the second proof of Theorem 6.4 because Xθ/θ, having a discrete dis-
tribution, is not self-decomposable on R+ if Xθ is self-decomposable on Z+.
On the other hand, the alternative proof can be adapted so as to obtain the
following more general result, which is an extension of (V.8.27): A pLSt π

is self-decomposable iff the pgf Pθ with

Pθ(z) := π
(
θ A(z)

)
= π

(
θ
{
1−B(z)

})
is F-self-decomposable for all θ > 0 ; here F = (Ft)t≥0 is a continuous com-
position semigroup of pgf’s, and A and B are determined by F as in
(V.8.11). In a similar way one can characterize the distributions on R+ that
are self-decomposable with respect to a continuous composition semigroup
C = (Ct)t≥0 of cumulant generating functions; see the end of Section V.8.
We don’t go into this, and only note that similar generalizations can be
obtained of the following result on the subclasses of stable distributions.

Theorem 6.7. For γ ∈ (0, 1 ] an R+-valued random variable T is stable

with exponent γ iff N(θT ) is (discrete) stable with exponent γ for some,

and then all, θ > 0.
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Proof. We use the canonical representations for the pLSt π and the pgf P
of a stable distribution with exponent γ on R+ and on Z+, respectively;
according to Theorems V.3.5 and V.5.5 they are given by

π(s) = exp
[
−λ sγ

]
, P (z) = exp

[
−λ (1− z)γ

]
,(6.10)

where λ > 0. Since the pgf of N(θT ) is given by (6.6) with π = πT , the
‘only-if’ part of the theorem is now immediately clear. For the converse
we may take θ = 1. So, let N(T ) be stable with exponent γ; then it has
pgf P as in (6.10) with some λ > 0. Hence N(T ) d= N(T̃ ), where T̃ is an
R+-valued random variable with pLSt π as in (6.10) with the same λ. From
(6.5) it follows that T d= T̃ , so T is stable with exponent γ. 22

From (6.10) it is clear that any stable distribution on Z+ is a mixture of
Poisson distributions. Therefore we can reverse matters and obtain the
following characterization of stability on Z+.

Corollary 6.8. For γ ∈ (0, 1 ] a Z+-valued random variableX is stable with

exponent γ iff X
d= N(T ) where T is R+-valued and stable with exponent γ.

Similarly one shows that Theorem 6.7 and its corollary have close ana-
logues for the gamma and negative-binomial distributions with shape pa-
rameter r, whose pLSt’s π and pgf’s P , respectively, are of the form

π(s) =
( λ

λ+ s

)r
, P (z) =

( 1− p

1− pz

)r
,(6.11)

where λ > 0 and p ∈ (0, 1). In fact, T has pLSt π as in (6.11) iff N(θT ) has
pgf P as in (6.11), if p = θ

/
(λ+ θ) or λ = (1/p−1) θ. We state the results.

Theorem 6.9. For r>0 an R+-valued random variable T has a gamma (r)

distribution iff N(θT ) has a negative-binomial (r) distribution for some,

and then all, θ > 0.

Corollary 6.10. For r>0 a Z+-valued random variable X has a negative-

binomial (r) distribution iff X
d= N(T ) with T gamma (r) distributed.

Taking r = 1 in Theorem 6.9 we see that T has an exponential distribution
iff N(θT ) has a geometric distribution for some, and then all, θ > 0. The
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‘all-θ’ version of this result can be extended to the compound-exponential
distributions on R+ and on Z+; their pLSt’s π and pgf’s P are of the form

π(s) =
1

1− log π0(s)
, P (z) =

1
1− log P0(z)

,(6.12)

where π0 is an infinitely divisible pLSt and P0 is an infinitely divisible pgf.
Recall from Theorem II.3.6 that the class of compound-exponential distrib-
utions on Z+ coincides with the class of compound-geometric distributions
on Z+.

Theorem 6.11. An R+-valued random variable T is compound-exponen-

tial iff N(θT ) is compound-exponential or, equivalently, compound-geom-

etric for all θ > 0.

Proof. The direct part of the theorem is easily obtained from (6.6), (6.12)
and Theorem 6.4. The converse part is an immediate consequence of The-
orem III.3.8 and Proposition 6.5; note that Xθ/θ is compound-geometric
on R+ if Xθ is compound-geometric on Z+.
Alternatively, one can use the characterizations given in Theorems III.5.1
and II.5.6; the ρ0-function of π := πT with ρ0(s) := (d/ds)

(
1
/
π(s)

)
and

the R0-function of P := Pθ with R0(z) := −(d/dz)
(
1
/
P (z)

)
satisfy (6.9)

again, because of (6.6). 22

We now turn to the classes of monotone densities f on (0,∞) and
monotone distributions (pk)k∈Z+ on Z+.

Theorem 6.12. A (0,∞)-valued random variable T has a monotone den-

sity iff N(θT ) has a monotone distribution for all θ > 0.

Proof. Let U be a random variable with a uniform distribution on (0, 1).
First, suppose that T has a monotone density. Then by (the proof of)
Theorem A.3.13 there exists a positive random variable Z, independent
of U , such that T d= UZ. Taking θ = 1 without restriction, we now see
that by (6.4)

N(T ) d= N(UZ) d= U �N(Z),

so N(T ) has a monotone distribution because of Theorem A.4.11. In view
of this theorem, for the converse we may suppose that for every θ > 0
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there exists a Z+-valued random variable Zθ, independent of U , such that
N(θT ) d= U � Zθ. Now, use (A.4.17); then by Proposition 6.5 the random
variable T can be obtained as

1
θ

⌊
U(Zθ + 1)

⌋ d−→ T, and hence U
1
θ

(Zθ + 1) d−→ T,

as θ →∞; the fractional part of U(Zθ + 1) is o(θ), of course. By Theo-
rem A.3.13 it follows that the distribution function F of T is the weak limit
of concave distribution functions, so F itself is concave as well, and hence
has a monotone density; note that F (0) = 0. 22

We next consider the subclasses of log-convex densities f on (0,∞) and
log-convex distributions (pk)k∈Z+ on Z+, for which{ {

f
(

1
2 (x+ y)

)}2 ≤ f(x) f(y) for x > 0, y > 0,

p2
k ≤ pk−1 pk+1 for k ∈N;

(6.13)

recall that such f and (pk) are infinitely divisible by Theorems II.10.1
and III.10.2. To relate these two types of log-convexity via mixtures of
Poisson distributions takes more effort than in the previous cases; we will
not give all details of the proof.

Theorem 6.13. A (0,∞)-valued random variable T has a log-convex den-

sity iff N(θT ) has a log-convex distribution for all θ > 0.

Proof. Denote the distribution function of T by G and its pLSt by π; note
that G(0) = 0. First, we consider the direct part of the theorem; clearly,
we may then restrict ourselves to the case θ = 1. Let G have a log-convex
density g, and put h(t) := e−t g(t) for t > 0; h is log-convex as well. By
(6.1) we have to prove that (pk) is log-convex where

pk =
∫ ∞

0

tk

k!
h(t) dt [ k ∈Z+ ].

To do so we further suppose that g, and hence h, has a continuous second
derivative on (0,∞). This is no essential restriction as one can see by writ-
ing an arbitrary g as the limit of a nondecreasing sequence of functions gn
with this property; cf. the proof of Theorem V.2.17. From Proposition A.3.9
it follows that the log-convexity of h can be represented by{

h′(t)
}2 ≤ h′′(t)h(t) [ t > 0 ].
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Also, since g and h are convex, the functions g, −g′, h and −h′ are both
nonnegative and nonincreasing; hence, as is easily verified, limt↓0 t h(t) =
limt↓0 t

2
{
−h′(t)

}
= 0, and also limt→∞ tn h(t) = limt→∞ tn

{
−h′(t)

}
= 0

for all n ∈N. By partial integration it follows that (pk) can be written in
terms of h′ and of h′′ as follows:

pk =
∫ ∞

0

tk+1

(k+1)!
{
−h′(t)

}
dt =

∫ ∞

0

tk+2

(k+2)!
h′′(t) dt [ k ∈Z+].

Using this, the inequality on h and Schwarz’s inequality we conclude that
for k ∈N

p2
k =

(∫ ∞

0

tk+1

(k+1)!

∣∣h′(t)∣∣ dt
)2

≤

≤
(∫ ∞

0

tk+1

(k+1)!

√
h′′(t)

√
h(t) dt

)2

≤

≤
(∫ ∞

0

tk+1

(k+1)!
h′′(t) dt

)(∫ ∞

0

tk+1

(k+1)!
h(t) dt

)
= pk−1 pk+1.

Turning to the converse we suppose that the distribution
(
pk(θ)

)
of N(θT )

is log-convex for all θ > 0. From (6.8) we know that for θ > 0

pk(θ) =
∫

(0,∞)

(θx)k

k!
e−θx dG(x) =

(−θ)k

k!
π(k)(θ) [ k ∈Z+ ],

so for p′k(θ) we have

θ p′k(θ) = k pk(θ)− (k + 1) pk+1(θ) [ k ∈Z+ ].

In order to show that G has a log-convex density, we use the fact that
T/Yk

d−→ T as k → ∞, where Yk is independent of T and gamma (k, k)
distributed. This means (see Notes) that the normalized version G∗ of G,
with G∗(x) := 1

2

{
G(x−) +G(x)

}
, can be obtained as

G∗(x) = lim
k→∞

Gk(x) [x > 0 ],

where Gk is the distribution function of T/Yk, so with density gk given by

gk(t) =
∫

(0,∞)

(x/t2) fYk
(x/t) dG(x) = (k/t) pk(k/t) [ t > 0 ].

Now, gk turns out to be log-convex. In fact, using the expression for p′k(θ)
above one shows that for t > 0

t2g′k(t) = k(k + 1)
{
pk+1(k/t)− pk(k/t)

}
,

t3g′′k (t) = k(k + 1)(k + 2)
{
pk+2(k/t)− 2pk+1(k/t) + pk(k/t)

}
,
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and hence

t4

k2(k + 1)

[
g′′k (t) gk(t)−

{
g′k(t)

}2
]

=
{
pk+1(k/t)− pk(k/t)

}2+

+(k + 2)
{
pk(k/t) pk+2(k/t)− p2

k+1(k/t)
}
,

which is nonnegative because of the log-convexity of
(
pk(θ)

)
for all θ. Being

convex, gk is nonincreasing; therefore, Gk is concave on (0,∞), and hence
so is G∗. It follows (see Notes) that G∗, and hence G, is absolutely con-
tinuous with a density g∗, say, that is nonincreasing and for which

g∗(t) = lim
k→∞

gk(t) [ t > 0 such that g∗ is continuous at t ].

Now, observe that g∗ has countably many discontinuities, and that the
sequence

(
gk(t)

)
is bounded for every t; in fact, putting fk(y) := y fYk

(y)
for y > 0, we can estimate as follows:

gk(t) =
∫ ∞

0

fk(y) g∗(ty) dy ≤

≤ fk( 1
2 )

∫ 1
2

0

g∗(ty) dy + g∗( 1
2 t)

∫ ∞

1
2

fk(y) dy,

where
∫∞

1
2
fk(y) dy ≤ IEYk = 1 for all k ∈N and fk( 1

2 ) ∼ c
√
k ( 1

2

√
e)k as

k →∞ for some c > 0. Therefore, we can use Cantor’s diagonal pro-
cedure to conclude that for some (sub-) sequence

(
k(n)

)
in N the limit

g(t) := limn→∞ gk(n)(t) exists for all t > 0. Of course, the resulting func-
tion g is a density of G, and g, as a limit of log-convex functions, is log-
convex as well. 22

Somewhat more generally, in Theorem 6.13 one may start, as in previous
cases, from an R+-valued random variable T . By adapting the proof of the
theorem and using the fact that the class of log-convex distributions on Z+

is closed under mixing (see Proposition II.10.6), one can show that log-
convexity of the distribution of N(θT ) for all θ is necessary and sufficient
for T to have a distribution that is a mixture of a degenerate distribution at
zero and a distribution with a log-convex density. A similar generalization
is possible of Theorem 6.12 and of the following result on the subclasses
of completely monotone densities on (0,∞) and completely monotone dis-
tributions on Z+; this is due to the fact that also the class of (completely)
monotone distributions on Z+ is closed under mixing.
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Theorem 6.14. A (0,∞)-valued random variable T has a completely

monotone density iff N(θT ) has a completely monotone distribution for

some, and then all, θ > 0.

This theorem, including its generalization mentioned above, is proved by
using the facts (see Propositions A.3.11 and A.4.10) that the completely
monotone densities f on (0,∞) and the completely monotone distributions
(pk) on Z+ coincide with the mixtures of exponential densities and the
mixtures of geometric distributions, respectively:

f(x) =
∫

(0,∞)

λ e−λx dG(λ), pk =
∫

[0,1)

(1− p) pk dH(p),(6.14)

where G is a distribution function on (0,∞) and H is one on [ 0, 1). Note
that in the latter case mixing with the degenerate distribution at zero is
included; such mixing in the former case is accounted for by the definition
of mixtures of exponential distributions in Section 3.

More generally, for r > 0 we will relate the mixtures of gamma (r)
distributions and the mixtures of negative-binomial (r) distributions with
pLSt’s π and pgf’s P of the form

π(s) = α+ (1− α)
∫

(0,∞)

( λ

λ+ s

)r
dG(λ),

P (z) =
∫

[0,1)

( 1− p

1− pz

)r
dH(p),

(6.15)

where α ∈ [ 0, 1 ] and G and H are as above. In fact, from the relation
between π and P in (6.11) one easily obtains the following generalization
of Theorem 6.9 and its corollary, and hence also (the generalized version
of) Theorem 6.14.

Theorem 6.15. For r > 0 the distribution of an R+-valued random vari-

able T is a mixture of gamma (r) distributions iff the distribution of N(θT )
is a mixture of negative-binomial (r) distributions for some, and then all,

θ > 0.

Corollary 6.16. For r > 0 the distribution of a Z+-valued random vari-

able X is a mixture of negative-binomial (r) distributions iff X
d= N(T )

where the distribution of T is a mixture of gamma (r) distributions.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



The relation between π and P in (6.11) also immediately yields analogous
results for the generalized gamma convolutions and the (similarly defined)
generalized negative-binomial convolutions with pLSt’s π and pgf’s P that
can be obtained as

π(s) = lim
n→∞

mn∏
j=1

( λn,j
λn,j + s

)rn,j

, P (z) = lim
n→∞

mn∏
j=1

( 1− pn,j
1− pn,jz

)rn,j

,(6.16)

with obvious restrictions on the parameters.

Theorem 6.17. The distribution of an R+-valued random variable T is a

generalized gamma convolution iff the distribution ofN(θT ) is a generalized

negative-binomial convolution for some, and then all, θ > 0.

Corollary 6.18. The distribution of a Z+-valued random variable X is a

generalized negative-binomial convolution iff X
d= N(T ) where the distrib-

ution of T is a generalized gamma convolution.

In the next two sections we will use Corollaries 6.16 and 6.18 to translate
results from Sections 3, 4 and 5 into similar results for the mixtures of
negative-binomial (r) distributions and the generalized negative-binomial
convolutions.

7. Mixtures of negative-binomial distributions

We will mostly consider the negative-binomial (r, p) distribution for a
fixed value of r. By a mixture of negative-binomial (r) distributions we
understand any probability distribution (pk)k∈Z+ on Z+ of the form

pk =
∫

[0,1)

(
k + r − 1

k

)
pk (1− p)r dH(p) =

(
k + r − 1

k

)
αk,(7.1)

withH a distribution function on [ 0, 1) and (αk)k∈Z+ completely monotone;
cf. Hausdorff’s theorem. The pgf of (pk) in (7.1) is given by P in (6.15).
It can be represented as in the following reformulation of Corollary 6.16;
recall that N(·) is a Poisson process of rate one, independent of T .

Proposition 7.1. A function P on [ 0, 1 ] is the pgf of a mixture of negative-

binomial (r) distributions iff P has the form

P (z) = π(1− z) [ 0 ≤ z ≤ 1 ],

where π is the pLSt of a mixture of gamma (r) distributions.
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From Corollary 6.16 it also follows that a Z+-valued random variable X
has a distribution (pk) of the form (7.1) iff X

d= N(ZS) where Z ≥ 0, S
is standard gamma (r), and Z and S are independent. Now, by (6.4) we
have N(ZS) d= Z �N(S). Moreover, N(S) has a negative-binomial (r, 1

2 )
distribution; see (6.11). Thus, the mixtures of negative-binomial (r) dis-
tributions can be viewed as scale mixtures; they correspond to random
variables X of the form

X
d= Z � Y, with Z ≥ 0 and Y negative-binomial (r, 1

2 ),(7.2)

and, of course, Z and Y independent. More specifically, ifX has a negative-
binomial (r, W ) distribution, i.e., X has distribution (7.1) with H = FW ,
then X is of the form (7.2) with Z given by Z d= W

/
(1−W ).

The representation result of Proposition 7.1 will be used repeatedly
in this section. It enables us to easily translate results for mixtures of
gamma (r) distributions into results in the present context. We start with
translating Propositions 4.1 and 4.2, and the main result on infinite divis-
ibility in Theorem 4.5.

Proposition 7.2. If a sequence (Pn) of mixtures of negative-binomial (r)

pgf’s converges (pointwise) to a pgf P , then P is a mixture of negative-

binomial (r) pgf’s.

Proof. Write Pn(z) = πn(1− z) with πn a mixture of gamma (r) pLSt’s.
Then limn→∞ πn(s) = P (1−s) for s ∈ [ 0, 1 ]. On the other hand, by Helly’s
theorem and the continuity theorem there is a subsequence (nk) such that
limk→∞ πnk

(s) = π(s) for s > 0, where π is a completely monotone function
on (0,∞). It follows that π(s) = P (1 − s) for s ∈ (0, 1 ]; hence, as P is a
pgf, we have π(0+) = 1, so π is a pLSt. Now, apply Proposition 4.1: π is a
mixture of gamma (r) pLSt’s. Since P (z) = π(1 − z), we conclude that P
is a mixture of negative-binomial (r) pgf’s. 22

Proposition 7.3. For α ∈ (0, 1), mixtures of negative-binomial (αr) dis-

tributions can be regarded as mixtures of negative-binomial (r) distrib-

utions.

Proof. This is an immediate consequence of Proposition 4.2 and the
representation result in Proposition 7.1 as stated and with r replaced by
αr. 22
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Theorem 7.4. A mixture of negative-binomial (2) distributions is infin-

itely divisible. Equivalently, a probability distribution (pk)k∈Z+ on Z+ is

infinitely divisible if

pk = (k + 1)αk [ k ∈Z+ ],(7.3)

with (αk) completely monotone.

Proof. Let (pk) be a mixture of negative-binomial (2) distributions. Then
its pgf P can be represented as P (z) = π(1− z) with π the pLSt of a
mixture of gamma (2) distributions; according to Theorem 4.5 π is infin-
itely divisible. From (the easy part of) Theorem 6.4 it follows that P is
infinitely divisible as well. 22

By combining this theorem with Proposition 7.3 we see that for r ≤ 2 all
mixtures of negative-binomial (r) distributions are infinitely divisible. Now,
use the pgf of such a mixture for P in the power mixture of (2.5), and
apply Proposition 2.2. Then one obtains the following generalization of
Theorem 7.4; cf. the first part of Theorem 4.7.

Theorem 7.5. A function φ of the following form is an infinitely divisible

characteristic function:

φ(u) =
∫

[0,1)

( 1− p

1− p φ1(u)

)r
dH(p),(7.4)

where r ∈ (0, 2 ], φ1 is a characteristic function, and H is a distribution

function on [ 0, 1).

We take r = 1 in (7.1) and thus consider mixtures of geometric dis-
tributions or, equivalently (cf. Proposition A.4.10), completely monotone
distributions (pk) on Z+; from Theorem II.10.4 we know that they are log-
convex, and hence infinitely divisible. A more direct proof of their infinite
divisibility is obtained by combining Proposition 7.1 and Theorem 3.3; cf.
the proof of Theorem 7.4. We now want to characterize the mixtures of
geometric distributions among the infinitely divisible distributions; this
was done in Theorem II.10.5 without proof. To this end we first derive a
canonical representation from Theorem 3.5.
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Theorem 7.6 (Canonical representation). A function P on [ 0, 1 ] is

the pgf of a mixture of geometric distributions iff P has the form

P (z) = exp
[
−

∫ 1

0

( 1
1− p

− 1
1− p z

) 1
p
w(p)dp

]
[ 0 ≤ z ≤ 1 ],(7.5)

where w is a measurable function on (0, 1) satisfying 0 ≤ w ≤ 1 and, nec-

essarily, ∫ 1

1
2

1
1− p

w(p) dp <∞.(7.6)

Proof. From Proposition 7.1 and Theorem 3.5 it follows that P is the pgf
of a mixture of geometric distributions iff P has the form

P (z) = exp
[
−

∫ ∞

0

( 1
λ
− 1
λ+ 1− z

)
v(λ) dλ

]
[ 0 ≤ z ≤ 1 ],

where v satisfies 0 ≤ v ≤ 1 and (3.15). As in (6.11) we put 1
/
(λ+ 1) = p

or λ = 1/p− 1; this yields (7.5) and (7.6) with w(p) := v(1/p− 1). 22

Corollary 7.7. If P is the pgf of a mixture of geometric distributions,

then so is P a for any a ∈ [ 0, 1 ]. Consequently, the convolution roots of a

mixture of geometric distributions are mixtures of geometric distributions

as well.

As known from Section II.4, the canonical sequence (rk)k∈Z+ of the infin-
itely divisible pgf P in (7.5) has gf R given by

R(z) :=
d
dz

log P (z) =
∫ 1

0

( 1
1− p z

)2

w(p) dp.(7.7)

Now, z 7→ 1
/
(1−p z)2 is the gf of the sequence

(
(k+1) pk

)
k∈Z+

. Using this
in (7.7) one is led to the direct part of the following characterization result;
the converse part is easily obtained by using the canonical representations
of Theorems II.4.1 and 7.6.

Theorem 7.8. A probability distribution (pk) on Z+ is a mixture of geo-

metric distributions iff it is infinitely divisible having a canonical sequence

(rk) such that
(
rk

/
(k + 1)

)
is completely monotone with Hausdorff repre-

sentation of the form

1
k + 1

rk =
∫ 1

0

pk w(p)dp [ k ∈Z+ ],(7.8)

where w is a measurable function on (0, 1) satisfying 0 ≤ w ≤ 1 and (7.6).
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Note that condition (7.6) on w also follows from (7.8) and the fact that the
rk necessarily satisfy

∑∞
k=0 rk

/
(k + 1) <∞; cf. (II.4.4).

We now turn to a discrete counterpart of Theorem 3.10 on mixing with
‘negative probabilities’. As in the R+-case we start with considering finite
mixtures; for n ≥ 2 fixed let the sequence (pk)k∈Z+ and its gf P be given
by

pk =
n∑
j=1

hj (1− aj) akj , P (z) =
n∑
j=1

hj
1− aj

1− aj z
,(7.9)

where 0 < a1 < · · · < an < 1 and h1 < 0, . . , hm < 0, hm+1 > 0, . . , hn > 0
for some m ∈ {1, . . . , n − 1} with

∑n
j=1 hj = 1. Put ε :=

∑n
j=1 hj (1− aj),

so ε = p0, and rewrite pk as

pk =
n∑
j=1

hj (1− aj) (akj − akm) + ε akm [ k ∈Z+ ].(7.10)

Then one sees that (pk) can be viewed as a probability distribution on Z+

with p0 > 0 iff ε > 0. In order to determine whether (pk) is infinitely divis-
ible in this case, one is tempted to write P as a mixture of Poisson pgf’s
and to use the R+-result in Theorem 3.10. Indeed, as in Proposition 7.1
the function P in (7.9) can be represented as

P (z) = π(1− z), with π(s) :=
n∑
j=1

hj
λj

λj + s
, λj :=

1− aj
aj

;(7.11)

note that the λj are arranged in decreasing order. Now, according to
the discussion preceding Theorem 3.10 the function π is a pLSt iff δ :=∑n
j=1 hj (1− aj)

/
aj ≥ 0. It follows that δ ≥ 0 implies ε > 0; this can be

verified directly by observing that hj am/aj < hj for all j 6= m, so am δ < ε.
Unfortunately, the inverse implication does not hold; not all pgf’s P as in
(7.9) can be viewed as mixtures of Poisson pgf’s. Therefore, rather than
using Theorem 3.10 one might try to imitate its proof and take gf’s in
(7.10), with ε > 0, to obtain

P (z) =
{
z

n∑
j=1

hj
aj − am
1− am

1− aj
1− aj z

+
ε

1− am

} 1− am
1− am z

.(7.12)

Thus P is of the form

P (z) = P1(z)
{
γ + (1− γ) z P2(z)

}
,(7.13)
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where γ ∈ (0, 1), P1 is the pgf of a geometric distribution and P2 is the pgf
of a mixture of geometric distributions (with nonnegative weights), so P2

is infinitely divisible. Nevertheless, the pgf z 7→ γ+(1−γ) z P2(z) need not
be infinitely divisible, so nothing can be said about P . Actually, one can
show that not all pgf’s P as in (7.9) are infinitely divisible. We therefore
restrict ourselves to pgf’s satisfying δ ≥ 0; their infinite divisibility is easily
proved and extended to non-finite generalized mixtures as in the following
theorem. For illustrative examples we refer to Section 12.

Theorem 7.9. Let H be a right-continuous bounded function satisfying

H(p) = 0 for p ≤ 0, H(p) = 1 for p ≥ 1 and such that for some α ∈ (0, 1){
H is nonincreasing on [ 0, α),

H is nondecreasing on [α, 1 ] with H(1−) = 1.
(7.14)

With this H, let the sequence (pk)k∈Z+ and its gf P be defined by

pk =
∫

(0,1)

pk (1− p) dH(p), P (z) =
∫

(0,1)

1− p

1− p z
dH(p).(7.15)

Then (pk) can be viewed as a probability distribution on Z+ with p0 > 0
iff ε :=

∫
(0,1)

(1−p) dH(p) > 0. Moreover, if δ :=
∫
(0,1)

(1−p)
/
pdH(p) ≥ 0,

then ε > 0 and (pk) is infinitely divisible; in fact, P can then be written as

P (z) = P1(z)P2(z),(7.16)

where P1 is the pgf of the geometric (α) distribution and P2 is the pgf of a

mixture of geometric distributions.

Proof. Note that
∑∞
k=0 pk =

∫
(0,1)

dH(p) = 1 and that p0 = ε. Rewrit-
ing pk as

pk =
∫

(0,1)

(pk− αk) (1− p) dH(p) + ε αk [ k ∈Z+ ],

one sees that (pk) is a probability distribution on Z+ with p0 > 0 iff ε > 0.
As in Proposition 7.1 the function P in (7.15) can be represented as

P (z) = π(1− z), with π(s) :=
∫

(0,∞)

λ

λ+ s
dG(λ),

where G(λ) := 1−H
(
1
/
(λ+ 1)

)
for λ ≥ 0; note that G satisfies condition

(3.27) with λ0 := (1− α)
/
α. Let further δ ≥ 0. Then

∫
(0,∞)

λ dG(λ) ≥ 0,
so according to Theorem 3.10 the function π is an infinitely divisible pLSt.
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By Theorem 6.4 it follows that (ε > 0 and) P is an infinitely divisible pgf.
Moreover, the factorization (3.29) for π yields (7.16) with Pi(z) := πi(1−z)
for i = 1, 2; P1 and P2 are pgf’s of types as indicated in the theorem because
of Theorems 6.9 and 6.15. 22

By writing pk =
∫ p
0
(k + 1) rk dr

/
p and changing the order of integration

we see that the sequence (pk) in (7.15) can also be written as

pk = (k + 1)
∫ 1

0

pk B(p) dp [ k ∈Z+ ],(7.17)

where B is defined by B(p) :=
∫
(p,1)

(1− t)
/
tdH(t) for p ∈ (0, 1). If δ ≥ 0,

then B is nonnegative, so (pk) is a mixture of negative-binomial (2) distrib-
utions; the infinite divisibility of (pk) now also follows from Theorem 7.4.

We next want to present a discrete counterpart of Theorem 3.13, or
rather Corollary 3.14, on two-sided complete monotonicity. Let (pk)k∈Z

be a probability distribution on Z such that both the sequences (pk)k∈Z+

and (p−k)k∈Z+ are completely monotone. Then (pk) can be (uniquely)
represented as

pk =

{
c+ uk , if k ∈Z+,

c− v−k , if k ∈Z−,
(7.18)

where (uk)k∈Z+ and (vk)k∈Z+ are completely monotone probability distrib-
utions on Z+, and c+ and c− are numbers in (0, 1 ] determined by the fact
that −p0 + c+ + c− = 1 and p0 = c+ u0 = c− v0, so

c+ =
v0

u0 + v0 − u0v0
, c− =

u0

u0 + v0 − u0v0
.(7.19)

When (pk) is symmetric, (7.18) reduces to (IV.10.5), and because of The-
orem IV.10.2 (pk) is infinitely divisible; this is essentially due to Theo-
rem 7.5 with r = 1 and φ1(u) = cos u. In order to show that (pk) is infin-
itely divisible also in the asymmetric case, we rewrite (pk) as a mixture:
Let (δ0,k)k∈Z be the distribution on Z that is degenerate at zero, and ex-
tend (uk) and (vk) to distributions on Z by uk := vk := 0 for k < 0; then
putting c0 := −p0 < 0, we see that (pk) can be written as

pk = c0 δ0,k + c+ uk + c− v−k [ k ∈Z ],(7.20)

where the weights c0, c+, c− satisfy c+ ≥ 0, c− ≥ 0 and c0 + c+ + c− = 1,
and moreover c0 = −c+ u0 = −c− v0. For the approximation below it is
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convenient to know that the final condition here can be relaxed somewhat;
we will further suppose that only

c0 ≥ −c+ u0, c0 ≥ −c− v0.(7.21)

In fact, one easily verifies that also in this seemingly more general case (pk)
is a probability distribution on Z that is two-sided completely monotone;
just use the fact that an additional mixing with the degenerate distribution
at zero does not destroy the two-sided complete monotonicity. Now, by
Hausdorff’s theorem (uk) and (vk) are mixtures of geometric distributions
and, as before, in proving infinite divisibility of (pk) we may suppose that
these mixtures are finite mixtures of the same order n, say; cf. Proposi-
tion IV.2.3. Thus we assume that (pk) is of the form

pk = c0 δ0,k + c+

n∑
j=1

hj (1− aj) akj 1Z+(k) +

+ c−

n∑
j=1

h′j (1− a′j) (a′j)
−k 1Z−(k),

(7.22)

where the weights hj and h′j are positive with
∑n
j=1 hj =

∑n
j=1 h

′
j = 1 and

the parameters aj and a′j are in (0, 1) with a1 < · · · < an and a′1 < · · · < a′n.
Consider the characteristic function φ of (pk); it is of the form φ(u) = ψ(eiu)
for some C -valued function ψ on the unit circle in C. Extend ψ analytically;
then for z 6∈ {1/a1, . . . , 1/an, a′1, . . . , a

′
n} we can write

ψ(z) = c0 + c+

n∑
j=1

hj
1− aj
1− ajz

+ c−

n∑
j=1

h′j
1− a′j

1− a′j/z
=
Q2n(z)
P2n(z)

,(7.23)

where P2n is a polynomial of degree 2n and Q2n is a polynomial of degree 2n
if c0 > −c− v0 and of degree at most 2n −1 if c0 = −c− v0; in fact, if the
leading coefficient in P2n is taken to be one, then the coefficient of z2n

in Q2n is given by

c0 + c−

n∑
j=1

h′j (1− a′j) = c0 + c− v0,

which is nonnegative by (7.21). Proceed as in the proof of Theorem 3.3.
Considering the fact that 1

/
(1− ajz) → ±∞ as z → 1/aj ∓ 0 and the fact

that 1
/
(1− a′j/z) → ±∞ as z → a′j ± 0, one sees that ψ, and hence Q2n,

has 2n− 2 zeroes 1/b2, . . . , 1/bn and b′2, . . . , b
′
n satisfying bj ∈ (aj−1, aj) and

b′j ∈ (a′j−1, a
′
j) for all j. Since by (7.21)
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lim
z→0

ψ(z) = c0 + c+

n∑
j=1

hj (1− aj) = c0 + c+ u0 ≥ 0,

we find an additional zero b′1 satisfying b′1 ∈ [ 0, a′1). In case c0 > −c− v0 we
find a final zero 1/b1 with b1 ∈ (0, a1) by noting that

lim
z→∞

ψ(z) = c0 + c−

n∑
j=1

h′j (1− a′j) = c0 + c− v0 > 0.

Putting b1 := 0 if c0 = −c− v0, and using the fact that ψ(1) = 1, we con-
clude that in all cases ψ can be written as

ψ(z) =
( n∏
j=1

1− aj
1− ajz

/ 1− bj
1− bjz

) ( n∏
j=1

1− a′j
1− a′j/z

/ 1− b′j
1− b′j/z

)
.(7.24)

Now, use the fact (cf. Example II.11.10) that for a, b ∈ (0, 1):

z 7→ 1− a

1− a z

/ 1− b

1− b z
is an infinitely divisible pgf ⇐⇒ b ≤ a.

Since bj < aj and b′j < a′j for all j, it follows that the characteristic func-
tion φ of (pk) is of the form

φ(u) = φ1(u)φ2(u),(7.25)

with φ1 the characteristic function of an infinitely divisible distribution
on Z+ and φ2 the characteristic function of an infinitely divisible distrib-
ution on Z−. Therefore, (pk) is infinitely divisible. We summarize.

Theorem 7.10. A probability distribution (pk)k∈Z on Z with the property

that both the sequences (pk)k∈Z+ and (p−k)k∈Z+ are completely monotone,

is infinitely divisible.

Finally, we briefly return to the negative-binomial distribution with
general shape parameter r > 0, and also mix with respect to r. The fol-
lowing result is an immediate consequence of Theorem 4.9; cf. the proof of
Theorem 7.4.

Theorem 7.11. A pgf P of the form

P (z) =
∫

(0,2]×[0,1)

( 1− p

1− p z

)r
dH(r, p),(7.26)

with H a distribution function on (0, 2 ]× [ 0, 1), is infinitely divisible.
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It follows that for p ∈ (0, 1) and a distribution function H on (0,∞) the
power mixture

P (z) =
∫

(0,∞)

( 1− p

1− p z

)r
dH(r)(7.27)

is infinitely divisible if the support S(H) of H is restricted to (0, 2 ]. Of
course, another sufficient condition is infinite divisibility of H; cf. Proposi-
tion 2.1.

8. Generalized negative-binomial convolutions

A probability distribution (pk)k∈Z+ on Z+ is said to be a generalized
negative-binomial convolution if it is the weak limit of finite convolutions
of negative-binomial distributions; the pgf P of such a (pk) can be obtained
as in (6.16). We reformulate Corollary 6.18 in terms of transforms.

Proposition 8.1. A function P on [ 0, 1 ] is the pgf of a generalized negat-

ive-binomial convolution iff P has the form

P (z) = π(1− z) [ 0 ≤ z ≤ 1 ],(8.1)

where π is the pLSt of a generalized gamma convolution.

This representation result will be used to translate results for general-
ized gamma convolutions into results in the present context. We start with
doing so for Theorem 5.1 and Proposition 5.2; the proofs of the next two
results are similar to those of Theorem 7.6 and Proposition 7.2, respectively.

Theorem 8.2 (Canonical representation). A function P on [ 0, 1 ] is

the pgf of a generalized negative-binomial convolution iff P has the form

P (z) = exp
[
−a (1−z)+

∫
(0,1)

log
1− p

1− p z
dV (p)

]
[ 0 ≤ z ≤ 1 ],(8.2)

where a ≥ 0 and V is a right-continuous nondecreasing function on (0, 1)
satisfying V (1−) = 0 and, necessarily,∫

(0, 12 )

p dV (p) <∞,

∫
( 1
2 ,1)

log
1

1− p
dV (p) <∞.(8.3)
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In proving this theorem one observes that if P satisfies (8.1) with π the
pLSt of a generalized gamma convolution with canonical pair (a, U), so
with π of the form (5.2), then P satisfies (8.2) with the same a and with V
given by

V (p) = −U(1/p− 1)
[
V continuous at p ∈ (0, 1)

]
.(8.4)

Condition (8.3) is equivalent to the integral in (8.2) being finite; in par-
ticular, it guarantees that the pgf P in (8.2) has P (0) positive. If a > 0,
then P has a Poisson factor; we will often restrict ourselves to the case
where a = 0.

Proposition 8.3. If a sequence (Pn) of pgf’s of generalized negative-bi-

nomial convolutions converges (pointwise) to a pgf P , then P is the pgf of

a generalized negative-binomial convolution.

By its definition a generalized negative-binomial convolution is infinitely
divisible; cf. Section II.2. The canonical sequence (rk)k∈Z+ of the pgf P in
(8.2) has gf R given by

R(z) :=
d
dz

log P (z) = a+
∫

(0,1)

p

1− p z
dV (p),(8.5)

so the rk themselves can be written as

rk = a δ0,k +
∫

(0,1)

pk+1 dV (p) =
∫

[0,1)

pk dV1(p) [ k ∈Z+ ],(8.6)

where V1(p) := 0 for p < 0 and V1(p) := a+
∫
(0,p]

tdV (t) for p ∈ [ 0, 1), which
is finite because of (8.3). By the uniqueness part of Hausdorff’s theorem it
follows that the canonical pair (a, V ) of P is uniquely determined by P ; the
function V is called the Thorin function of P (and of the corresponding dis-
tribution). Hausdorff’s theorem also implies the direct part of the following
characterization result; the converse part is similarly obtained by using the
canonical representations of Theorems II.4.1 and 8.2.

Theorem 8.4. A probability distribution (pk) on Z+ is a generalized neg-

ative-binomial convolution iff it is infinitely divisible having a canonical

sequence (rk) that is completely monotone. In this case the Hausdorff

representation of (rk) can be obtained from the canonical pair (a, V ) as in

(8.6).
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This theorem can be used to obtain a sufficient condition for infinite divis-
ibility as in the following proposition; compare with the sufficient condition
given in Theorem 7.4.

Proposition 8.5. A probability distribution (pk)k∈Z+ on Z+ is infinitely

divisible if it is of the form

pk =
1
µ

(k + 1) qk+1 [ k ∈Z+ ](8.7)

with (qk)k∈Z+ a generalized negative-binomial convolution that has finite

mean µ.

Proof. Similar to that of Proposition 5.4. If P1 is the pgf of (qk) and R1

is the R-function of P1, then the pgf P of (pk) can be written as

P (z) =
1
µ
P ′1(z) =

1
µ
P1(z)R1(z) = P1(z)P2(z),

where P2 := R1/µ is the gf of a probability distribution that is completely
monotone and hence infinitely divisible. 22

Theorem 8.4 can also be used to show that the generalized negative-binom-
ial convolutions interpolate between the stable and the self-decomposable
distributions on Z+; just apply Theorems V.4.13 and V.5.6, and note that,
for γ ∈ (0, 1) and k ∈Z+,

(
k−γ
k

)
is the k-th moment of the beta (1−γ, γ)

distribution (cf. Section B.3). Alternatively, one might use Proposition 8.1
together with Propositions 5.5 and 5.7, Theorem 6.6 and Corollary 6.8.
Thus the following two propositions hold; the final statement in the first
one is a consequence of Theorem V.4.20.

Proposition 8.6. A generalized negative-binomial convolution (pk)k∈Z+

is self-decomposable. Moreover, (pk) is unimodal; it is nonincreasing iff it

starts nonincreasing in the sense that p1 ≤ p0.

Proposition 8.7. A stable distribution on Z+, with pgf P of the form

P (z) = exp
[
−λ (1− z)γ

]
,(8.8)

where λ > 0 and γ ∈ (0, 1 ], is a generalized negative-binomial convolution.

Next we establish a connection with the mixtures of negative-binomial
distributions from the preceding section. First, recall from Theorem 7.8
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that the mixtures of geometric distributions correspond to the infinitely
divisible distributions on Z+ that have a canonical sequence (rk) such that

1
k + 1

rk =
∫ 1

0

pk w(p) dp [ k ∈Z+ ](8.9)

for some function w satisfying 0 ≤ w ≤ 1; let us call w the canonical density
of the mixture. Now, if (rk) is as in (8.6), then by using Fubini’s theorem
one sees that

1
k + 1

rk = a δ0,k +
∫ 1

0

pk
{
−V (p)

}
dp [ k ∈Z+ ].(8.10)

By Theorem 8.4 and the uniqueness part of Hausdorff’s theorem we thus
obtain the following result.

Proposition 8.8. A generalized negative-binomial convolution with can-

onical pair (a, V ) is a mixture of geometric distributions iff a = 0 and V

satisfies−V (0+) ≤ 1. In this case for the canonical density w of the mixture

one may take w = −V .

We make a few comments on this result. The first one concerns a gener-
alized negative-binomial convolution (pk) with canonical pair (0, V ). Ac-
cording to Proposition 8.6 and (8.6) (note that r0 = p1/p0) such a (pk) is
monotone iff

∫
(0,1)

p dV (p) ≤ 1. Since this condition is less restrictive than
−V (0+) =

∫
(0,1)

dV (p) ≤ 1, it follows from Proposition 8.8 that monotonic-
ity of (pk) is not equivalent to complete monotonicity of (pk). This is con-
trary to the R+-case, where we do have such an equivalence for densities of
generalized gamma convolutions; cf. Corollary 5.9. In view of Theorem 6.14
we conclude that there exist pgf’s P of the form (8.1) that correspond to
monotone distributions but for which π corresponds to a density that is
not monotone; we refer to Section 12 for an example. The second comment
concerns a converse; if (rk) satisfies (8.10) with V nondecreasing, then (rk)
can be written as in (8.6). Together with Theorem 8.4 and Proposition 8.8
this shows that the mixtures of geometric distributions that can be viewed
as generalized negative-binomial convolutions, can be identified as follows.

Corollary 8.9. A mixture of geometric distributions with canonical den-

sity w is a generalized negative-binomial convolution iff w can be chosen

to be nonincreasing.
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The final comment on Proposition 8.8 concerns the following generalization
of its main part; it is easily obtained from the canonical representation in
Theorem 8.2.

Corollary 8.10. For r > 0 a generalized negative-binomial convolution

with canonical pair (a, V ) is the r-fold convolution of a mixture of geo-

metric distributions iff a = 0 and V satisfies −V (0+) ≤ r.

The generalized negative-binomial convolutions in this corollary, with r

fixed, can also be viewed as mixtures of negative-binomial (r) distributions,
so as distributions (pk)k∈Z+ on Z+ of the form

pk =
(
k + r − 1

k

)
αk, with (αk) completely monotone;(8.11)

cf. (7.1). This easily follows by translating Theorem 5.12 in the usual
way: Apply Corollary 6.16, use Proposition 8.1 and observe that because
of (8.4) the Thorin functions U of π and V of P satisfy the relation
limλ→∞ U(λ) = −V (0+). This leads to the following result; its corollary is
a consequence of Corollary 8.10.

Theorem 8.11. For r > 0 a generalized negative-binomial convolution

with canonical pair (a, V ) is a mixture of negative-binomial (r) distributions

iff a = 0 and V satisfies −V (0+) ≤ r.

Corollary 8.12. For r > 0 a generalized negative-binomial convolution is

a mixture of negative-binomial (r) distributions iff it is the r-fold convolu-

tion of a mixture of geometric distributions.

As in the R+-case, we will look for sufficient conditions for (pk) of
the form (8.11) to be a generalized negative-binomial convolution. More
generally, we are interested in determining classes of explicit distributions
(pk)k∈Z+ on Z+ that are generalized negative-binomial convolutions, and
hence are self-decomposable and infinitely divisible. Of course, translating
Proposition 8.1 in terms of distributions yields the following result.

Proposition 8.13. A probability distribution (pk)k∈Z+ on Z+ of the form

pk =
1
k!

∫ ∞

0

xk e−x g(x)dx [ k ∈Z+ ](8.12)

is a generalized negative-binomial convolution if (and only if) g is a density

of a generalized gamma convolution.
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The main results of Section 5, i.e., Theorems 5.18, 5.24 and 5.30, now give
important criteria in terms of hyperbolic complete monotonicity : If the den-
sity g itself, or the Lt π of g, or the distribution function G corresponding
to g, is hyperbolically completely monotone, then (pk) in (8.12) is a general-
ized negative-binomial convolution. Such a distribution (pk) can, however,
seldom be obtained explicitly. Therefore, it would be of great interest to
have a discrete analogue of Theorem 5.18, i.e., we would like to have an
appropriate concept of discrete hyperbolic complete monotonicity for se-
quences, with the property that (pk) is hyperbolically completely monotone
iff (pk) is of the form (8.12) with g hyperbolically completely monotone;
then it would follow that any hyperbolically completely monotone distrib-
ution (pk) is a generalized negative-binomial convolution, and is hence self-
decomposable and infinitely divisible. Unfortunately, such a concept has
not been found yet. If it exists, it will not satisfy the discrete counterparts
of the product properties of Propositions 5.19 (ii) and 5.27, because the
product X Y of two independent geometrically distributed random vari-
ables X and Y is not even infinitely divisible; see Section 12. Using the
�-product as considered in Section 2, however, we can state the following
result; as in Section 6, N(T ) is the Poisson process of rate one, stopped at
an independent random time T .

Proposition 8.14. Let Z and Y be independent random variables, Z non-

negative and Y Z+-valued. Then Z�Y is well defined and its distribution is

a generalized negative-binomial convolution in each of the following cases:

(i) Z has a hyperbolically completely monotone density and the distrib-

ution of Y is a generalized negative-binomial convolution;

(ii) The distribution of Z is a generalized gamma convolution and Y

satisfies Y
d= N(T ) with T a random variable with a hyperbolically

completely monotone density.

Proof. By Proposition 8.1 (or rather Corollary 6.18) in case (i) we have
Y

d= N(T ) where the distribution of T is a generalized gamma convolution.
Hence in both cases

Z � Y
d= N(ZT ), with Z and T independent,

because by (6.4) Z�N(T ) d= N(ZT ). Now apply Proposition 5.27, and use
the fact that the distribution of N(ZT ) is a generalized negative-binomial
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convolution if (and only if) the distribution of ZT is a generalized gamma
convolution. 22

Let us look at some implications of this proposition in terms of distrib-
utions. If Z has an absolutely continuous distribution with density g, then
Z � Y has distribution (pk) given by

pk =
∫ ∞

0

IP(x� Y = k) g(x) dx [ k ∈Z+ ].(8.13)

So, by taking Y in part (i) of the proposition Poisson (1) and observing
that x � Y is Poisson (x) for x > 0, we get the special case of Proposi-
tion 8.13 with g hyperbolically completely monotone. Further, by tak-
ing Y in part (ii) negative-binomial (r, 1

2 ) or, equivalently, T standard
gamma (r) and observing that the distribution of x�Y is negative-binom-
ial

(
r, x

/
(1 + x)

)
for x > 0, we obtain the following counterpart to Propo-

sition 8.13.

Proposition 8.15. For r > 0 a probability distribution (pk)k∈Z+ on Z+

of the form

pk =
(
k + r − 1

k

) ∫ ∞

0

xk

(1 + x)k+r
g(x)dx [ k ∈Z+ ](8.14)

is a generalized negative-binomial convolution if g is the density of a gen-

eralized gamma convolution.

Note that (8.14) is of the form (8.11), so Proposition 8.15 gives a sufficient
condition for a mixture of negative-binomial (r) distributions to be a gener-
alized negative-binomial convolution; see also (7.2). In fact, the proposition
can be reformulated as follows: A negative-binomial (r,W ) distribution (so
with random success parameter W ) is a generalized negative-binomial con-
volution if the distribution of Z := W

/
(1−W ) is a generalized gamma

convolution.

In some special cases Propositions 8.13 and 8.15 can be used to de-
termine explicit distributions (pk) that are generalized negative-binomial
convolutions; for illustrating examples we refer to Section 12. In dealing
with concrete examples it is sometimes convenient to make use of the follow-
ing closure properties; the first one easily follows from Theorems 8.2 or 8.4,
and the second one is obtained by combining Propositions 5.25 and 8.1.
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Proposition 8.16. If (pk)k∈Z+ having pgf P is a generalized negative-

binomial convolution, then so is (p(α)
k )k∈Z+ , with p

(α)
k := αkpk

/
P (α), for

every α ∈ (0, 1).

Proposition 8.17.

(i) If π is the LSt of a generalized gamma convolution, then the function

z 7→ π
(
(1− z)γ

)
is the pgf of a generalized negative-binomial convo-

lution for every γ ∈ (0, 1 ].

(ii) If P is the pgf of a generalized negative-binomial convolution, then

so is the function z 7→ P
(
1− (1− z)γ

)
for every γ ∈ (0, 1 ].

Part (ii) of this proposition shows, for instance, that the generalized negat-
ive-binomial convolutions that are stable, can be obtained in a simple way
from the Poisson distribution.

9. Mixtures of zero-mean normal distributions

We turn to probability distributions on R, and consider variance mix-
tures of normal distributions with mean zero. In doing so it will appear
more convenient to mix with respect to half the variance, so we consider
normal (0, 2T ) distributions with positive random T . Their densities are
called mixtures of zero-mean normal densities and are given by

f(x) =
∫

(0,∞)

1
2
√
πt

exp
[
−x2

/
(4t)

]
dG(t) [x 6= 0 ],(9.1)

with G = FT . Sometimes we allow T to be zero; the corresponding ‘normal’
distribution is then degenerate at zero. The characteristic functions φ of
the resulting mixtures of zero-mean normal distributions can be written as

φ(u) =
∫

R+

exp [−tu2] dG(t) = π(u2),(9.2)

with π the LSt of G. As noted in Section 2, these mixtures can be viewed
as power mixtures and as scale mixtures; a random variable X with charac-
teristic function φ given by (9.2) can be represented as

X
d= B(T ) and X

d=
√
T B,(9.3)

where B(·) is Brownian motion with B := B(1) normal (0, 2) and T is in-
dependent of B(·). We will mostly use, without further comment, the
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first representation in (9.3). Of course, the distributions of T and B(T )
determine each other, so

B(T1)
d= B(T2) ⇐⇒ T1

d= T2.(9.4)

Moreover, similar to the proof of Proposition 3.1 one shows that the class
of mixtures of zero-mean normal distributions is closed under weak conver-
gence.

Proposition 9.1. If a sequence (φn) of mixtures of zero-mean normal

characteristic functions converges (pointwise) to a characteristic function φ,

then φ is a mixture of zero-mean normal characteristic functions.

The mapping T 7→ B(T ) transforms distributions on R+ into symmetric
distributions on R. It preserves infinite divisibility, i.e., if T is infinitely
divisible, then so is B(T ); this immediately follows from Proposition 2.1.
The converse is not true; see Section 12. But for B(T ) to be infinitely divis-
ible the random variable T has to have several properties in common with
infinitely divisible random variables. For instance, if T is non-degenerate,
then T cannot have an arbitrarily thin tail; cf. Theorem III.9.1. We will
not prove this rather technical result (see Notes), and only show that T
must be unbounded.

Proposition 9.2. The random variable B(T ) is infinitely divisible if T is

infinitely divisible. On the other hand, B(T ) is not infinitely divisible if T

is non-degenerate and bounded.

Proof. We only have to prove the second assertion, so let T be bounded
by some a > 0. Consider the tail probability IP

(
|B(T )| > x

)
for x > 0;

because of (9.1) it satisfies

x IP
(
|B(T )| > x

)
≤

∫
(0,a]

(∫ ∞

x

y√
πt

exp
[
−y2

/
(4t)

]
dy

)
dG(t) =

=
∫

(0,a]

2
√
t√
π

exp
[
−x2

/
(4t)

]
dG(t) ≤ 2

√
a/π exp

[
−x2

/
(4a)

]
.

Now, suppose that B(T ) is infinitely divisible, and apply Corollary IV.9.9.
Then from the estimation above it follows that B(T ) is normal and hence
by (9.4) that T is degenerate. 22
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It is not known whether, as for N(T ) in Theorem 6.3, there are simple
necessary and sufficient conditions on T for B(T ) to be infinitely divisible.
Also, the analogue of Theorem 6.4 does not hold, i.e., infinite divisibility
of T is not characterized by the infinite divisibility of B(θT ) for all θ > 0;
this follows from the fact that by (9.3) B(θT ) d=

√
θ B(T ). Similar remarks

can be made with respect to self-decomposability ; using just the definitions
one easily shows that

T self-decomposable =⇒ B(T ) self-decomposable,(9.5)

but there seems to be no converse. The mapping T 7→ B(T ) also preserves
stability ; in this case there does exist a converse.

Theorem 9.3. For γ ∈ (0, 1 ] an R+-valued random variable T is stable

with exponent γ iff B(T ) is stable with exponent 2γ.

Proof. Use the canonical representation for the pLSt π of a stable distrib-
ution on R+ with exponent γ ∈ (0, 1 ] and for the characteristic function φ

of a symmetric stable distribution on R with exponent γ ∈ (0, 2 ]; according
to Theorems V.3.5 and V.7.6 they are given by

π(s) = exp [−λ sγ ], φ(u) = exp
[
−λ |u|γ

]
,(9.6)

where λ > 0. The assertion of the theorem now immediately follows from
(9.2) and (9.4). 22

Corollary 9.4. For γ ∈ (0, 2 ] a random variable X has a symmetric stable

distribution with exponent γ iff X
d= B(T ) where T is R+-valued and stable

with exponent 1
2γ.

Similarly one shows that Theorem 9.3 and its corollary have close ana-
logues for the gamma and sym-gamma distributions with shape parame-
ter r, whose pLSt’s π and characteristic functions φ, respectively, are of
the form

π(s) =
( λ

λ+ s

)r
, φ(u) =

( λ2

λ2 + u2

)r
,(9.7)

where λ > 0. We state the results.

Theorem 9.5. For r> 0 an R+-valued random variable T has a gamma (r)

distribution iff B(T ) has a sym-gamma (r) distribution.
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Corollary 9.6. For r > 0 a random variable X has a sym-gamma (r) dis-

tribution iff X
d= B(T ) with T gamma (r) distributed.

Taking r = 1 we see that T has an exponential distribution iff B(T ) has
a Laplace distribution. Using the first part of Proposition 9.2 one easily
shows that for the more general compound-exponential distributions on R+

and on R we have

T compound-exponential =⇒ B(T ) compound-exponential;(9.8)

as for (9.5) there seems to be no converse.

We turn to log-convex and, more specially, completely monotone den-
sities. Since log-convex densities on R do not exist and there seems to be
no obvious concept of complete monotonicity for functions on R, Theo-
rems 6.13 and 6.14 have no (partial) analogues. On the other hand, com-
pletely monotone densities on (0,∞) coincide with mixtures of exponential
densities, and these mixtures do have an obvious counterpart on R, viz.
mixtures of Laplace densities, which are of the form

f(x) =
∫

(0,∞)

1
2λ e−λ|x| dH(λ) [x 6= 0 ](9.9)

with H a distribution function on (0,∞).

More generally, for r > 0 we will relate the mixtures of gamma (r) dis-
tributions and the mixtures of sym-gamma (r) distributions with pLSt’s π
and characteristic functions φ of the form

π(s) = α+ (1− α)
∫

(0,∞)

( λ

λ+ s

)r
dG(λ),

φ(u) = α+ (1− α)
∫

(0,∞)

( λ2

λ2 + u2

)r
dH(λ),

(9.10)

where α ∈ [ 0, 1 ] and G and H are distribution functions on (0,∞). In fact,
proceeding as for Theorem 9.5 one obtains the following result.

Theorem 9.7. For r > 0 the distribution of an R+-valued random vari-

able T is a mixture of gamma (r) distributions iff the distribution of B(T )
is a mixture of sym-gamma (r) distributions.

Corollary 9.8. For r > 0 the distribution of a random variable X is a

mixture of sym-gamma (r) distributions iff X
d= B(T ) where the distrib-

ution of T is a mixture of gamma (r) distributions.
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The relation between π and φ in (9.7) also immediately yields an analogous
relation between the generalized gamma convolutions and the (similarly
defined) generalized sym-gamma convolutions with pLSt’s π and charac-
teristic functions φ that can be obtained as

π(s) = lim
n→∞

mn∏
j=1

( λn,j
λn,j+ s

)rn,j

, φ(u) = lim
n→∞

mn∏
j=1

( λ2
n,j

λ2
n,j+ u2

)rn,j

,(9.11)

with obvious restrictions on the parameters.

Theorem 9.9. The distribution of an R+-valued random variable T is a

generalized gamma convolution iff the distribution of B(T ) is a generalized

sym-gamma convolution.

Corollary 9.10. The distribution of a random variable X is a generalized

sym-gamma convolution iff X
d= B(T ) where the distribution of T is a

generalized gamma convolution.

In the next two sections we will use Corollaries 9.8 and 9.10 to translate
results from Sections 3, 4 and 5 into similar results for the mixtures of
sym-gamma distributions and the generalized sym-gamma convolutions.

10. Mixtures of sym-gamma distributions

We will mostly consider the sym-gamma (r, λ) distribution for a fixed
value of the shape parameter r > 0. As stated in (9.10), the characteristic
function φ of a mixture of sym-gamma (r) distributions is of the form

φ(u) = α+ (1− α)
∫

(0,∞)

( λ2

λ2 + u2

)r
dH(λ),(10.1)

where α ∈ [ 0, 1 ] and H is a distribution function on (0,∞). These charac-
teristic functions can be represented as in the following reformulation of
Corollary 9.8.

Proposition 10.1. A function φ on R is the characteristic function of a

mixture of sym-gamma (r) distributions iff φ has the form

φ(u) = π(u2) [u ∈R ],

where π is the pLSt of a mixture of gamma (r) distributions.
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Clearly, the mixtures in (10.1) are scale mixtures; they correspond to
random variables of the form Z Y with Z nonnegative and Y sym-gam-
ma (r), and Z and Y independent. Use of Proposition 10.1 translates
Propositions 4.1 and 4.2 into the following properties; cf. Propositions 7.2
and 7.3.

Proposition 10.2. If a sequence (φn) of mixtures of sym-gamma (r) char-

acteristic functions converges (pointwise) to a characteristic function φ,

then φ is a mixture of sym-gamma (r) characteristic functions.

Proposition 10.3. For α ∈ (0, 1), mixtures of sym-gamma (αr) distrib-

utions can be regarded as mixtures of sym-gamma (r) distributions.

Similarly, Theorem 4.5 and Proposition 9.2 imply a result that was already
obtained in the second part of Theorem 4.7 and can be reformulated as
follows; see f2 in Example IV.2.9.

Theorem 10.4. A mixture of sym-gamma (2) distributions is infinitely

divisible. Consequently, a probability density f on R is infinitely divisible

if f is of the form

f(x) =
∫

(0,∞)

1
4λ

(
1 + λ|x|

)
e−λ|x| dH(λ) [x 6= 0 ](10.2)

with H a distribution function on (0,∞).

Note that f in (10.2) can be written as the following two-term mixture:

f(x) = 1
2

∫
(0,∞)

1
2λ e−λ|x| dH(λ) + 1

2

∫
(0,∞)

1
2λ

2 |x| e−λ|x| dH(λ).

Now by Proposition 4.2 the first term here can be put in the same form
as the second term, so f can be viewed as a mixture of double-gamma (2)
distributions:

f(x) =
∫

(0,∞)

1
2λ

2 |x| e−λ|x| dG(λ) = |x|ψ
(
|x|

)
[x 6= 0 ],(10.3)

where G is a distribution function on (0,∞) and ψ is completely monotone.
Not every density f of the form (10.3) is, however, a mixture of sym-
gamma (2) densities. In fact, not every f of the form (10.3) is infinitely
divisible; cf. Example IV.11.15.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Thus, for r ≤ 2 all mixtures of sym-gamma (r) distributions are infin-
itely divisible. Moreover, Theorem 4.9 implies that mixing with respect to
such values of r preserves infinite divisibility.

Theorem 10.5. A characteristic function φ of the form

φ(u) = α+ (1−α)
∫

(0,2]×(0,∞)

( λ2

λ2 + u2

)r
dH(r, λ),(10.4)

with α ∈ [ 0, 1 ] and H a distribution function on (0, 2 ]× (0,∞), is infinitely

divisible.

It follows that for λ > 0 and a distribution function H on (0,∞) the power
mixture

φ(u) =
∫

(0,∞)

( λ2

λ2 + u2

)r
dH(r)(10.5)

is infinitely divisible if the support S(H) of H is restricted to (0, 2 ]. Of
course, another sufficient condition is infinite divisibility of H; cf. Proposi-
tion 2.1.

We take r = 1 in (10.1) and thus consider mixtures of Laplace distrib-
utions. As we saw above, these mixtures are infinitely divisible (this also
immediately follows from Theorem 3.3), and we now want to characterize
them among the infinitely divisible distributions. This can be done by
using the following canonical representation, which by Proposition 10.1
easily follows from Theorem 3.5; cf. the proof of Theorem 7.6.

Theorem 10.6 (Canonical representation). A function φ on R is the

characteristic function of a mixture of Laplace distributions iff φ has the

form

φ(u) = exp
[
−

∫ ∞

0

( 1
λ2

− 1
λ2 + u2

)
w(λ) 2λ dλ

]
[u ∈R ],(10.6)

where w is a measurable function on (0,∞) satisfying 0 ≤ w ≤ 1 and, nec-

essarily, ∫ 1

0

1
λ
w(λ) dλ <∞.(10.7)

Corollary 10.7. If φ is the characteristic function of a mixture of Laplace

distributions, then so is φa for any a ∈ [ 0, 1 ]. Consequently, the convolution

roots of a mixture of Laplace distributions are mixtures of Laplace distrib-

utions as well.
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We now come to the announced characterization, and recall that the infin-
itely divisible characteristic functions φ are uniquely determined by the
canonical triple (a, σ2,M) in the Lévy representation in Theorem IV.4.4.

Theorem 10.8. A probability distribution on R is a mixture of Laplace

distributions iff it is infinitely divisible having a Lévy canonical triple

(0, 0,M) such that M has a density m of the form

m(x) =
∫ ∞

0

e−λ|x| w(λ) dλ [x 6= 0 ],(10.8)

where w is a measurable function on (0,∞) satisfying 0 ≤ w ≤ 1 and, nec-

essarily, condition (10.7).

Proof. Use Theorem 10.6. First, let φ be a characteristic function of the
form (10.6) with w as indicated. Then using the fact that u 7→ λ2

/
(λ2+u2)

is the characteristic function of the Laplace (λ) distribution, by Fubini’s
theorem we see that φ can be written as

φ(u) = exp
[∫

R\{0}
(eiux− 1)m(x) dx

]
(10.9)

with m given by (10.8). Now observe that because of condition (10.7) and
the fact that 0 ≤ w ≤ 1, the function m satisfies∫ ∞

x

m(t) dt <∞ for x > 0,
∫ ∞

0

x

1 + x2
m(x) dx <∞.(10.10)

From Theorem IV.4.4 it follows that φ has canonical triple (a, σ2,M) as
indicated. The converse statement follows by inserting the expression for m
in the Lévy representation for φ. 22

Note that m in (10.8) satisfies
∫ 1

0
xm(x) dx < ∞. Therefore, by Corol-

lary IV.4.16 it follows that the mixtures of Laplace distributions can be
decomposed in a way that is well known for the Laplace distribution.

Corollary 10.9. If the distribution of a random variable X is a mixture

of Laplace distributions, then X can be written as

X
d= Y − Y ′, with Y infinitely divisible and R+-valued,

where Y ′ is independent of Y with Y ′ d= Y .
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We proceed with considering generalized mixtures of Laplace distrib-
utions in the sense that also ‘negative probabilities’ in the mixing function
are allowed.

Theorem 10.10. LetH be a right-continuous bounded function satisfying

H(λ) = 0 for λ ≤ 0 and such that for some λ0 > 0{
H is nondecreasing on [ 0, λ0),

H is nonincreasing on [λ0,∞) with limλ→∞H(λ) = 1.
(10.11)

With this H, let the function f on R \{0} and its Ft φ be defined by

f(x) =
∫

(0,∞)

1
2λ e−λ|x| dH(λ), φ(u) =

∫
(0,∞)

λ2

λ2 + u2
dH(λ).(10.12)

Then f can be viewed as a probability density iff ε :=
∫
(0,∞)

λ dH(λ) ≥ 0.

Moreover, if δ :=
∫
(0,∞)

λ2 dH(λ) ≥ 0, then ε ≥ 0 and f is infinitely divis-

ible; in fact, φ can then be written as

φ(u) = φ1(u)φ2(u),(10.13)

where φ1 is the characteristic function of the Laplace (λ0) distribution

and φ2 is the characteristic function of a mixture of Laplace distributions.

Proof. Note that
∫

R f(x) dx =
∫
(0,∞)

dH(λ) = 1 and that f(0+) = 1
2ε and

ε ∈ [−∞,∞). So, if ε < 0, then f is not a density. On the other hand, if
ε ≥ 0, then by writing f on R \{0} as

f(x) =
∫

(0,∞)

1
2λ

(
e−λ|x|− e−λ0|x|

)
dH(λ) + 1

2ε e−λ0|x|,

we see that f(x) ≥ 0 for all x. As in Proposition 10.1 the function φ in
(10.12) can be represented as

φ(u) = π(u2), with π(s) =
∫

(0,∞)

λ

λ+ s
dG(λ),

where G(λ) := H(
√
λ) for λ ≥ 0; note that G satisfies condition (3.27)

with λ0 replaced by λ2
0. Let further δ ≥ 0. Then

∫
(0,∞)

λ dG(λ) ≥ 0, so
according to Theorem 3.10 the function π is an infinitely divisible pLSt.
By Proposition 9.2 it follows that (ε > 0 and) φ is an infinitely divisible
characteristic function. Also, factorization (3.29) for π yields (10.13) with
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φi(u) := πi(u2) for i = 1, 2; φ1 and φ2 are characteristic functions of types
as indicated in the theorem because of Theorems 9.5 and 9.7. 22

By writing e−λ|x| as
∫∞
λ
|x| e−t|x| dt and changing the order of integration

we see that the function f in (10.12) can also be written as

f(x) = |x|
∫

(0,∞)

e−λ|x| C(λ) dλ [x 6= 0 ],(10.14)

where C(λ) := 1
2

∫
(0,λ]

y dH(y) for λ > 0. If ε ≥ 0, then C is nonnegative,
so from (10.14) it is seen once more that f(x) ≥ 0 for all x. Moreover, it
follows that Theorem 10.10, like Theorem 10.4, gives examples of densities f
of the attractive form (10.3) that are infinitely divisible.

11. Generalized sym-gamma convolutions

A probability distribution on R is said to be a generalized sym-gamma
convolution if it is the weak limit of finite convolutions of sym-gamma dis-
tributions; the corresponding characteristic function φ can be obtained as
in (9.11). We reformulate Corollary 9.10 in terms of transforms.

Proposition 11.1. A function φ on R is the characteristic function of a

generalized sym-gamma convolution iff φ has the form

φ(u) = π(u2) [u ∈R ],(11.1)

where π is the pLSt of a generalized gamma convolution.

This representation result will be used to translate results for gener-
alized gamma convolutions into results in the present context. We start
with doing so for Theorem 5.1 and Proposition 5.2; cf. Theorem 8.2 and
Proposition 8.3.

Theorem 11.2 (Canonical representation). A function φ on R is the

characteristic function of a generalized sym-gamma convolution iff it has

the form

φ(u) = exp
[
−au2 +

∫
(0,∞)

log
λ2

λ2 + u2
dV (λ)

]
[u ∈R ],(11.2)

where a ≥ 0 and V is an LSt-able function with V (0) = 0 and, necessarily,∫
(0,1]

log
1
λ

dV (λ) <∞,

∫
(1,∞)

1
λ2

dV (λ) <∞.(11.3)
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In proving this theorem one observes that the Thorin function V is obtained
from the Thorin function U of π in (11.1) by

V (λ) = U(λ2) [λ ∈R ].(11.4)

Of course, the canonical pair (a, V ) of φ in (11.2) is uniquely determined
by φ. If a > 0, then φ has a normal factor; we will often restrict ourselves
to the case where a = 0.

Proposition 11.3. If a sequence (φn) of characteristic functions of gen-

eralized sym-gamma convolutions converges (pointwise) to a characteristic

function φ, then φ is the characteristic function of a generalized sym-gamma

convolution.

Clearly, the generalized sym-gamma convolutions are infinitely divisible.
We will now characterize them among the infinitely divisible distributions
using the Lévy canonical triple (a, σ2,M); cf. Theorem IV.4.4.

Theorem 11.4. A probability distribution on R is a generalized sym-

gamma convolution without normal component iff it is infinitely divisible

having a Lévy canonical triple (0, 0,M) where M has an even density m

such that x 7→ xm(x) is completely monotone on (0,∞). In this case m

can be expressed in terms of the LSt V̂ of the Thorin function V of the

distribution by

m(x) =
1
|x|

V̂ (|x|) [x 6= 0 ].(11.5)

Proof. Use Theorem 11.2. First, let φ be a characteristic function of the
form (11.2) with a = 0 and with V as indicated. Use the fact (see Exam-
ple IV.4.8) that the Laplace (λ) distribution has canonical triple (0, 0,Mλ)
where Mλ has density mλ given by mλ(x) = e−λ|x|

/
|x| for x 6= 0, so

log
λ2

λ2 + u2
=

∫
R\{0}

(
eiux− 1− iux

1 + x2

)
mλ(x) dx.

Inserting this in (11.2) and using Fubini’s theorem, we see that φ can be
written as

φ(u) = exp
[∫

R\{0}

(
eiux− 1− iux

1 + x2

)
m(x) dx

]
with m given by (11.5). It follows that φ has canonical triple (a, σ2,M) as
indicated. The converse statement follows by noting that by Bernstein’s
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theorem m can be represented as in (11.5), and then inserting this expres-
sion for m in the Lévy representation for φ. 22

This theorem can be used to show that the generalized sym-gamma convo-
lutions interpolate between the symmetric stable and the self-decomposable
distributions on R; just apply Theorems V.6.12 and V.7.9. Alternatively,
one might use Proposition 11.1 together with Propositions 5.5 and 5.7,
(9.5) and Corollary 9.4. Thus the following two propositions hold; the final
statement in the first one is a consequence of Theorems V.6.14 and V.6.23.

Proposition 11.5. A generalized sym-gamma convolution is self-decom-

posable. Moreover, it is absolutely continuous and unimodal.

Proposition 11.6. A symmetric stable distribution, with characteristic

function φ of the form

φ(u) = exp
[
−λ |u|γ

]
,(11.6)

where λ > 0 and γ ∈ (0, 2 ], is a generalized sym-gamma convolution.

Next we establish a connection with the mixtures of sym-gamma dis-
tributions from the preceding section. By Theorem 11.4 a generalized sym-
gamma convolution with canonical pair (a, V ) has a Lévy density m that
satisfies (11.5). This relation can be rewritten as

m(x) =
∫ ∞

0

e−λ|x| V (λ) dλ [x 6= 0 ],(11.7)

and, conversely, if m is of the form (11.7) with V an LSt-able function,
then m satisfies (11.5). Now, compare (11.7) with (10.8) where the Lévy
density m of a mixture of Laplace distributions is given in terms of the
second canonical density w satisfying 0 ≤ w ≤ 1. Then one is led to the
following proposition and the first corollary; the second corollary is easily
obtained from the canonical representation in Theorem 11.2.

Proposition 11.7. A generalized sym-gamma convolution with canonical

pair (a, V ) is a mixture of Laplace distributions iff a = 0 and V satisfies

limλ→∞ V (λ) ≤ 1. In this case for the second canonical density w of the

mixture one may take w = V .
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Corollary 11.8. A mixture of Laplace distributions with second canonical

density w is a generalized sym-gamma convolution iff w can be chosen to

be nondecreasing.

Corollary 11.9. For r > 0 a generalized sym-gamma convolution with

canonical pair (a, V ) is the r-fold convolution of a mixture of Laplace dis-

tributions iff a = 0 and V satisfies limλ→∞ V (λ) ≤ r.

The generalized sym-gamma convolutions in this corollary, with r fixed,
can also be viewed as mixtures of sym-gamma (r) distributions. This easily
follows by translating Theorem 5.12 in the usual way: Apply Corollary 9.8,
use Proposition 11.1 and observe that because of (11.4) the Thorin func-
tions U of π and V of φ satisfy limλ→∞ U(λ) = limλ→∞ V (λ). This leads
to the following result; its corollary is a consequence of Corollary 11.9.

Theorem 11.10. For r > 0 a generalized sym-gamma convolution with

canonical pair (a, V ) is a mixture of sym-gamma (r) distributions iff a = 0
and V satisfies limλ→∞ V (λ) ≤ r.

Corollary 11.11. For r > 0 a generalized sym-gamma convolution is a

mixture of sym-gamma (r) distributions iff it is the r-fold convolution of a

mixture of Laplace distributions.

We are interested in determining classes of explicit densities f on R that
are generalized sym-gamma convolutions, and hence are self-decomposable
and infinitely divisible. Of course, translating Proposition 11.1 in terms of
densities yields the following result.

Proposition 11.12. A probability density f on R of the form

f(x) =
∫ ∞

0

1
2
√
πt

exp
[
−x2

/
(4t)

]
g(t)dt [x 6= 0 ](11.8)

is a generalized sym-gamma convolution if (and only if) g is a density of a

generalized gamma convolution.

The main results of Section 5, i.e., Theorems 5.18, 5.24 and 5.30, now give
important criteria in terms of hyperbolic complete monotonicity : If the den-
sity g itself, or the Lt π of g, or the distribution function G corresponding
to g, is hyperbolically completely monotone, then f in (11.8) is the density

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



of a generalized sym-gamma convolution. Such a density f can, however,
seldom be obtained explicitly. Another procedure that sometimes leads to
explicit densities of generalized sym-gamma convolutions, will be derived
from the following analogue of Proposition 8.14.

Proposition 11.13. Let Z and Y be independent random variables with Z

nonnegative. Then the distribution of the product
√
Z Y is a generalized

sym-gamma convolution in each of the following cases:

(i) Z has a hyperbolically completely monotone density and the distrib-

ution of Y is a generalized sym-gamma convolution;

(ii) The distribution of Z is a generalized gamma convolution and Y

satisfies Y
d= B(T ) with T a random variable with a hyperbolically

completely monotone density.

Proof. By Corollary 9.10 in case (i) we have Y d= B(T ) where the distrib-
ution of T is a generalized gamma convolution. Hence by (9.3)

√
Z Y

d= B(ZT ), with Z and T independent,

which also holds in case (ii), of course. Now apply Proposition 5.27; the
distribution of ZT is a generalized gamma convolution, so

√
Z Y has a

generalized sym-gamma convolution as its distribution. 22

If Z and Y have absolutely continuous distributions with densities g and fY ,
respectively, then

√
Z Y has density f given by

f(x) =
∫ ∞

0

1√
t
fY (x/

√
t) g(t) dt [x ∈R ].(11.9)

So, by taking Y in part (i) of the proposition normal (0, 2) we get the spe-
cial case of Proposition 11.12 with g hyperbolically completely monotone.
Further, by taking Y in part (ii) standard sym-gamma (r) with r ∈ {1, 2},
we obtain the following counterpart to Proposition 11.12.

Proposition 11.14. Let g be a density of a generalized gamma convo-

lution. Then each of the following two densities f1 and f2 corresponds to

a generalized sym-gamma convolution:

f1(x) =
∫ ∞

0

1
2
√
t

exp
[
−|x|

/√
t
]
g(t)dt [x 6= 0 ],(11.10)

f2(x) =
∫ ∞

0

1
4
√
t

(
1 +

|x|√
t

)
exp

[
−|x|

/√
t
]
g(t)dt [x 6= 0 ].(11.11)
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Note that f1 is of the form (9.9) and f2 of the form (10.2), so for r ∈ {1, 2}
Proposition 11.14 gives a sufficient condition for a mixture of sym-gam-
ma (r) distributions to be a generalized sym-gamma convolution.

In some special cases Propositions 11.12 and 11.14 can be used to deter-
mine explicit densities f that correspond to generalized sym-gamma con-
volutions. We now give one such example because it leads to the solution
of a classical problem in infinite divisibility that was open for a long time;
see Notes. Let T d= 1/Y with Y gamma(r, 1

4 ) for some r > 0; then T has
density g given by

g(t) =
4

Γ(r)

( 1
4t

)r+1

exp
[
−1

/
(4t)

]
[ t > 0 ].

Note that g is hyperbolically completely monotone (see, e.g., Theorem 5.22),
so from Theorem 5.18 it follows that g is the density of a generalized gamma
convolution. Now, use this g in (11.8), so consider the density f of B(T )
or, by (9.3), of B/

√
Y ; it is easily computed and recognized as a density

of the student distribution (with k degrees of freedom when r = 1
2k with

k ∈N). Thus Proposition 11.12 leads to the following result.

Theorem 11.15. For r > 0 the student (r) distribution with density f

given by

f(x) =
1

B(r, 1
2 )

( 1
1 + x2

)r+ 1
2

[x ∈R ],(11.12)

is self-decomposable and hence infinitely divisible.

Note that by Proposition 9.2 for the infinite divisibility of f it is only
necessary to know that T above is infinitely divisible; cf. Example IV.11.6.
For further examples we refer to Section 12. In dealing with concrete
examples it is sometimes convenient to make use of the following closure
property ; it is obtained by combining Propositions 5.25 and 11.1.

Proposition 11.16.

(i) If π is the LSt of a generalized gamma convolution, then u 7→ π
(
|u|γ

)
is the characteristic function of a generalized sym-gamma convolution

for every γ ∈ (0, 2 ].

(ii) If φ is the characteristic function of a generalized sym-gamma convo-

lution, then so is u 7→ φ
(
|u|γ

)
for every γ ∈ (0, 1 ].
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Part (ii) of this proposition shows, for instance, that the generalized sym-
gamma convolutions that are stable, can be obtained in a simple way from
the normal distribution.

12. Examples

In the preceding sections we have obtained rather special results on
mixtures and convolutions of specific probability distributions: the gamma
distributions on R+ and (via mixtures of Poisson and normal distributions)
their counterparts on Z+ and on R, the negative-binomial and the sym-
gamma distributions. Therefore, it is no surprise that now many examples
of explicit infinitely divisible distributions can be given. Of course, we
present examples and counter-examples that illustrate the scope of the
results given, but further we concentrate on examples of distributions the
infinite divisibility of which can not easily be shown by the methods in the
earlier chapters. Examples of this type are the log-normal and the student
distribution, which were already given because of their historical relevance.

Example 12.1. Let r > 2 be fixed, and consider for c > 0 the following
pLSt πc of a mixture of gamma (r) distributions:

πc(s) =
c

1 + c
+

1
1 + c

( 1
1 + s

)r
.

Set φ(u) := (1− iu)−r for u ∈R. We will choose c > 0 such that φ(u) = −c
for some u ∈R; the corresponding pLSt πc then has a zero on the imaginary
axis, and hence cannot be infinitely divisible because of Theorem III.2.8.
Now

∣∣φ(u)
∣∣ = (1 + u2)−r/2 and arg φ(u) = r arctan u, so we need to solve

the following pair of equations for (c, u) ∈ (0,∞)× R:

(1 + u2)−r/2 = c, arctan u = π/r.

Since r > 2, this can be done; we find c = {cos (π/r)}r and u = tan (π/r).
Conclusion: For r > 2 not all mixtures of gamma (r) distributions are infin-

itely divisible. Compare with Theorem 4.5. From Proposition III.2.2 it
follows that for r > 2 not all mixtures of gamma (r) densities are infinitely
divisible. 22
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Example 12.2. Let T be an R+-valued random variable with density f

given by the following generalized mixture of exponential densities:

f(t) = 2 e−t − 6 e−3t + 5 e−5t [ t > 0 ];

since f can be written as f(t) = 5e−t
{
(e−2t− 3

5 )2 + 1
25

}
, f is indeed non-

negative. The pLSt π of T is given by

π(s) =
2

1 + s
− 6

3 + s
+

5
5 + s

=
15 + s2

(1 + s) (3 + s) (5 + s)
.

Since π(z0) = 0 for z0 = i
√

15, it follows from Theorem III.2.8 that T is not
infinitely divisible. Conclusion: Finite generalized mixtures of exponential

distributions with two changes of sign in the sequence of mixing probabili-

ties are not all infinitely divisible.

Next, for θ > 0 consider the random variable N(θT ) from Section 6; its
distribution is a mixture of Poisson distributions. The pgf Pθ of N(θT ) is
given by Pθ(z) = π

(
θ{1− z}

)
which in our case yields

Pθ(z) =

(
i
√

15 + θ{1− z}
) (
−i
√

15 + θ{1− z}
)(

1 + θ{1− z}
) (

3 + θ{1− z}
) (

5 + θ{1− z}
) ,

so for the R-function Rθ of Pθ, with Rθ(z) =
(
log Pθ(z)

)′, we have

Rθ(z) =
∑

j=1,3,5

θ

j + θ{1− z}
−

∑
j=1,2

θ

(−1)j i
√

15 + θ{1− z}
.

It follows that Rθ has a power-series expansion with coefficients rk(θ) for
k ∈Z+ given by

rk(θ) =
∑

j=1,3,5

( θ

θ + j

)k+1

−
∑
j=1,2

( θ

θ + (−1)j i
√

15

)k+1

=

=
∑

j=1,3,5

( θ

θ + j

)k+1

− 2mk+1
θ cos (k +1)αθ,

where mθ := θ/
√
θ2 + 15 and αθ := arctan(

√
15/θ). Now observe that for

θ ≤ 1 we have θ
/
(θ + 3) ≥ mθ, which suffices to make rk(θ) ≥ 0 for all k,

so Rθ absolutely monotone. Thus, for θ ∈ (0, 1 ] the random variable N(θT )
is infinitely divisible. Conclusion: A random variable of the form N(T )
may be infinitely divisible though T is not infinitely divisible. Compare
Theorems 6.3 and 6.4. 22
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Example 12.3. Let T be a Z+-valued random variable with pgf P given
by

P (z) = exp
[
−

{
1−Q(z)

}]
,

where Q is the gf of the sequence (qk)k=1,..,5 with q1 = q2 = q4 = q5 = α

and q3 = −β where α := 0.26 and β := 0.04. Indeed, P (1) = 1 and, since
Q+ 1

2Q
2, Q2 and Q3 can be seen to be absolutely monotone, P is absol-

utely monotone as well. The R-function of P , which is given by R = Q′,
is not absolutely monotone, so P is not infinitely divisible. Now, consider
the random variable B(T ) from Section 9; its distribution is a mixture of
zero-mean normal distributions. The characteristic function φ of B(T ) is
given by

φ(u) = P
(
exp [−u2]

)
= exp

[ 5∑
k=1

qk
(
exp [−ku2]− 1

)]
.

Since here u 7→ exp [−ku2] can be viewed as the characteristic function of
the normal (0, 2k) distribution, φ can be written as

φ(u) = exp
[∫

R\{0}
(eiux− 1)m(x) dx

]
,

where the function m is given by

m(x) =
5∑
k=1

qk
1

2
√
πk

exp
[
−x2

/
(4k)

]
[x 6= 0 ].

Since α/
√

5 > β/
√

3, the function m is nonnegative; hence φ is infinitely
divisible with Lévy density m. Conclusion: A random variable of the form

B(T ) may be infinitely divisible though T is not infinitely divisible. Com-
pare with Proposition 9.2. 22

Example 12.4. Consider the half-Cauchy distribution, i.e., the distrib-
ution on (0,∞) with density f given by

f(x) =
2
π

1
1 + x2

[x > 0 ].

Is it infinitely divisible ? Clearly, f is not completely monotone. Further,
if f were hyperbolically completely monotone, then so would be fn with
fn(x) := (1+x2/n)−n, and then also f∞ := limn→∞ fn for which f∞(x) =
exp [−x2]; cf. Proposition 5.17. But since the half-normal distribution is
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not even infinitely divisible (it has too thin a tail; cf. Example III.11.2),
from Theorem 5.18 we conclude that f is not hyperbolically completely
monotone. Also, by Corollary 5.9 f does not correspond to a generalized
gamma convolution; f is monotone but not completely monotone. Now, use
the fact that u 7→ (1 + u2)−1 is the characteristic function of the standard
Laplace distribution; then one sees that f can be written as

f(x) =
2
π

(
1− 1

1 + (1/x)2
)

=
2
π

(
1−

∫ ∞

0

e−t cos (t/x) dt
)

=

=
2
π

∫ ∞

0

x e−λx (1− cos λ) dλ =
∫ ∞

0

λ2x e−λx g(λ) dλ,

where g is the probability density given by g(λ) = (2/π) (1− cos λ)
/
λ2 for

λ > 0. Application of Theorem 4.5 leads to the following conclusion: The

half-Cauchy distribution is a mixture of gamma (2) distributions, and is

hence infinitely divisible. It can even be shown to be self-decomposable; see
Notes. 22

Example 12.5. Consider the half-Gumbel distribution, i.e., the distrib-
ution on (0,∞) with density f given by

f(x) =
e

e−1
exp

[
−(x+ e−x)

]
[x > 0 ].

In Example III.11.6 we observed that f is not completely monotone. It
follows that f is not hyperbolically completely monotone and does not cor-
respond to a generalized gamma convolution, because f(0+) > 0; cf. Corol-
lary 5.9. Now, putting c := e

/
(e−1) and using the dominated convergence

theorem, we can write

f(x) = c
∞∑
k=0

(−1)k

k!
e−(k+1)x = c

∞∑
k=0

(−1)k

k!

∫ ∞

k+1

x e−λx dλ =

= c

∫ ∞

1

x e−λx
∞∑
k=0

(−1)k

k!
1[k+1,∞)(λ) dλ =

=
∫ ∞

1

λ2x e−λx g(λ) dλ,

where g is the probability density on (1,∞) given by

g(λ) =
e

e−1
1
λ2

bλc−1∑
k=0

(−1)k

k!
[λ > 1 ].
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By Theorem 4.5 we come to the following conclusion: The half-Gumbel

distribution is a mixture of gamma (2) distributions, and is hence infinitely

divisible. 22

Example 12.6. Let f be a probability density on (0,∞) of the form

f(x) = c xψ(x) [x > 0 ]

with ψ positive, where c > 0 is a norming constant. From Corollary 4.6
we know that f is infinitely divisible if ψ is completely monotone. What if,
more generally, ψ is log-convex? Take ψ(x) = exp

[
−h(x)

]
with h given by

h(x) =

{
x , if 0 < x ≤ 1,

1
2 (x+ 1) , if x > 1;

then h is concave, so ψ is log-convex. Consider the corresponding density f ;
if it were infinitely divisible, then by Theorem III.4.17 it would satisfy the
functional equation

x f(x) =
∫

[0,x)

f(x− u) dK(u) [x > 0 ],

for some nondecreasing function K. It can be shown, however (see Notes),
that f satisfies this equation with a function K that has a downward jump
of size 1

4e−2 at u = 2. This means that f is not infinitely divisible. 22

Example 12.7. Consider the pLSt π of a generalized mixture of two gam-
ma (2) distributions. Then, for some λ1, λ2 with 0 < λ1 < λ2,

π(s) = α
( λ1

λ1 + s

)2

+ (1− α)
( λ2

λ2 + s

)2

,

where α may be any positive number satisfying αλ2
1 + (1− α)λ2

2 ≥ 0, i.e.,
α ≤ 1

/{
1− (λ1/λ2)2

}
; cf. (3.22). When α ≤ 1, π is infinitely divisible by

Theorem 4.5. So take α > 1. By choosing an appropriate scale, we may
further take λ1 = 1; then λ := λ2 > 1. Putting α = a2 and (α− 1)λ2 = b2,
we see that π takes the form

π(s) =

(
aλ− b+ (a− b)s

) (
aλ+ b+ (a+ b)s

)
(1 + s)2 (λ+ s)2

,
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where a > 1 and b > 0 may be any numbers satisfying b2 = (a2− 1)λ2 and
b ≤ a. Now we can rewrite π as

π(s) =
( 1

1 + s

)2( λ

λ+ s

)2/ { µ

µ+ s

ν

ν + s

}
,

where µ := (aλ−b)
/
(a−b) and ν := (aλ+b)

/
(a+b); here µ := ∞ if b = a,

and µ
/
(µ+ s) := 1 if µ = ∞. Using (3.5) one sees that π can be put in the

form (3.4) with k given by

k(x) = 2 e−x + 2 e−λx − e−µx − e−νx [x > 0 ],

where e−µx := 0 if µ = ∞. As λ > 1, we have µ > 1 and ν > 1, so k(x) ≥ 0
for all x. Conclusion: Any distribution that is a generalized mixture of two

gamma (2) distributions, is infinitely divisible. 22

Example 12.8. Let X d= Y 1/α with α 6= 0 and Y standard gamma (r) dis-
tributed. Then X has density f given by

f(x) =
|α|

Γ(r)
xαr−1 exp [−xα] [x > 0 ].

The corresponding distribution is known as the generalized-gamma dis-
tribution. When α > 0 and r = 1 one gets the Weibull distribution. For
α = −1 the inverse-gamma distribution is obtained; the density f then
reduces to

f(x) =
1

Γ(r)
x−r−1 exp [−1/x] [x > 0 ],

which for r = 1
2 is recognized as a stable density with exponent γ = 1

2 (cf.
Example V.9.5). Now, by Proposition 5.19 (i), or Theorem 5.22, in case
|α| ≤ 1 the density f is hyperbolically completely monotone. Thus, The-
orem 5.18 leads to the following conclusion: The generalized-gamma dis-

tribution with |α| ≤ 1, and hence the inverse-gamma distribution, is self-

decomposable and infinitely divisible. When 0 < α ≤ 1 and r ≤ 1/α, f is
completely monotone (and hence infinitely divisible); cf. Example III.11.3.
The generalized-gamma distribution with α > 1 is, however, not infinitely
divisible; cf. Example III.11.2. It is unknown whether X is infinitely divis-
ible for α < −1. 22
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Example 12.9. Let X d= Y/Z with Y and Z independent, Y standard
gamma (r) and Z standard gamma (s). Then X has density f given by

f(x) =
1

B(r, s)
xr−1

( 1
1 + x

)r+s
[x > 0 ].

The corresponding distribution is known as the beta distribution of the
second kind. For r = 1 one gets the Pareto distribution. By Proposi-
tion 5.19 (ii), or Theorem 5.22, the density f is hyperbolically completely
monotone. Thus, Theorem 5.18 leads to the following conclusion: The beta

distribution of the second kind is self-decomposable and infinitely divisible.
When r ≤ 1, f is completely monotone (and hence infinitely divisible). 22

Example 12.10. For ε ∈ (0, 1) let the function πε on R+ be given by

πε(s) =
sε − 1
s− 1

[ s ≥ 0 ],

where πε(1) := lims→1 πε(s) = ε. For ε = 1
2 we have π 1

2
(s) = 1

/
(1 +

√
s),

which we know to be an infinitely divisible pLSt; cf. Example III.11.11.
To show that πε can be viewed as a pLSt for every ε ∈ (0, 1), we compute
a density fε of the random variable X Y/Z, where X, Y and Z are in-
dependent, X is standard exponential, Y gamma (1− ε) and Z gamma (ε);
using f in Example 12.9 we find

fε(x) = cε

∫ ∞

0

e−λx
λε

λ+ 1
dλ [x > 0 ],

where cε := 1
/
B(1−ε, ε). Note that integration over x proves the equality∫∞

0
λε−1

/
(λ + 1) dλ = 1/cε. Hence the Lt of fε is given by the following

function of s (with s 6= 1):

cε

∫ ∞

0

λε

(λ+ s) (λ+ 1)
dλ = cε s

ε

∫ ∞

0

λ−ε

(λ+ s) (λ+ 1)
dλ =

= cε s
ε 1− s−ε

s− 1

∫ ∞

0

λ−ε

λ+ 1
dλ =

sε − 1
s− 1

= πε(s).

Note that fε is a mixture of exponential densities, and hence is completely
monotone. Also, by Proposition 5.19 (ii) fε is hyperbolically completely
monotone. Conclusion: For every ε ∈ (0, 1) the function πε is the pLSt of a

self-decomposable and infinitely divisible distribution.
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Next consider the pLSt s 7→ πε(1+s)
/
πε(1), and let ε ↓ 0. By the continuity

theorem one then obtains the following pLSt π:

π(s) = lim
ε↓0

πε(1 + s)
πε(1)

= lim
ε↓0

(1 + s)ε − 1
εs

=
log (1 + s)

s
,

with corresponding density f on (0,∞) given by

f(x) = lim
ε↓0

1
ε

e−x fε(x) =
∫ ∞

1

e−λx
1
λ

dλ =
∫ ∞

x

1
t

e−t dt.

Clearly, f is again a mixture of exponential densities, and hence completely
monotone. Also, f is hyperbolically completely monotone as it is the limit
of such functions. Conclusion: The function π is the pLSt of a self-decom-

posable and infinitely divisible distribution. 22

Example 12.11. Consider the following pLSt π, which is a shape mixture
of standard gamma distributions:

π(s) = 1
2

∫ 2

0

( 1
1 + s

)r
dr =

s (2 + s)
2 (1 + s)2 log (1 + s)

,

with corresponding density f given by

f(x) =
1
2x

e−x
∫ 2

0

xr

Γ(r)
dr [x > 0 ].

According to Theorem 4.9 π is infinitely divisible. Note that π can be
rewritten as

π(s) =
( 1

1 + s

)2/ { log (1 + s)
s

2
2 + s

}
,

which yields a curious decomposition of the gamma (2) distribution into
three infinitely divisible distributions; cf. Example 12.10. 22

Example 12.12. Let X d= eY−1 with Y standard gamma (r) distributed.
Then X has density f given by

f(x) =
1

Γ(r)

( 1
1 + x

)2{
log (1 + x)

}r−1 [x > 0 ].

First, let r ≤ 1. Then we write f as

f(x) =
1

Γ(r)

( 1
x

)1−r( 1
1 + x

)2r( 2
2 + x

)1−r{
π1(x)

}1−r
,
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with π1 the pLSt π from Example 12.11. Since π1 is infinitely divisible, π1−r
1

is completely monotone, and similarly for the other factors in f . Therefore,
f is completely monotone as well. Next, let r ≥ 1. Then we write f as

f(x) =
1

Γ(r)
xr−1

( 1
1 + x

)2{
π2(x)

}r−1
,

with π2 the pLSt π from Example 12.10. Now, π2 is the pLSt of a gener-
alized gamma convolution; hence so is πr−1

2 . By Theorem 5.24 it follows
that πr−1

2 is hyperbolically completely monotone. Therefore, f is hyperbol-
ically completely monotone as well; cf. Proposition 5.17. Conclusion: For

all values of r the random variable X is infinitely divisible; when r ≥ 1, X

is self-decomposable. 22

Example 12.13. Consider a product of two different exponential pLSt’s:

π(s) =
1

1 + s

1
1 + θs

=
1

θ − 1

{ θ

1 + θs
− 1

1 + s

}
,

where θ > 0 with θ 6= 1. Then for the corresponding density g we have

g(x) =
1

θ − 1
(e−x/θ − e−x) [x > 0 ].

Now suppose that g is hyperbolically completely monotone. Then the func-
tion ψ with ψ(s) = θ g(s)

/
s for s > 0 would be hyperbolically completely

monotone as well. Since ψ(0+) = 1, it would follow from Theorem 5.24
that ψ is the pLSt of a generalized gamma convolution, and hence of an
infinitely divisible distribution. The function ψ is, however, the pLSt of
a uniform distribution, which is not infinitely divisible. Conclusion: The

convolution of two different exponential densities is not hyperbolically com-

pletely monotone.
Next we use this π in Corollary 5.29, which says that for any n ∈N the
following function fn is a density of a generalized gamma convolution:

fn(x) =
(−1)n

(n− 1)!
(1/x)n+1 π(n)(1/x) [x > 0 ].

An easy calculation shows that in the present case for fn we get

fn(x) =
n

θ − 1

{( θ

θ + x

)n+1

−
( 1

1 + x

)n+1}
[x > 0 ].

Conclusion: This density fn is self-decomposable and infinitely divisible.
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Note that fn is not hyperbolically completely monotone for arbitrarily
large n, since fn(·/n)

/
n tends to g above as n→∞. As a special case

we take θ = 2 and n = 1; then for f := f1 we get

f(x) =
4

(2 + x)2
− 1

(1 + x)2
=

∫ ∞

0

λ e−λx e−λ(4e−λ− 1) dλ,

which shows that f is a generalized mixture of exponential densities. 22

Example 12.14. Though for gamma variables X the inverse 1/X is infin-
itely divisible (cf. Theorem 5.20), not all random variables X corresponding
to generalized gamma convolutions have this property. To show this in case
`X > 0 is easy. We now prove the existence of a random variable X with
`X = 0 that corresponds to a generalized gamma convolution and is such
that 1/X is (unbounded and) not infinitely divisible. For n ∈N let Yn
and Z be independent with Yn gamma (n, n) and Z standard exponential,
and consider Xn such that

Xn
d= Yn + Z.

Then the distribution of Xn is a generalized gamma convolution; moreover,
`Xn

= 0. Now, let n→∞; since Yn
d−→ 1, we have Xn

d−→ 1 + Z, and
therefore 1/Xn

d−→ 1
/
(1 + Z), which is bounded by one and hence is not

infinitely divisible. It follows that 1/Xn cannot be infinitely divisible for
all n, i.e., there must be an n0 such that 1/Xn0 is not infinitely divisible.
Now take X = Xn0 . 22

Example 12.15. Let X1 and X2 be independent Z+-valued random vari-
ables with pgf’s P1 and P2, respectively, given by

P1(z) = 1
2 (1 + z), P2(z) = 3

2

1
2− z

− 1
2 .

Then P1 is not infinitely divisible, and for the R-function R2 of P2 we find

R2(z) = 1
2

2
2− z

+
1

1 + z
,

so by Theorem II.4.3 the pgf P2 is not infinitely divisible either. The pgf P3

of the product X1X2, however, can be written as

P3(z) = 1
2 + 1

2 P2(z) = 1
4 + 3

4

1
2− z

,
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which is a mixture of geometric pgf ’s, and hence is infinitely divisible; see
Section 7. This can also be verified directly; for the R-function R3 of P3

we find an absolutely monotone function:

R3(z) =
1

2− z
+

1
5− z

.

Conclusion: The product of two random variables, neither of which is infin-

itely divisible, may be infinitely divisible.
In contrast, the product N1N2 of two independent random variables N1

and N2 with the same geometric distribution is not infinitely divisible.
The proof of this is practically identical to that of Example II.11.3. On the
other hand, for the pgf P4 of the discrete product N1 �N2 we find

P4(z) =
∞∑
k=0

(1− p) pk
1− p

1− p+ kp (1− z)
,

which is a mixture of geometric pgf ’s; so N1�N2 is infinitely divisible. 22

Example 12.16. Consider the following generalized mixture of two geo-
metric pgf ’s:

P (z) = 2
1− 17

24

1− 17
24z

− 1
2− z

=
4 + 3z

(24− 17z) (2− z)
.

Use the quantities ε and δ from Theorem 7.9. In the present case we
have ε = P (0) = 1

12 , so ε > 0; hence P is a pgf. But δ = − 3
17 , so δ < 0,

and P is not a mixture of Poisson distributions. Moreover, P has radius of
convergence ρ = 24

17 , and P (z0) = 0 for z0 = − 4
3 . Since |z0| < ρ, P cannot

be infinitely divisible because of Theorem II.2.8. Also, the coefficients rk
in the power-series expansion of the R-function of P are given by

rk = ( 17
24 )k+1 + ( 1

2 )k+1 − (− 3
4 )k+1 [ k ∈Z+ ],

which is negative for large odd k. 22

Example 12.17. Here we illustrate Corollary 5.9 and the fact that this
result has no analogue for generalized negative-binomial convolutions. Let
the distribution of the random variable T be a generalized gamma con-
volution with canonical pair (0, U), where U(λ) = 1

2

√
λ for λ > 0. Since

limλ→∞ U(λ) = ∞, by Proposition 5.8 the continuous density f of T is not
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completely monotone, and hence by Corollary 5.9 not monotone. Now con-
sider the random variable N(T ) from Section 6; according to the beginning
of Section 8 its distribution (pk) is a generalized negative-binomial convo-
lution with canonical pair (0, V ), where V (p) = −U(1/p− 1) for p ∈ (0, 1).
Since −V (0+) = ∞, by Proposition 8.8 (pk) is not completely monotone.
But one easily shows that∫

(0,1)

p dV (p) = −
∫ 1

0

V (p) dp = 1
2

∫ 1

0

√
1−p
p

dp = 1
4 π,

so, as noted just after Proposition 8.8, (pk) is monotone. A simpler example
illustrating this, is obtained by taking T standard gamma (2); then the dis-
tribution (pk) of N(T ) is negative-binomial (2, 1

2 ), which is monotone but
not completely monotone. Even simpler, since the Poisson (t) distribution
is monotone for t ∈ (0, 1 ], N(T ) has a monotone distribution for every T

with values in [ 0, 1 ]. Compare with Theorem 6.12. 22

Example 12.18. Let r > 0, λ > 0 and γ > r. Consider the function g on
(0,∞) with

g(x) = c xλ−1
( 1

1 + x

)λ−r+1 {
log (1 + 1/x)

}γ−1 [x > 0 ];

one easily verifies that g is a probability density for some c > 0. Write g as

g(x) = c xλ−γ
( 1

1 + x

)λ−r+1 ( log (1 + 1/x)
1/x

)γ−1

,

and use the fact (cf. Example 12.12) that the function πt2 with π2(s) :={
log (1+s)

}/
s is hyperbolically completely monotone for all t > 0. In view

of some further properties of hyperbolically completely monotone functions
we conclude that g is hyperbolically completely monotone if λ ≥ r− 1 and
γ ≥ 1. For these values of the parameters one can use g in Proposition 8.15,
which says that (pk) with

pk =
(
k + r − 1

k

) ∫ ∞

0

xk

(1 + x)k+r
g(x) dx [ k ∈Z+ ]

is a generalized negative-binomial convolution. In the present case we find,
using the substitution x

/
(1 + x) = e−t:

pk = c

(
k + r − 1

k

) ( 1
λ+ k

)γ
[ k ∈Z+ ].
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Conclusion: If r > 1, λ ≥ r − 1, γ > r or r = 1, λ > 0, γ > 1 or r ∈ (0, 1),
λ > 0, γ ≥ 1, then the distribution (pk) is self-decomposable and infinitely

divisible. When r ∈ (0, 1 ], λ > 0, γ > r, (pk) is completely monotone and
hence infinitely divisible as well; cf. the beta distribution in Section B.3.
Note that for r = λ = 1 the discrete Pareto distribution is obtained. 22

Example 12.19. Let the function φ on R be given by

φ(u) =
1
u2

(
1− exp [−u2]

)
[u ∈R ].

Is it a characteristic function ? If so, is it infinitely divisible ? Note that φ
can be written as φ(u) = π(u2) with π given by

π(s) =
1
s

(1− e−s) [ s > 0 ].

Since π is recognized as the pLSt of the uniform distribution on (0, 1), it
follows that φ is indeed a characteristic function; it corresponds to a mixture
of zero-mean normal distributions. Proposition 9.2 implies, however, that φ
is not infinitely divisible. 22

Example 12.20. Let U and V be independent, U standard gamma (r)
with r > 1 and V stable (2) on R+ with exponent γ = 1

2 , so V has den-
sity fV and pLSt πV given by

fV (x) =
1√
π
x−3/2 e−1/x, πV (s) = exp

[
−2
√
s
]
;

cf. Example V.9.5. Consider the random variable W := U2V . Since U

and V have hyperbolically completely monotone densities, W has a hyper-
bolically completely monotone density h, say, as well; cf. Propositions 5.16
and 5.19. Moreover, the pLSt π of W is given by

π(s) =
∫ ∞

0

πV (su2) dFU (u) = πU (2
√
s) =

( 1
1 + 2

√
s

)r
.

Now, apply Proposition 11.12 with g on (0,∞) given by

g(t) = (r−1)
√
π
√
t f1/W (t) = (r−1)

√
π (1/t)3/2 h(1/t);

indeed, g is a probability density on (0,∞) because IE(1/U) = 1
/
(r−1)

and IE(1/
√
V ) = 1/

√
π, and g is hyperbolically completely monotone, and
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hence the density of a generalized gamma convolution, because of Propo-
sitions 5.16, 5.17 and Theorem 5.18. For the density f in (11.8) we find

f(x) = 1
2 (r−1)π( 1

4x
2) = 1

2 (r−1)
1(

1 + |x|
)r [x ∈R ].

We conclude that the double-Pareto (r) distribution is a generalized sym-
gamma convolution, and hence is self-decomposable and infinitely divisible.
Its infinite divisibility was already proved in Example IV.11.16; f is com-
pletely monotone on (0,∞). 22

Example 12.21. Let X d= − log Y with Y beta (α, β) distributed. Then X
has density f on (0,∞) and pLSt π given by

f(x) =
1

B(α, β)
e−αx (1−e−x)β−1, π(s) =

Γ(α+ β) Γ(α+ s)
Γ(α) Γ(α+ β + s)

.

Using a well-known expression for the gamma function (see Section A.5),
we can rewrite π in the form (3.4) with k given by

k(x) = e−αx (1− e−βx) (1− e−x)−1 [x > 0 ];

since k is nonnegative, it follows that X is infinitely divisible with canonical
density k. Further, it can be shown that k is nonincreasing iff 2α+ β ≥ 1,
so by Theorem V.2.11 this condition is necessary and sufficient for X to be
self-decomposable. Finally, it is easily shown that the function x 7→ k(x)

/
x

is the Lt of the function v on (0,∞) given by

v(λ) =
∞∑
n=0

1[n+α,n+α+β)(λ) [λ > 0 ],

so from Theorem 3.8 it follows that f is a mixture of exponential densities iff
β ≤ 1, and from (5.7) and Theorem 5.3 that f corresponds to a generalized
gamma convolution iff β ∈N. Hence f is completely monotone iff β ≤ 1,
and k is completely monotone iff β ∈N. 22

13. Notes

Mixing of probability distributions is a very natural procedure; it occurs
in many situations, most of which can be viewed as randomizing a param-
eter. Though there is no obvious connection between mixing and infinite
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divisibility, many authors have considered infinite divisibility of mixtures.
One of the first instances can be found in Feller (1971), who considers power
mixtures in the context of subordination of processes.

Mixtures of exponential distributions were first studied by Goldie (1967)
in connection with queueing theory and by Steutel (1967). The canonical
representation in Theorem 3.5, the characterization in Theorem 3.8 and the
generalizations in Theorems 3.10 and 3.13 are given in Steutel (1970). Here
also mixtures of gamma distributions are considered; the basic Lemma 4.4
conjectured there, was proved by Kristiansen (1994).

Generalized gamma convolutions were introduced by Thorin (1977a),
and used by him (1977b) to prove the infinite divisibility of the log-normal
distribution. They are extensively studied in a book by Bondesson (1992).
This book, in which the useful concept of hyperbolic complete monotonicity
is introduced, seems to mark the last ‘great leap forward’ in the study of
infinitely divisible distributions on the real line. Practically all results in
Section 5 are from this source. The functions occurring in Lemma 5.14 are
known as Pick functions. Early results in the vein of Theorem 5.20 are given
by Grosswald (1976), Goovaerts et al. (1977, 1978) and Thorin (1978b);
they are generalized in Bondesson (1979). The mixtures of exponential
distributions as well as the generalized gamma convolutions are contained
in the class of so-called generalized convolutions of mixtures of exponential
distributions. This class is studied in Bondesson (1981, 1992); it consists of
the infinitely divisible distributions on R+ that have a canonical density k
such that x 7→ k(x)

/
x is completely monotone; cf. Example 12.21.

Mixtures of Poisson distributions have been studied for a long time, es-
pecially in the context of insurance mathematics and reliability theory; see
the book by Grandell (1997), which contains a lot of general information,
for references. A paper by Puri and Goldie (1979) on the subject is partly
devoted to infinite divisibility; it contains Theorem 6.4; related results are
given in Forst (1981). Statements 6.6 through 6.8, including their general-
izations with respect to semigroups, can be found in van Harn et al. (1982),
or van Harn and Steutel (1993); a different proof of Theorem 6.6 is given
in Forst (1979). Berg and Forst (1983) use Poisson mixtures to relate mul-
tiple self-decomposability on Z+ to that on R+. The log-convexity result
in Theorem 6.13 is due to Hirsch (1975), whose proof is less detailed than
ours; some of the tools used in the proof are taken from Widder (1972).
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Mixtures of geometric distributions occur in Steutel (1967). Mixtures of
negative-binomial distributions are considered by Bondesson (1992) in the
context of his study of generalized negative-binomial convolutions. Most
results in Section 8 can be found there. Steutel and van Eenige (1997)
show that the set of mixtures of negative-binomial distributions together
with their limits equals the set of Poisson mixtures; this in contrast to the
set of mixtures of gamma distributions and limits thereof, which equals the
set of all distributions on R+.

Mixtures of normal distributions are studied by, among others, Kelker
(1971), Keilson and Steutel (1974), Grosswald (1976) and Wolfe (1978b).
Keilson and Steutel also consider mixtures of more general stable distrib-
utions. Wolfe (1978b) shows that the mixing distributions in infinitely
divisible normal mixtures have tails very similar to those of infinitely divis-
ible distributions. That the mixing distributions need not be infinitely
divisible, is shown in an ingenious example (our Example 12.3) by Kelker
(1971). Our statement (9.5) was proved earlier by Halgreen (1979), and by
Ismail and Kelker (1979); an extension to Brownian motion with drift is
given by Sato (2001).

Mixtures of Laplace distributions are considered in Steutel (1970). The
generalized sym-gamma convolutions in Section 11 coincide with the sym-
metric distributions among the so-called extended generalized gamma con-
volutions, which were proposed by Thorin (1978a) and studied by Bon-
desson (1992). The infinite divisibility of the student distribution, which
was examined by so many authors (cf. the Notes of Chapter IV), is now a
simple consequence of results on generalized sym-gamma convolutions.

Example 12.2 can be found in Puri and Goldie (1979). The infinite
divisibility of the half-Cauchy distribution in Example 12.4 is proved by
Bondesson (1987); our proof was suggested by C. Berg (personal communi-
cation to Bondesson); the self-decomposability is demonstrated in Diédhiou
(1998). The counter-example in Example 12.6 is due to Kristiansen (1995).
Example 12.10 is given in Bondesson (1992); a special case of it occurs
as a limit distribution in heavy-traffic queueing theory (J.W. Cohen, per-
sonal communication). Examples 12.12, 12.13, 12.18, 12.20 and 12.21 are
adaptations of examples in Bondesson (1992).
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Chapter VII

INFINITE DIVISIBILITY

IN STOCHASTIC PROCESSES

1. Introduction

This chapter is devoted to stochastic processes that give rise to infin-
itely divisible distributions or that are otherwise connected to infinite divis-
ibility. The processes with stationary and independent increments (sii-
processes), which are at the heart of infinite divisibility, were discussed in
Chapter I, and turned up in several subsequent chapters; here they will
only be considered in passing. Since some of the subjects discussed in this
chapter are of a rather specialistic nature, we shall not give full proofs of
all results presented; in fact, we shall sometimes give no proof at all.

In Section 2 we consider first-passage times in discrete- and continuous-
time Markov chains. These are often compound-exponential or (shifted)
compound-geometric, and hence infinitely divisible, and this fact can be
used to prove the infinite divisibility of a given distribution, if it is known to
correspond to such a first-passage time. In Section 3 a similar phenomenon
is shown to occur for limiting waiting-time distributions in queueing pro-
cesses. As it turns out, the results of Sections 2 and 3 do not often lead
to proofs of the infinite divisibility of distributions that were not known to
be infinitely divisible already. Still it is interesting that infinite divisibility
appears to be so widespread.

Branching processes are the subject of Section 4. It will be shown that
limit distributions of such processes in continuous time are often (gen-
eralized) self-decomposable and hence infinitely divisible; in discrete-time
processes only a kind of ‘partial self-decomposability’ occurs. More specifi-
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cally, in the supercritical case with positive off-spring the limit distribution
as t→∞ of the number of individuals at time t divided by its mean is classi-
cally self-decomposable. In the subcritical case with immigration according
to an sii-process, obeying a logarithmic moment condition, the number of
individuals at time t has a limit distribution that is self-decomposable with
respect to the composition semigroup F of pgf’s governing the branching
process; cf. Section V.8.

In Section 5 renewal processes are considered. We first show that some
aspects of the renewal function can be connected to infinite divisibility
properties of the underlying lifetime distribution. Next, we consider the
limiting lifetime spanning x as x→∞ and find that it can be decomposed
as the ordinary lifetime plus an independent ‘extra’ time iff the ordinary
lifetime is infinitely divisible. This leads to an extreme case of the inspection
paradox, also known as the waiting-time paradox, and to a simple derivation
of limit distributions connected with the passage by an sii-process on R+ of
a level x as x→∞. In the special case of compound-exponential lifetimes
there is a similar decomposition of the limiting remaining lifetime at x.

A much used stochastic process in physics, finance and queueing the-
ory is the so-called shot noise. In Section 6 we will show that its one-
dimensional distributions are infinitely divisible; special choices for the pa-
rameters lead to well-known subclasses of infinitely divisible distributions.
Section 7 is devoted to examples, and Section 8 contains notes, biblio-
graphic and otherwise.

2. First-passage times in Markov chains

We start with considering the Bernoulli walk (Xn)n∈Z+ on Z with pa-
rameter p, so Xn = X0+Y1+ · · +Yn, where X0, Y1, Y2, . . . are independent,
X0 is Z-valued, and IP(Yi = 1) = p and IP(Yi = −1) = 1− p =: q for all i.
Set IPj := IP(· |X0 = j) for j ∈Z, and let Tk be the first-passage time to
state k :

Tk := inf {n ∈N : Xn = k}.

We are interested in the IPj-distribution of Tk for k > j; let Pj,k denote
the corresponding pgf. Suppose that p ≥ 1

2 ; then (and only then) we have
IPj(Tk <∞) = 1. We first take k = j + 1; then it is easily verified and
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intuitively obvious that Pj,j+1(z) = pz + qz Pj−1,j(z)Pj,j+1(z), so

Pj,j+1(z) =
pz

1− qz Pj−1,j(z)
.(2.1)

We conclude that Pj,j+1 is shifted compound-geometric and hence is the pgf
of an infinitely divisible distribution on N (note that it has no mass at zero).
Similarly, for k > j + 1 we get Pj,k =

∏k−1
`=j P`,`+1, so Pj,k corresponds to

an infinitely divisible distribution on N, too. Also, Pj,j+1 is easily seen not
to depend on j, so (2.1) yields a quadratic equation for P0,1. Solving this
equation shows that the pgf P and (hence) the distribution (pk)k∈Z+ of the
‘reduced’ first-passage time 1

2 (T1−1) from 0 to 1 are given by

P (z) =
1−

√
1− 4pqz
2qz

, pk =
1

k + 1

(
2k
k

)
pk+1qk.(2.2)

For the R-function and the canonical sequence (rk)k∈Z+ of P we find

R(z) =
1
2z

( 1√
1− 4pqz

− 1
)
, rk = 1

2

(
2k + 2
k + 1

)
(p q)k+1.(2.3)

Now, from the considerations in Example II.11.11, where we discussed the
special case p = 1

2 , it easily follows that both (pk) and (rk) are completely
monotone, also when p > 1

2 . So (pk) is a generalized negative-binomial con-
volution, and hence is self-decomposable; cf. Theorem VI.8.4 and Proposi-
tion VI.8.6.

The infinite divisibility of the first-passage time from j to k above
is a very special instance of infinite divisibility of first-passage times in
(discrete-time) Markov chains; in fact, in a similar way one can prove the
following general result.

Theorem 2.1. Let (Xn)n∈Z+ be a Markov chain on Z with stationary

transition probabilities pjk, j, k ∈Z, satisfying

pj,j+1 > 0 for j ∈Z; pjk = 0 for j, k ∈Z with k > j + 1.(2.4)

Then for k > j the IPj-distribution of the first-passage time Tk to state k,

if not defective, is infinitely divisible on N, and even shifted compound-

geometric if k = j + 1.

Proof. We first take k = j + 1. Then IPj(Tj+1 = 1) = pj,j+1, and for
n ≥ 2 we have
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IPj(Tj+1 = n) =
∑
`≤j

pj` IP̀ (Tj+1 = n− 1) =

= pjj IPj(Tj+1 = n− 1) +

+
∑
`<j

pj`

n−1∑
m=1

IP̀ (Tj = m) IPj(Tj+1 = n− 1−m),

so for the pgf Pj,j+1 of the IPj-distribution of Tj+1 we get

Pj,j+1(z) = pj,j+1 z + z
{
pjj +

∑
`<j

pj` P`,j(z)
}
Pj,j+1(z).(2.5)

It follows that Pj,j+1 can be written as

Pj,j+1(z) =
pj,j+1 z

1− (1− pj,j+1)Qj(z)
,(2.6)

where Qj is the IPj-pgf of (Tj |X1 ≤ j). We conclude that Pj,j+1 is shifted
compound-geometric and hence is the pgf of an infinitely divisible distrib-
ution on N. Similarly, for k > j + 1 we get Pj,k =

∏k−1
`=j P`,`+1, so Pj,k

corresponds to an infinitely divisible distribution on N, too. 22

There is a similar result for Markov chains in continuous time. Consider
a Markov chain X(·) =

(
X(t)

)
t≥0

on Z with stationary transition probabil-
ities described by a vector (λj)j∈Z and a transition matrix (pjk)j,k∈Z with
the following interpretation: If the process is in state j at a given time, then
it stays there for an exponential time with mean 1/λj ; when the process
leaves state j, then it changes to state k with probability pjk. Without
essential restriction we take pjj = 0 for all j. Then we have the follow-
ing result for the first-passage time Tk to state k, which now, of course, is
defined by Tk := inf {t > 0 : X(t) = k}.

Theorem 2.2. Let X(·) be a Markov chain as described above and such

that the pjk satisfy (2.4). Then for k > j the IPj-distribution of the first-

passage time Tk to state k, if not defective, is infinitely divisible, and even

compound-exponential if k = j + 1.

Proof. Again, it is sufficient to consider the case where k = j + 1. Let
Fj,j+1 be the IPj-distribution function of Tj+1, and let gj be the IPj-density
of the sojourn time τj in state j, so gj(t) = λje−λjt for t > 0. Then for
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x > 0 we have

Fj,j+1(x) =
∫ x

0

IPj(Tj+1 ≤ x | τj = t) gj(t) dt =

=
∫ x

0

{
pj,j+1 +

∑
`<j

pj` IP̀ (Tj+1 ≤ x− t)
}
gj(t) dt =

= pj,j+1

∫ x

0

gj(t) dt+
∑
`<j

pj`

∫ x

0

F`,j+1(x− t) gj(t) dt;

here the IP̀ -distribution function F`,j+1 of Tj+1 can be written as

F`,j+1(y) =
∫

[0,y]

Fj,j+1(y − z) dF`,j(z) [ y > 0 ].

For the pLSt πj,j+1 := F̂j,j+1 it follows that

πj,j+1(s) = pj,j+1
λj

λj + s
+

∑
`<j

pj` π`,j(s)πj,j+1(s)
λj

λj + s
.(2.7)

Solving for πj,j+1 we obtain

πj,j+1(s) =
λj

λj + s

pj,j+1

1− (1− pj,j+1)
{
λj

/
(λj + s)

}
πj(s)

,(2.8)

where πj is the pLSt given by πj(s) :=
∑
`<j pj` π`,j(s)

/
(1− pj,j+1). Now,

observing that πj,j+1 is the product of an exponential pLSt and a com-
pound-geometric one, we conclude that πj,j+1 is infinitely divisible. Also,
it is easily verified that πj,j+1 is compound-exponential with an underlying
pLSt π0 that is shifted compound-Poisson:

π0(s) = exp
[
−

(
1
/
{λjpj,j+1}

)
s− (1/pj,j+1−1) {1− πj(s)}

]
.

Alternatively, one can apply Theorem III.5.1. 22

Return to condition (2.4) on the transition probabilities of a Markov
chain; it says that the process is skipfree to the right : To go from state j to
state k with k > j it has to pass through the intermediate states j + 1,
. . . , k−1. A process that is skipfree in both directions, is just called
skipfree. A continuous analogue of skipfree-ness for processes not on Z
is path-continuity. This plays an important role in the infinite divisibility
of first-passage times in one-dimensional diffusion processes. We only give a
heuristic argument for this; for references with more information see Notes.
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If Ta,b is the first-passage time from a to b in such a process (more precisely,
the random variable Ta,b represents the IPa-distribution of Tb), then by the
strong Markov property for any c ∈ (a, b) it can be written as

Ta,b
d= Ta,c + Tc,b, with Ta,c and Tc,b independent.

Since diffusion processes have continuous paths, more and more points can
be inserted between a and b, in such a way that Ta,b emerges as a limit
in an infinitesimal triangular array, and hence is infinitely divisible; cf.
Section I.5. In this way the following result can be proved.

Theorem 2.3. Let X(·) be a one-dimensional diffusion process. Then for

b 6= a the first-passage time Ta,b from state a to state b, if not defective, is

infinitely divisible.

Consider, for instance, standard Brownian motion X(·) started at zero, and
for a > 0 let Ta be the first-passage time to state a. We will show that T1

is even stable. To this end we take n ∈N and note that by an argument
similar to the one above

T1
d= Tn,1 + · · ·+ Tn,n, with Tn,1, . . . , Tn,n independent,

where now, by space-homogeneity, Tn,j
d= T1/n for all j. But, since the

well-known self-similarity of X(·) implies that nX(·) d= X(n2 ·), we also
have T1/n

d= (1/n2)T1, so

T1
d=

1
n2

(
T

(1)
1 + · · ·+ T

(n)
1

)
,

where T (1)
1 , . . . , T

(n)
1 are independent with T (j)

1
d= T1 for all j. From Corol-

lary V.3.2 we conclude that T1 is stable with exponent γ = 1
2 . Hence from

Theorem V.3.5 it follows that T1 has pLSt πT1 given by

πT1(s) = exp [−λ
√
s ]

with a certain λ > 0; it can be shown (this is not quite trivial) that λ =
√

2.
The first-passage time T1 can be viewed as the first-exit time from (−∞, 1).
In Section 7 we will consider the first-exit time T from (−1, 1) with pLSt
given by

πT (s) =
2

e
√

2s + e−
√

2s
;

in a similar way we will show that T is infinitely divisible and even self-de-
composable.
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3. Waiting times in queueing processes

We shall mainly be concerned with the G/G/1 queue (general input,
general service, one counter), and we start with a brief description. Cus-
tomers, numbered 1, 2, . . ., arrive at a counter to be served; the first one
arrives at time t = 0. Their interarrival times A1, A2, . . . (An is the time
between the arrivals of the n-th and the (n + 1)-st customer) are distrib-
uted as A, and their service times B1, B2, . . . are distributed as B; all An
and Bn are independent. Arriving customers who find the counter occu-
pied by another customer, wait their turn before they get to be served.
Let Wn denote the waiting time of the n-th customer. Then W1 ≡ 0, and
for n ∈N the waiting time Wn+1 is easily seen to be obtained from Wn and
the difference Dn := Bn −An as follows:

Wn+1 = max {0,Wn +Dn}.

Iterating this equation leads to

Wn+1 = max {0, Dn, Dn +Dn−1, . . . , Dn + · · ·+D1},

so putting Sn :=
∑n
j=1Dj for n ∈Z+ with S0 :≡ 0, we conclude that Wn+1

can be written (in distribution) as

Wn+1
d= max {S0, S1, . . . , Sn} [n ∈Z+ ].(3.1)

Now, suppose that IEB < IEA. Then by the strong law of large numbers
Sn → −∞ as n → ∞ with probability one. It follows that Wn converges
in distribution to an R+-valued random variable W , say, where

W
d= max {S0, S1, S2, . . .}.(3.2)

We will show that W is infinitely divisible. To do so we let N be the
number of records among the sequence (S1, S2, . . .), so

N = #
(
{n ∈N : Sn > Sk for k = 0, 1, . . . , n− 1}

)
.

Then N is finite with probability one; in fact, N has a geometric distrib-
ution with parameter p given by p = IP(Sn > 0 for some n ∈N). If N = 0,
then W = 0 (and conversely). If N ≥ 1, then W can be viewed as the sum
of N sums: The first positive partial sum D1 + · · · + DL1 , say, the next
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positive partial sum DL1+1+· · ·+DL2 , say, and so on, until the last positive
sum DLN−1+1 + · · ·+DLN

. Thus we see that W is of the form

W
d= X1 +X2 + · · ·+XN ,

where the Xn are defective random variables: Xn := DLn−1+1 + · · ·+DLn

if N ≥ n, and := ∞ if N ≤ n−1. Now, it can be shown that, given N = n,
X1, . . . , Xn are (conditionally) independent and identically distributed with
(non-defective) distribution function G, say, not depending on n; G is given
by G = FX1(· |N ≥ 1). It follows that

FW (w) =
∞∑
n=0

IP(N = n)G?n(w) [w ∈R ],

so W has a compound-geometric, and hence infinitely divisible distribution
on R+ with pLSt given by

F̂W (s) =
1− p

1− p Ĝ(s)
.(3.3)

We state the result in a formal way as follows.

Theorem 3.1. Consider a G/G/1 queue with interarrival time A and ser-

vice time B such that IEB < IEA. Then the limiting distribution as n→∞
of the waiting time Wn of the n-th customer is compound-geometric, and

hence infinitely divisible.

In general it is not possible to obtain an explicit expression for F̂W , since
mostly p and Ĝ in (3.3) can not be found. In some special cases, however,
F̂W can be calculated; see Section 7. Here we only note, without proof,
that if the interarrival time A is exponential (λ) (Poisson arrivals) (and the
service time B satisfies µB := IEB < 1/λ), then (3.3) takes the form of the
well-known Pollaczek-Khintchine formula, for which

p = λµB , Ĝ(s) =
1

µB s

{
1− F̂B(s)

}
.(3.4)

As an alternative way to show the infinite divisibility of the limit W
above, one can use Spitzer’s identity (see Notes), which reads

∞∑
n=0

F̂max {0,S1,...,Sn}(s) z
n = exp

[ ∞∑
n=1

1
n
F̂max {0,Sn}(s) z

n
]
;(3.5)
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here S1, S2, . . . are again the partial sums at a sequence (Dj) of indepen-
dent, identically distributed random variables. Now apply (3.5) in the
present context and set S+

n := max {0, Sn}, then by (3.1) it follows that

(1− z)
∞∑
n=0

F̂Wn+1(s) z
n = exp

[
−

∞∑
n=1

1
n

{
1−F̂S+

n
(s)

}
zn

]
.

By letting here z ↑ 1 we see that F̂W = limn→∞ F̂Wn
can be written as

F̂W (s) = exp
[
−

∞∑
n=1

1
n

∫
R+

(1− e−sx) dFS+
n
(x)

]
.(3.6)

Comparing this with the canonical representation in Theorem III.4.3 and
using Propositions III.2.2 and III.4.6 (i) we conclude that W is infinitely
divisible with canonical function K given by

K(x) =
∞∑
n=1

1
n

∫
[0,x]

y dFS+
n
(y) [x ≥ 0 ].(3.7)

Limiting queue sizes are not always infinitely divisible. As an example,
let Nn be the number of customers left behind by the n-th customer at the
end of his service. Then Nn is equal to the number of customers that have
arrived during his sojourn period of length Wn + Bn. For instance, in the
situation of Poisson arrivals with intensity λ (and with IEB < 1/λ) it easily
follows that N := d-limn→∞Nn exists and has pgf P given by

P (z) = F̂W
(
λ(1− z)

)
F̂B

(
λ(1− z)

)
(3.8)

with F̂W as in (3.3) and (3.4). By Theorem VI.6.4, however, such a pgf P
is in general not infinitely divisible if B is not; for instance, take B such
that F̂B has a zero on the imaginary axis

(
cf. Theorem III.2.8 (i)

)
.

Other distributions of interest connected to queueing theory are the busy
period and idle period distributions; the former are quite often infinitely
divisible. We do not pursue this.

4. Branching processes

Several limit distributions in continuous-time branching processes turn
out to be (generalized) self-decomposable and hence infinitely divisible. In
discrete-time branching processes only a kind of ‘partial self-decompos-
ability’ occurs. Nevertheless we start with considering the discrete-time
case as it serves as a good introduction to its continuous-time counterpart.
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A discrete-time branching process (Zn)n∈Z+ with off-spring distribution
(fk)k∈Z+ can be recursively defined by

Zn+1 = U
(n)
1 + · · ·+ U

(n)
Zn

[n ∈Z+ ],(4.1)

where Z0 and all the U (n)
j are independent, Z0 is Z+-valued, and the U (n)

j

are distributed as U with distribution (fk). The random variable Zn is
interpreted as the number of individuals in the n-th generation and U

(n)
j

as the number of off-spring of the j-th individual in the n-th generation.
If the individuals are supposed to live for one unit of time, then Zn can
be viewed as the number of individuals present at time n. From (4.1) it
follows that (Zn) is a Markov chain with state space Z+ and transition
probabilities pij for which

∞∑
j=0

pij z
j =

{
F (z)

}i
, and hence PZn

(z) = PZ0

(
F ◦n(z)

)
,(4.2)

where PZn
is the pgf of Zn and F ◦n is the n-fold composition of the off-

spring pgf F with itself with F ◦n(z) := z when n = 0. An important quan-
tity is the expected number of off-spring, i.e.,

m := IEU =
∞∑
k=1

k fk = F ′(1),

which is supposed to be finite. The process is called subcritical if m < 1,
critical if m = 1, and supercritical if m > 1. Suppose that Z0 ≡ 1. Then it
is not hard to see that the extinction probability, i.e.,

ρ := IP(Zn = 0 for some n),

is the smallest nonnegative root of the equation F (z) = z; hence ρ = 1
in the subcritical and critical cases, and ρ < 1 in the supercritical case.
Moreover, it can easily be verified that in all cases Zn → Z as n→∞ (in
distribution, or even a.s.) with IP(Z = 0) = ρ, IP(Z = ∞) = 1− ρ. There
are, however, several ways to normalize Zn in such a way that finite non-
degenerate limits appear. We will show this in two cases.

First, consider the supercritical case with Z0 ≡ 1. Since we then have
IEZn = mn, we normalize by dividing by mn; define

Wn := Zn/m
n [n ∈Z+ ].

One easily verifies that (Wn) is a (nonnegative) martingale; so by a well-
known martingale convergence theorem we have Wn → W a.s., and hence

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



in distribution, as n → ∞ for some R+-valued random variable W . Since
by (4.2) the pLSt of Wn can be written as

πWn
(s) = PZn

(e−s/m
n

) = F ◦n(e−s/m
n

) = F
(
πWn−1(s/m)

)
,

the limit W has a pLSt π that satisfies the following functional equation:

π(s) = F
(
π(s/m)

)
, so π(s) = F ◦k

(
π(s/mk)

)
for k ∈N.(4.3)

Now, suppose that f0 = 0; so there is no zero off-spring, and ρ = 0. Then
for all k ∈N the function z 7→ F ◦k(z)

/
z is a pgf, and hence (cf. the beginning

of Section III.3) the function π(k) with π(k)(s) := F ◦k
(
π(s/mk)

)/
π(s/mk)

is a pLSt. Since by (4.3) π can be written as

π(s) = π(s/mk)π(k)(s) [ k ∈N ],(4.4)

one might say that the limit W is ‘partially self-decomposable’. And, more
important, one might hope that a continuous-time analogue leads to (non-
partially) self-decomposable, and hence infinitely divisible limits. In view of
this we note that the limit W may be degenerate at zero. It can be shown,
however, that it is not iff the off-spring variable U satisfies IEU log+ U <∞.
In this case it follows from (4.3) by letting s→∞ that IP(W = 0) = ρ = 0,
so W is (0,∞)-valued.

In the (discrete-time) subcritical case a similar phenomenon occurs.
Here we normalize by allowing immigration; the dwindling population
is supplemented by an influx of individuals arriving in batches of sizes
B1, B2, . . ., which are supposed to be independent and distributed as B
with distribution (qk)k∈Z+ . This leads to a process (Xn)n∈Z+ recursively
defined by

Xn+1 = U
(n)
1 + · · ·+ U

(n)
Xn

+Bn [n ∈Z+ ],(4.5)

where X0, the U (n)
j and the Bn are independent. Let Pn be the pgf of Xn;

then (4.5) can be translated in terms of the off-spring pgf F and the batch-
size pgf Q as follows:

Pn+1(z) = Pn
(
F (z)

)
Q(z) [n ∈Z+ ].(4.6)

Iterating this and assuming that X0 ≡ 0 (no essential restriction), we see
that

Pn+1(z) =
n∏
k=0

Q
(
F ◦k(z)

)
[n ∈Z+ ].(4.7)
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From this it can be deduced that Xn
d−→ X as n→∞ for some Z+-valued

random variable X iff the batch size B has a finite logarithmic moment:
IE log+B <∞. Consider the pgf P of the limit X; it satisfies

P (z) =
∞∏
k=0

Q
(
F ◦k(z)

)
.(4.8)

Clearly, if Q is infinitely divisible, then so is P ; cf. Sections II.2 and II.3. In
general, however, P in (4.8) is not infinitely divisible; cf. Theorem II.2.8.
On the other hand, from (4.8) it follows that P (z) = P

(
F (z)

)
Q(z), and

iteration of this shows that there exist pgf’s P (1), P (2), . . . such that

P (z) = P
(
F ◦k(z)

)
P (k)(z) [ k ∈Z+ ].(4.9)

Now, compare this with relation (V.8.14) with t > 0, which characterizes
F-self-decomposability of P ; here F = (Ft)t≥0 is a composition semigroup
of pgf’s. Then one might say that P in (4.9) is self-decomposable with
respect to (F ◦k)k∈Z+ and, if this sequence is embeddable in a composition
semigroup F as above, that P is ‘partially F-self-decomposable’. Again,
this suggests that a continuous-time analogue of (4.5) might lead to (non-
partially) F-self-decomposable, and hence infinitely divisible limits.

Therefore, we now make time continuous, and consider a continuous-
time branching process Z(·) =

(
Z(t)

)
t≥0

where branching is governed by a
continuous composition semigroup F = (Ft)t≥0 of pgf’s. This means that
Z(·) is a Markov chain with state space Z+ and with stationary transition
probabilities pij(·) for which

∞∑
j=0

pij(t) zj =
{
Ft(z)

}i
, and hence PZ(t)(z) = PZ(0)

(
Ft(z)

)
.(4.10)

The random variable Z(t) can be interpreted as the number of individuals
alive at time t; the individuals live an exponential period of time with mean
1/a, for some a > 0, and at the moment of their deaths they produce off-
spring independent of each other and according to a distribution (hk)k∈Z+ ,
with h1 = 0 and pgf H. The infinitesimal quantities a and H determine
and are determined by the infinitesimal generator U of F according to

U(z) = a
{
H(z)− z

}
;(4.11)

for the definition of U and further relations we refer to Section V.8.
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In the supercritical case where m := F ′1(1) > 1 (and m finite), we sup-
pose that Z(0) ≡ 1, and look at the limit

W := d -lim
t→∞

Z(t)
/
mt,

which can be seen to exist (in R+) by a martingale argument again. Now,
it is well known that for every h > 0 the process (Z(h)

n ) with Z(h)
n := Z(nh)

is a discrete-time branching process with off-spring pgf Fh and Z
(h)
0 ≡ 1.

From (4.3) and (4.4) applied to (Z(h)
n ) it easily follows that the pLSt π

of W satisfies

π(s) = Fh
(
π(s/mh)

)
[h > 0 ],(4.12)

and that if F1(0) = 0, and hence Fh(0) = 0, there then exists a pLSt π(h)

such that

π(s) = π(s/mh)π(h)(s) [h > 0 ];(4.13)

note that 1/mh here takes all values in (0, 1) when h varies in (0,∞). In a
similar way one also finds a necessary and sufficient condition for W to be
not degenerate at zero. We summarize the results in the following theorem.

Theorem 4.1. Let Z(·) be a continuous-time supercritical F- branching

process on Z+ with Z(0) ≡ 1; let m := IEZ(1). Then

Z(t)
/
mt d−→W [ t→∞ ],

with W R+-valued, and if IP
(
Z(1) = 0

)
= 0, then W is self-decomposable

and hence infinitely divisible. Moreover, W is not degenerate at zero iff

IEZ(1) log+ Z(1) <∞, in which case W is (0,∞)-valued.

Finally, we consider the (continuous-time) subcritical case where m :=
F ′1(1) < 1; we shall take m = 1/e. We allow immigration according to an
sii-process Y (·), i.e., according to a compound-Poisson process with, say,
intensity λ > 0 and batch-sizes B1, B2, . . ., which are supposed to be in-
dependent and distributed as B with distribution (qk)k∈Z+ and pgf Q. De-
note the resulting branching process with immigration byX(·) =

(
X(t)

)
t≥0

,
and let Pt be the pgf of X(t). In order to determine Pt we condition on
the number N(t) of arriving batches in (0, t ], and use the well-known fact
that, given N(t) = n, the times at which the batches arrive, are distributed
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as the order statistics of n independent random variables T1, . . . , Tn with
a uniform distribution on (0, t). Assuming that X(0) ≡ 0, we thus obtain

Pt(z) =
∞∑
n=0

IP
(
N(t) = n

)
IE zZ1(t−T1)+···+Zn(t−Tn),

where Z1(·), . . . , Zn(·) are independent F-branching processes (without im-
migration) satisfying Zj(0) d= Bj for j = 1, . . . , n. Since by (4.10), with
PZ(0) = Q, the pgf of Zj(t− Tj) is given by

∫ t
0
Q ◦ Fs ds

/
t for all j, it

follows that

Pt(z) = exp
[
−λ

∫ t

0

{
1−Q

(
Fs(z)

)}
ds

]
=

= exp
[ ∫ t

0

log P0

(
Fs(z)

)
ds

]
,

(4.14)

where P0 is the pgf of Y (1). Now, pgf’s of this form we already encountered
in Section V.8 on F-self-decomposable distributions on Z+; from Theo-
rem V.8.3 and Corollary V.8.4 it follows that X(t) d−→ X as t→∞ for
some Z+-valued random variable X iff IE log+ Y (1) <∞ or, equivalently
(cf. Proposition A.4.2), iff the batch size has a finite logarithmic moment:
IE log+B <∞, in which case the pgf P of X can be written as

P (z) = exp
[
−λ

∫ ∞

0

{
1−Q

(
Fs(z)

)}
ds

]
=

= exp
[ ∫ ∞

0

log P0

(
Fs(z)

)
ds

]
.

(4.15)

So we can now state the following result on infinite divisibility in connection
with X(·); here �F is the ‘shrinking’ operator introduced in Section V.8.

Theorem 4.2. Let X(·) be a continuous-time subcritical F-branching

process on Z+ with X(0) ≡ 0 and with immigration according to an sii-

process on Z+. Then X(t) is infinitely divisible for all t, and if

X(t) d−→ X [ t→∞ ]

for some Z+-valued random variable X (which is the case iff the batch

size has a finite logarithmic moment), then X is F-self-decomposable (and

hence infinitely divisible):

X
d= e−t �F X +X(t) [ t > 0 ],(4.16)
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where in the right-hand side X and X(t) are independent. Conversely,

any F-self-decomposable distribution on Z+ can be obtained as the limit

distribution of such an F-branching process with immigration.

Consider the special case where the semigroup F = (Ft)t≥0 is given by
Ft(z) = 1− e−t (1− z). Then the branching process X(·) above is a pure-
death process with immigration, and X(t) can also be interpreted as the
number of customers present at time t in an M/M/∞-queue with batch
arrivals (both the interarrival time and the service time are exponential; cf.
Section 3). Moreover, �F is the closest analogue to ordinary multiplication,
and F-self-decomposability reduces to self-decomposability as considered in
Section V.4. Therefore, X := d - limt→∞X(t) has a unimodal distribution;
cf. Theorem V.4.20. For further special cases we refer to Section 7.

There is an analogue of Theorem 4.2 for branching processes with con-
tinuous state space R+. In such a process branching is governed by a con-
tinuous composition semigroup C = (Ct)t≥0 of cumulant generating func-
tions: Ct = − log ηt, where ηt is an infinitely divisible pLSt. If there is no
immigration, this means that in stead of (4.10) we have

πZ(t)(s) = πZ(0)

(
Ct(s)

)
.(4.17)

Allowing immigration in the subcritical case where −η′1(0) < 1, one obtains
limit distributions on R+ that are C-self-decomposable, and hence infinitely
divisible; cf. the end of Section V.8. The special case where C is given by
Ct(s) = e−ts for t ≥ 0, corresponds to ordinary multiplication of R+-valued
random variables and therefore yields limit distributions that are classically
self-decomposable, and hence are unimodal ; cf. Theorem V.2.17. Of course,
for the same reason the limit W in Theorem 4.1 has a unimodal distrib-
ution.

5. Renewal processes

The results to be given here are somewhat different from those in the
preceding sections; we do not prove infinite divisibility of interesting quan-
tities such as limit distributions, but we require infinite divisibility of the
underlying lifetime distribution and present some interesting consequences
of this assumption. We shall mainly deal with lifetime distributions that
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are non-lattice; about the lattice case we will be brief and consider only
aperiodic distributions on Z+ with positive mass at zero.

We start with a brief description of the renewal context. Let X1, X2, . . .

be independent nonnegative random variables distributed as X with dis-
tribution function F and mean µ ∈ (0,∞). Define Sn := X1 + · · ·+Xn for
n ∈N, and set S0 :≡ 0; the process (Sn)n∈Z+ can be viewed as a random
walk or as a discrete-time sii-process on R+. The Xi are interpreted as the
lifetimes of items that are replaced (renewed) immediately after they break
down; Sn is then the n-th renewal epoch. We are interested in the number
of renewals in [ 0, x ] and define

N(x) := #
(
{n ∈N : Sn ≤ x}

)
[x ≥ 0 ];

from the strong law of large numbers it follows that N(x) <∞ a.s. for
all x. The counting process N(·) =

(
N(x)

)
x≥0

is called the renewal process
generated by X (or by F ). Sometimes one also counts S0 as a renewal
epoch and then considers

N0(x) := 1 +N(x) = #
(
{n ∈Z+ : Sn ≤ x}

)
=

= inf {n ∈N : Sn > x} =: Tx,

where Tx can be interpreted as the time at which the random walk (Sn)
jumps over level x. One might ask whether N(x) or, equivalently, Tx is
infinitely divisible. Of course, for exponential lifetimes this is the case, since
then N(·) is an sii-process (and, in fact, a Poisson process). For lifetimes
that are gamma (2), however, one can show that N(x) is not infinitely
divisible; see Section 7.

An important quantity is the renewal function generated by F ; this is
the (finite) function U on R, with U(x) = 0 for x < 0, on R+ defined by
and with LSt Û given by

U(x) := IEN(x) =
∞∑
n=1

F ?n(x) for x ≥ 0, Û(s) =
F̂ (s)

1− F̂ (s)
.(5.1)

We start with a curiosity. The famous renewal theorem of Blackwell states
that if the lifetime X is non-lattice then

lim
x→∞

{
U(x+ h)− U(x)

}
=
h

µ
for h > 0, so lim

x→∞

U(x)
x

=
1
µ
.

Clearly, we may replace U here by the function U0 defined by
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U0(x) := IEN0(x) = 1 + U(x) =
∞∑
n=0

F ?n(x) [x ≥ 0 ],(5.2)

where F ?0 := 1[0,∞), and U0(x) := 0 for x < 0, of course. Now, an easy
computation shows that the LSt Û0 of U0 can be written in the form

Û0(s) =
1

1− F̂ (s)
=

Ĝ(s)

1− Ĝ(s)
, with Ĝ(s) =

1

2− F̂ (s)
.

In view of (5.1) we can now formulate the following result.

Proposition 5.1. If U is the renewal function generated by F , then the

function U0 in (5.2) can be viewed as the renewal function, in the sense

of (5.1), generated by a compound-geometric distribution function G, say,

with Ĝ(s) = 1
/{

2− F̂ (s)
}
.

This means that Blackwell’s theorem needs to be proved only for compound-
geometric lifetimes, and hence only for infinitely divisible ones.

The somewhat more general compound-exponential lifetimes yield a sec-
ond curiosity on renewal functions. Let U be the renewal function generated
by F , and let c > 0. Then using (5.1) twice, one easily verifies that cU is
a renewal function iff the function πc defined by

πc(s) :=
c F̂ (s)

1− (1− c) F̂ (s)
,(5.3)

is a pLSt. Clearly, πc is a pLSt if c ≤ 1. Now, using a ‘self-decomposability’
characterization of compound-exponentiality similar to Theorem III.6.3,
one can show that πc is a pLSt for all c > 0 iff F is compound-exponential.
Thus we arrive at the following result.

Proposition 5.2. Let U be the renewal function generated by F . Then

cU is a renewal function for all c ∈ (0, 1 ]. Moreover, cU is a renewal func-

tion for all c > 0 iff F is compound-exponential, in which case cU is gen-

erated by Fc with F̂c = πc as in (5.3).

Next we turn to some interesting quantities in connection with the in-
spection paradox. At a fixed time x > 0 we inspect the item in service, and
define Vx as the spent lifetime of that item, Wx as the remaining lifetime,
and Zx as the total lifetime. More precisely, we have (see Figure 1)

Vx := x− SN(x), Wx := SN(x)+1− x, Zx := Vx+Wx = XN(x)+1.
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0 S1 S2 SN(x) x SN(x)+1

b b b ` b
� �� �� p p p �� �� p pX1 X2 Zx

� -� -Vx Wx

Figure 1. Quantities in connection with the inspection paradox.

We let x→∞, and, until otherwise stated, we take the ordinary lifetime X
non-lattice, so there is no h > 0 such that X ∈hZ+ a.s. It is well known
that then, by Blackwell’s theorem, the following limit result holds.

Lemma 5.3. The quantities (Vx,Wx) and Zx converge in distribution:

(Vx,Wx)
d−→ (V,W ), Zx

d−→ Z [x→∞ ],

where the limits (V,W ) and Z have distributions determined by

IP(V > v; W > w) =
1
µ

∫ ∞

v+w

{
1− F (t)

}
dt [ v ≥ 0, w ≥ 0 ],(5.4)

IP(Z > z) =
1
µ

∫
(z,∞)

tdF (t) [ z ≥ 0 ].(5.5)

Moreover, V
d= W , and (V,W ) and Z determine each other:

Z
d= V +W, (V,W ) d=

(
(1−U)Z,UZ

)
,(5.6)

where U is uniform on (0, 1) and independent of Z.

Let us consider the limiting total lifetime Z. Using (5.5) one can
show that Z ≥ X in distribution, i.e., IP(Z > z) ≥ IP(X > z) = 1− F (z)
for all z. This implies that on an appropriate sample space we have

Z
d= X + Y,(5.7)

where Y is nonnegative and, in general, not independent of X. Now the
question arises for what lifetimes X we have (5.7) with X and Y indepen-
dent. In terms of distribution functions we look for those F for which there
exists Y ≥ 0 such that FZ = F ? FY or by (5.5)∫

[0,z]

tdF (t) =
∫

[0,z]

F (z − y) dK(y) [ z ≥ 0 ],
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with K = µFY . Since this is precisely the functional equation occurring in
Theorem III.4.10, and by (III.7.2) the canonical function K of an infinitely
divisible X satisfies limx→∞K(x) = IEX, we arrive at the following result;
it can also be read as a characterization of infinitely divisible (non-lattice)
distributions on R+ with finite mean.

Theorem 5.4. Let Z be the limiting total lifetime in a renewal process

generated by X with mean µ. Then Z can be decomposed as

Z
d= X + Y, with X and Y ≥ 0 independent,(5.8)

iff X is infinitely divisible. The distribution function of Y is then given by

FY = K/µ with K the canonical function of X.

Let the ordinary lifetime X be infinitely divisible with canonical function K
and mean µ. Then X, and the discrete-time sii-process (Sn) generated
by X, can be embedded in a continuous-time sii-process X(·); so X d= X(1)
and Sn

d= X(n) for all n. In order to determine how the limiting total
lifetime depends on the ordinary lifetime, we replace X in Theorem 5.4 by
X(a) with a > 0 and conclude that the corresponding limiting total lifetime
Z(a), say, satisfies

Z(a) d= X(a) + Y (a), with X(a) and Y (a) ≥ 0 independent.

Now, the question is what Y (a) will be. The answer is surprising at first
sight. Since by Proposition III.4.5 (i) X(a) has canonical function aK and
IEX(a) = aµ, the distribution function of Y (a) is given by

FY (a) =
1

IEX(a)
KX(a) =

1
aµ

aK =
1
µ
K,

which does not depend on a. We summarize.

Theorem 5.5. Let X be nonnegative and infinitely divisible with canon-

ical function K and mean µ, and let X(·) be the sii-process generated

by X. Then for a > 0 the limiting total lifetime Z(a) in a renewal process

generated by X(a) can be decomposed as

Z(a) d= X(a) + Y, with X(a) and Y ≥ 0 independent,(5.9)

and the distribution function of Y is given by FY = K/µ.
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This result has two interesting implications. First, letting a ↓ 0 we have
X(a) d−→ 0, and one might expect that then also Z(a) d−→ 0. From (5.9)
we see, however, that this is not the case: Z(a) d−→ Y as a ↓ 0. So we have
obtained an extreme case of the inspection paradox : For small a the total
lifetime Z(a) is very much larger than the ordinary lifetime X(a). Next, re-
call that, in an obvious notation, Z(a) can be obtained as d-limx→∞ Zx(a);
cf. Lemma 5.3. So we have

d-lim
a↓0

d-lim
x→∞

Zx(a) = Y.(5.10)

Now, formally, interchange the two limit operations in (5.10); let first a ↓ 0.
Since Zx(a) can be viewed as the height of the jump by which the random
walk

(
X(na)

)
n∈Z+

passes x, and this random walk seems to approximate
X(·) well for a small, one may expect that

d-lim
a↓0

Zx(a) = Z(x) [x > 0 ],(5.11)

where Z(x) := X(Tx)−X(Tx−), with Tx := inf
{
t > 0 : X(t) > x

}
, is the

height of the jump by which the sii-process X(·) passes x. Similarly, one
may expect that the spent lifetime Vx(a) and the remaining lifetime Wx(a)
at x in a renewal process generated by X(a) satisfy

d-lim
a↓0

(
Vx(a),Wx(a)

)
= (V (x),W (x)) [x > 0 ],(5.12)

where V (x) := x−X(Tx−) and W (x) := X(Tx)− x are the lengths of, re-
spectively, the undershoot and the overshoot of X(·) at x. It is not clear,
though, that these two d-limits exist. Further, from (5.10) and the final
assertion in (5.6) it follows that

d-lim
a↓0

d-lim
x→∞

(
Vx(a),Wx(a)

)
=

(
(1−U)Y, UY

)
,(5.13)

where U is uniform on (0, 1) and independent of Y . Now, letting x → ∞
in the right-hand sides of (5.11) and (5.12) one may hope to obtain the
same limits as in (5.10) and (5.13), respectively. This is indeed the case,
as one can prove by using Blackwell’s theorem and some general results on
sii-processes; see Notes. So we have the following limit theorem.

Theorem 5.6. Let X(·) be an sii-process on (a non-lattice part of) R+

with µ := IEX(1) ∈ (0,∞). Then the jump Z(x), the undershoot V (x) and

the overshoot W (x) of X(·) at x satisfy

(V (x),W (x)) d−→
(
(1−U)Y, UY

)
, Z(x) d−→ Y [x→∞ ],(5.14)
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where U is uniform on (0, 1), independent of Y , and Y has distribution

function FY = K/µ with K the canonical function of X(1).

We return to the decomposition Z
d= X + Y of the limiting total life-

time Z as given by (5.8): Z has the ordinary lifetime X as an indepen-
dent component. We now wonder whether there are (infinitely divisible)
lifetimes X for which the corresponding Z has two ordinary lifetimes as
independent components: Z d= X +X ′ + Y0 with X ′ d= X and X, X ′ and
Y0 ≥ 0 independent. By (5.5) this decomposition of Z amounts to the
following requirement for F :∫

[0,z]

tdF (t) =
∫

[0,z]

F ?2(z − y) dK0(y) [ z ≥ 0 ],

with K0 = µFY0 . Since this is precisely the functional equation occurring
in Theorem III.5.3, only compound-exponential lifetimes X may yield the
desired decomposition of Z. On the other hand, recall from Section III.5
that if X is compound-exponential, then F satisfies the functional equation
above with K0 the canonical function of the underlying (infinitely divisible)
distribution of X, i.e., K̂0 = ρ0 with

ρ0(s) :=
d
ds

1

F̂ (s)
=

−F̂ ′(s){
F̂ (s)

}2 ;

letting here s ↓ 0 shows that limx→∞K0(x) = IEX. Hence we can reverse
matters, and state the following extension of Theorem 5.4; it can also be
read as a characterization of compound-exponential (non-lattice) distrib-
utions on R+ with finite mean.

Theorem 5.7. Let Z be the limiting total lifetime in a renewal process

generated by X with mean µ; let X ′ d= X. Then Z can be decomposed as

Z
d= X +X ′ + Y0, with X, X ′ and Y0 ≥ 0 independent,(5.15)

iff X is compound-exponential. The distribution function of Y0 is then

given by FY0 = K0/µ with K0 the canonical function of the underlying

distribution of X.

If X is compound-exponential, then so is X(a) for every a ∈ (0, 1]; here X(·)
is the sii-process generated by X. This follows by use of the criterion in
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Theorem III.5.1 and the easily verified fact that the ρ0-function of X(a) is
related to that of X by

ρa,0(s) = a
{
F̂ (s)

}1−a
ρ0(s).

Hence one can apply Theorem 5.7 with X replaced by X(a). Since, in an
obvious notation, the resulting component Y0(a) satisfies

F̂Y0(a)(s) =
1
aµ

K̂a,0(s) =
1
aµ

ρa,0(s) =
{
F̂ (s)

}1−a
F̂Y0(s),

this leads to the following counterpart to Theorem 5.5; note that Z( 1
2 ) has

three ordinary lifetimes as independent components.

Theorem 5.8. Let X be nonnegative and compound-exponential with fi-

nite mean, and let X(·) be the sii-process generated by X. Then for

a ∈ (0, 1 ] the limiting total lifetime Z(a) in a renewal process generated

by X(a) can be decomposed as

Z(a) d= X(a) +X ′(a) +X ′′(1−a) + Y0,(5.16)

where all random variables in the right-hand side are independent, X ′(a) d=
X(a), X ′′(1−a) d= X(1−a), and Y0 is determined by X as in Theorem 5.7.

We make a brief remark concerning the limiting spent lifetime V and the
limiting remaining lifetime W , for which Z

d= V +W with V
d= W ; cf.

Lemma 5.3. If Z can be decomposed as in (5.15), then it can also be
written as

Z
d=

{
X + (1−U)Y0

}
+

{
X ′ + UY0

}
with U uniform on (0, 1), so with X + (1−U)Y0

d= X ′ + UY0. Therefore,
one might wonder whether a decomposition similar to (5.8) then holds for V
and W :

V
d= W

d= X + UY0, with X, U and Y0 ≥ 0 independent.(5.17)

Now, by use of (5.4) and Theorem A.3.13 it can be shown indeed that this
decomposition holds iff X is compound-exponential. We do not give the
details, and note that it is not known whether X is compound-exponential
if one only requires that W can be decomposed as W d= X +B with X and
B ≥ 0 independent.
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So far, we restricted attention to the non-lattice case. Now, we briefly
consider lattice lifetimes X, and suppose (this is no essential restriction)
that X is Z+-valued with aperiodic distribution (pk)k∈Z+ ; cf. Section II.8.
We inspect the item in service at a fixed time k with k ∈N, and consider
the spent lifetime Vk, the remaining lifetime Wk and the total lifetime Zk
at k, for k → ∞. Then the following well-known limit result holds; here
and in the sequel we use without further comment the notations

W := W− 1, Z := Z − 1,

which random variables are more convenient to look at than the N-valued
quantities W and Z.

Lemma 5.9. The quantities (Vk,Wk) and Zk converge in distribution:

(Vk,Wk)
d−→ (V,W ), Zk

d−→ Z [ k →∞ ],

where the limits (V,W ) and Z have distributions determined by

IP(V = i; W = j) =
1
µ
pi+j+1 [ i, j ∈Z+ ],(5.18)

IP(Z = n) =
1
µ

(n+ 1) pn+1 [n ∈Z+ ].(5.19)

Moreover, V
d= W , and (V,W ) and Z determine each other:

Z
d= V +W, (V,W ) d=

(
(1−U)� Z, U � Z

)
,(5.20)

where U is uniform on (0, 1) and independent of Z, and � is the standard

discrete multiplication from Section A.4.

Clearly, the distribution of the limiting total lifetime Z as determined by
(5.19) can be put in the form (5.5). Therefore, Theorems 5.4 and 5.7 remain
true if the (tacitly assumed) non-lattice condition there is replaced by our
aperiodicity condition on (pk). When p0 > 0, however, these theorems can
be formulated and proved by only using quantities and results from the
discrete case considered in Chapter II. Recall that the condition p0 > 0
is automatically satisfied if (pk) is compound-exponential or, equivalently,
compound-geometric; cf. Theorem II.3.6.

Theorem 5.10. Let Z be the limiting total lifetime in a renewal process

generated by X with mean µ and aperiodic distribution (pk)k∈Z+ with

p0 > 0; let X ′ d= X. Then:
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(i) Z d= X + Y , with X and Y independent, iff X is infinitely divisible.

The distribution of Y is then given by (rk/µ)k∈Z+ where (rk) is the

canonical sequence of X.

(ii) Z d= X+X ′+Y0, with X, X ′ and Y0 independent, iff X is compound-

exponential. The distribution of Y0 is then given by (r0,k/µ)k∈Z+

where (r0,k) is the canonical sequence of the underlying (infinitely

divisible) distribution of X.

Proof. From (5.19) it follows that Z can be decomposed as in (i) iff (pk)
satisfies the recurrence relations

(n+ 1) pn+1 =
n∑
k=0

pk rn−k [n ∈Z+ ]

with rk = µ IP(Y = k) for k ∈Z+. From Theorem II.4.4 and the fact, stated
in (II.7.2), that the canonical sequence (rk) of an infinitely divisible X

satisfies
∑∞
k=0 rk = IEX, we now conclude that part (i) holds. Part (ii) is

proved similarly; Z can be decomposed as in (ii) iff (pk) satisfies

(n+ 1) pn+1 =
n∑
k=0

p∗2k r0,n−k [n ∈Z+ ]

with r0,k = µ IP(Y0 = k) for k ∈Z+. Now use Theorem II.5.8, and ob-
serve that if X is compound-exponential, then the sequence (r0,k) satisfies∑∞
k=0 r0,k = IEX; just let z ↑ 1 in (II.5.13). 22

Of course, also Theorems 5.5 and 5.8 and their proofs have lattice ana-
logues; we don’t spell them out. The distribution of (V,W ) as determined
by (5.18) cannot be put in the form (5.4); in the latter case both V and W
have absolutely continuous distributions. So there is no immediate exten-
sion of the decomposition result around (5.17) to our situation. Neverthe-
less, there exists a discrete counterpart, suggested by Theorem 5.10 (ii) and
(5.20); by use of (5.18) and Theorems A.4.11 and A.4.12 it can be shown
that

V
d= W

d= X + U� Y0, with X, U and Y0 independent,(5.21)

iff X is compound-exponential. Again, we do not give the details, and
note that it is not known whether X is compound-exponential if one only
requires that W can be decomposed as W d= X +B with X and B indepen-
dent.
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To conclude this section we say a few words on infinite divisibility of
the limiting total lifetime and the limiting remaining lifetime. Consider
first the non-lattice case, and suppose that the ordinary lifetime X has an
absolutely continuous distribution function F with density f (and finite
mean µ). Then according to Lemma 5.3 the random variables Z and W

have densities given by

fZ(x) =
1
µ
x f(x), fW (x) =

1
µ

{
1− F (x)

}
[x > 0 ].(5.22)

Even if X is infinitely divisible, then Z and W need not be infinitely divis-
ible. Sufficient conditions can be found in Proposition III.10.10, Corol-
lary VI.4.6 and Proposition VI.5.4, and counter-examples are presented in
Examples VI.12.1 and VI.12.6. Turning to the lattice case, we suppose
that X is Z+-valued with aperiodic distribution (pk)k∈Z+ . Then according
to Lemma 5.9 the random variables Z and W have distributions given by

IP(Z = k) =
1
µ

(k+1) pk+1, IP(W = k) =
1
µ

∞∑
j=k+1

pj [ k ∈Z+ ].(5.23)

Again, Z and W need not be infinitely divisible, but there are sufficient
conditions; see Proposition II.10.7, Theorem VI.7.4 and Proposition VI.8.5.

6. Shot noise

A much used stochastic process in physics, finance and queueing theory
is the so-called shot noise or shot effect process X(·), which occurs in the
literature in various degrees of generality. One of the more general forms
is the one that is also called a filtered Poisson process:

X(t) =
N(t)∑
k=1

h(t, Sk, Ck);(6.1)

here the Sk are the points in a Poisson process N(·), and the Ck are mutu-
ally independent, independent of the Poisson process, and distributed as C.
The quantity h(t, s, c) is interpreted as the effect at time t of a ‘shot’ of
intensity c fired at time s. In a much used special case of (6.1) one takes
h(t, s, c) = c h0(t− s), which leads to

X(t) =
N(t)∑
k=1

Ck h0(t− Sk).(6.2)
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The characteristic function of X(t) in (6.1) can be seen to equal

φX(t)(u) = exp
[
λ

∫ t

0

{
IE eiu h(t,s,C) − 1

}
ds

]
,(6.3)

where λ is the intensity of the Poisson process. In fact, one can argue
as in the computation of the pgf Pt of X(t) in Section 4 as follows. Let
U1, . . . , Un form a sample from a uniform distribution on (0, t); then φX(t)

can be written as

φX(t)(u) =
∞∑
n=0

IP(N(t) = n) IE exp
[
iu

n∑
k=1

h(t, Uk, Ck)
]

=

=
∞∑
n=0

(λt)n

n!
e−λt

(1
t

∫ t

0

IE eiu h(t,s,C) ds
)n
,

which is equal to the right-hand side of (6.3). Since λ may have any positive
value, it follows that X(t) is infinitely divisible. The argument can be gen-
eralized to time-dependent Poisson processes, and also more-dimensional
generalizations have been considered; we shall not pursue this. The charac-
teristic function of X(t) in (6.2) reads

φX(t)(u) = exp
[
λ

∫ t

0

{
IE eiuC h0(x) − 1

}
dx

]
.(6.4)

Special choices for h0 or C in (6.4) lead to various well-known subclasses
of infinitely divisible distributions. As an example we choose h0(x) = e−ρx

for some ρ > 0, and after a little algebra we obtain

φX(t)(u) = exp
[λ
ρ

∫ u

ue−ρt

φC(v)− 1
v

dv
]
.

This means that the characteristic function of X := d-limt→∞X(t), if this
limit exists, has precisely the form (V.6.8), from which it follows that X is
self-decomposable. For references to other examples see Notes.

7. Examples

Here we examine a few special cases of the stochastic processes consid-
ered in the preceding sections, and obtain in this way some new infinitely
divisible distributions or get a new perspective on some old ones. Also a
few illustrative counter-examples are presented.

We start with considering a continuous-time analogue of the introduc-
tory example in Section 2, i.e., the Bernoulli walk with parameter p ≥ 1

2 .
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Example 7.1. Let X(·) be a Markov chain on Z as in Theorem 2.2, and
suppose that the sojourn parameters λj are all equal to one and that the
transition matrix (pjk) is given by pj,j+1 = p and pj,j−1 = q := 1−p, for
some p ≥ 1

2 ; note that indeed the chain is skipfree to the right. Then the
first-passage time T0,1 from 0 to 1 is not defective, and by (2.8) its pLSt π
satisfies

π(s) =
1

1 + s

p

1− q
{
1
/
(1 + s)

}
π(s)

=
p

1 + s− q π(s)
.

Solving this equation for π, we obtain two solutions, only one of which is a
pLSt:

π(s) =
(1 + s)−

√
(1 + s)2− 4pq
2q

=
2p

(1 + s) +
√

(1 + s)2− 4pq
.(7.1)

From Theorem 2.2 we conclude that π is compound-exponential, and hence
infinitely divisible. We can say somewhat more. Let Ir be the modified
Bessel function of the first kind of order r; cf. Section A.5. In Exam-
ple III.11.9 we used I1 to prove that in case p = 1

2 the function π is the
Lt of a completely monotone density. Now, this density can be used to
obtain a density f also when p > 1

2 ; just note that π can be considered as
a function of 1 + s, and then change the scale by a factor 2

√
pq. Thus we

find

f(x) =
√
p/q

1
x

e−x I1(2
√
pq x) [x > 0 ],(7.2)

and f is completely monotone. In a similar way one uses Example III.11.9
to show that the corresponding canonical density k is completely monotone;
the Lt ρ of k, which is the ρ-function of π, and k are given by

ρ(s) =
1√

(1 + s)2− 4pq
, k(x) = e−x I0(2

√
pq x) for x > 0.

An alternative way of showing that π has a completely monotone canonical
density k, is observing that, in case p > 1

2 , the ρ-function of π can be
written as

ρ(s) = cp

( λ1

λ1 + s

) 1
2
( λ2

λ2 + s

) 1
2
,

where cp := 1/
√
λ1λ2 and λ1,2 := 1± 2

√
pq, and using the canonical rep-

resentation of mixtures of exponential pLSt’s as given by Theorem VI.3.5;
since s 7→ λi

/
(λi + s) has the form (VI.3.14) with v = vi := 1(λi,∞), also
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ρ/cp has this form with v = 1
2 (v1 + v2), which has its values in [ 0, 1 ]. The

complete monotonicity of k implies that π corresponds to a generalized
gamma convolution, and hence is self-decomposable; cf. Theorem VI.5.3
and Proposition VI.5.5. In Example V.9.2 this self-decomposability, in case
p = 1

2 , was proved more directly. The first-passage time T0,k from 0 to k ∈N
has pLSt πk, and hence is infinitely divisible, and even self-decomposable,
as well. It can be seen to have density fk given by

fk(x) = k
(√
p/q

)k 1
x

e−x Ik(2
√
pq x) [x > 0 ].(7.3)

Finally we look, for a fixed t, at the distribution of X(t) itself. As is well
known, X(t) can be obtained as

X(t) d= N1(p t)−N2(q t),

where N1(·) and N2(·) are independent Poisson processes of rate one. It
follows that X(t) is infinitely divisible, and that its distribution is given by

IP
(
X(t) = k

)
= e−t

(√
p/q

)k
I|k|(2

√
pq t) [ k ∈Z ].(7.4)

Note that for t > 0 and k ∈N we have IP
(
X(t) = k

)
= (t/k) fk(t) with fk

as in (7.3). 22

The first-passage time T0,1 for X(·) in this example has the same distrib-
ution as the absorption time T̃1,0 for the process X̃(·) that is obtained from
X(·) by making state 0 absorbing, interchanging p and q, and starting
at 1. In a similar way one sees that Theorem 2.2 can also be applied
to the absorption time for a birth-death process X(·) on Z+ with 0 as an
absorbing state and with birth and death rates µ1, µ2, . . . and ν1, ν2, . . ., say,
satisfying µj + νj > 0 for all j; X(·) is a Markov chain on Z+ which on N
behaves as before: For j ∈N the sojourn parameter λj and the transition
probability pjk are given by

λj = µj + νj , pjk =

{
µj

/
(µj + νj) , if k = j + 1,

νj
/
(µj + νj) , if k = j − 1.

Using these relations in (2.8), adapted to this case, one sees that ifX(0) ≡ 1
then the pLSt π of the absorption time T := inf

{
t > 0 : X(t) = 0

}
, if not

defective, can be written as

π(s) =
ν1

µ1 + ν1 + s− µ1π̃(s)
,(7.5)
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where π̃ is the pLSt of the first-passage time from 2 to 1 if µ1 > 0. In
special cases relation (7.5) leads to explicit expressions for π. We have seen
this in Example 7.1; we now give another example.

Example 7.2. Let the birth-death process X(·), with X(0) ≡ 1, have the
property that, for some n ∈N, µ1 > 0, . . . , µn−1 > 0, µn = 0 and ν1 > 0,
. . . , νn > 0, so X(·) is a process on {0, 1, . . . , n}. Let πn denote the pLSt
of the absorption time T ; then by (7.5) we have

π1(s) =
ν1

ν1 + s
, πn(s) =

ν1
µ1 + ν1 + s− µ1 π̃n−1(s)

for n ≥ 2,(7.6)

where π̃n−1 is the pLSt of the absorption time in a birth-death process
on the set {0, 1, . . . , n −1} started at one and with birth and death rates
µ2, . . . , µn and ν2, . . . , νn. Hence π̃1(s) = ν2

/
(ν2 + s), so for π2 we find

π2(s) =
ν1(ν2 + s)

ν1ν2 + (µ1 + ν1 + ν2)s+ s2
.(7.7)

In turn, this formula for π2 can be used to compute π̃2, which yields π3.
Proceeding in this way it is possible to compute πn for every n; note that πn,
and hence π̃n, is of the form Qn−1/Pn with Qn−1 and Pn polynomials of
degree n −1 and n, respectively. From Theorem 2.2 we know that πn is
compound-exponential, but the construction above and the considerations
in Section VI.3 suggest that πn also corresponds to a mixture of n expo-
nential densities, i.e., that πn can be put in the form

πn(s) =
n∑
j=1

pj
aj

aj + s
,(7.8)

with aj > 0 and pj > 0 for all j, and
∑n
j=1 pj = 1. Indeed, this can be

proved by induction as follows. The function π2 can be written as

π2(s) =
a1

a1 + s

a2

a2 + s

/ ν2
ν2 + s

,

for some a1, a2 with 0 < a1 < ν2 < a2, so π2 is infinitely divisible with
canonical density k2(x) = e−a1x + e−a2x − e−ν2x for x > 0; by Proposi-
tion VI.3.4 it follows that π2 is a mixture of two exponential pLSt’s (with
parameters a1 and a2). By using (7.6) the induction step can be made sim-
ilarly; we omit the details. Finally, we note that, conversely, every mixture
of n exponential densities can be viewed as the density of the absorption
time in a birth-death process on {0, 1, . . . , n} as above. We do not give
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a proof of this result; it is interesting to see, though, that in combination
with Theorem 2.2 this leads to an alternative proof of Theorem VI.3.3. 22

Sometimes it is more convenient to look at the distribution function F of
the absorption time T than at its pLSt. Since state 0 is absorbing, F can
be written as

F (t) = IP(T ≤ t) = IP
(
X(t) = 0

)
[ t ≥ 0 ].(7.9)

Now, it is well known that the transition probability pk(t) := IP
(
X(t) = k

)
satisfies the following difference-differential equations for t ≥ 0:

p′0(t) = ν1 p1(t),

p′1(t) = −(µ1 + ν1) p1(t) + ν2 p2(t),

p′k(t) = −(µk + νk) pk(t) + µk−1 pk−1(t) + νk+1 pk+1(t),

(7.10)

for k ≥ 2, with initial condition pk(0) = δk,n if X(0) ≡ n with n ∈N. By
standard generating function techniques these equations can be solved in
special cases; we give an example in which new infinitely divisible distrib-
utions appear.

Example 7.3. Let the birth-death process X(·) be linear, i.e., µj = j µ and
νj = j ν for all j, and some µ > 0 and ν > 0. Then one finds for t ≥ 0

p0(t) =


( 1− e−(ν−µ) t

1− (µ/ν) e−(ν−µ) t

)n
, if µ 6= ν,( µt

1 + µt

)n
, if µ = ν.

(7.11)

Note that limt→∞ p0(t) = 1 iff µ ≤ ν. Now apply Theorem 2.2 and use
(7.9); then the choice µ < ν shows that for any a > 0, b ∈ (0, 1) and n ∈N
the (nondefective) distribution function F on R+ given by

F (x) =
( 1− e−ax

1− b e−ax
)n

[x ≥ 0 ],(7.12)

is infinitely divisible. By choosing µ = ν, or by putting b = e−a in (7.12) and
then letting a ↓ 0, one sees that also the following distribution function F

on R+ is infinitely divisible for any n ∈N:

F (x) =
( x

1 + x

)n
[x ≥ 0 ].(7.13)
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From Theorem 2.2 it also follows that in case n = 1 both (7.12) and (7.13)
are compound-exponential. In fact, both have a completely monotone den-
sity because the function 1−F is easily seen to be completely monotone.
The distribution in (7.13), for general n, is a special case of the beta dis-
tribution of the second kind, which in Example VI.12.9 was shown to be a
generalized gamma convolution and hence self-decomposable. 22

The preceding example shows how an interpretation in a stochastic process
can be used to prove that a given distribution is infinitely divisible. The
same is illustrated by the next example.

Example 7.4. Let X(·) be standard Brownian motion started at zero,
and consider the first-exit time T from (−1, 1) for X(·). Is T infinitely
divisible ? Use the technique from the end of Section 2. Let S denote the
first-exit time from (− 1

2 ,
1
2 ). Then by the self-similarity, the strong Markov

property and the space-homogeneity of X(·) it is seen that

S
d= 1

4T, T
d= S + S′ +AT ′,(7.14)

where all random variables in the right-hand side are independent, S′ d= S,
T ′

d= T and A is uniform on {0, 1}. It follows that the pLSt π of T satisfies

π(s) =
{
π( 1

4s)
}2 1

2

{
1 + π(s)

}
[ s ≥ 0 ].(7.15)

To solve this functional equation we rewrite it by putting φ(x) := 1
/
π(x2);

extending the domain R+ of φ to R we get

φ(x) = 2
{
φ( 1

2x)
}2 − 1 [x ∈R ].(7.16)

Next we note that π(0) = 1 and that π has derivatives of all orders at zero;
this follows from the fact that IP(T > t) = O(e−ct) as t→∞, for some
c > 0; see Notes. Since φ′′(0) = −2π′(0) = 2 IET , we therefore look for all
solutions φ of (7.16) having derivatives of all orders on R, with φ(0) = 1
and φ′′(0) > 0. Now, it is known (see Notes) that for every λ 6= 0 there
exists exactly one such solution with φ′′(0) = λ2 and that it is given by

φ(x) = coshλx = 1
2 (eλx + e−λx) [x ∈R ].(7.17)

In our situation λ =
√

2, since it can be shown that IET = VarX(T ) = 1.
We conclude that (7.15) is solved by

π(s) =
1

φ(
√
s)

=
1

cosh
√

2s
=

2
e
√

2s + e−
√

2s
.(7.18)
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Proving infinite divisibility of T , however, just from this expression for π,
is not easy; also, the square-root is essential, as was shown in Exam-
ple III.11.12. We therefore return to equation (7.15) for π. Putting

π0(s) :=
1

2− {π(s/4)}2
,

which is the pLSt of a compound-geometric, and hence infinitely divisible
distribution on R+, we see that π satisfies

π(s) =
{
π( 1

4s)
}2
π0(s), so π(s) =

{
π(s/4n)

}2n
n−1∏
j=0

{
π0(s/4j)

}2j

,(7.19)

for every n ∈N. Since by the explicit expression (7.18) for π the first factor
in the right-hand side tends to one as n→∞, π can be obtained as the limit
of a sequence of infinitely divisible pLSt’s, and hence is infinitely divisible,
too.
It is much simpler, however, to prove that π is self-decomposable (and
therefore infinitely divisible). To do so we return to T , and for α ∈ (0, 1)
we let T√α be the first-exit time from (−

√
α,
√
α ). Then by the strong

Markov property we have

T
d= T√α + T (α),(7.20)

where T (α) is nonnegative and independent of T√α. Now use again self-

similarity: aX(·) d= X(a2 ·) for every a > 0; then it follows that T√α
d= αT ,

and T is self-decomposable by definition. 22

Next we turn to the G/G/1 queue, as considered in Section 3, with
interarrival time A and service time B such that the traffic intensity ρ :=
IEB/IEA satisfies ρ < 1. We mention some special cases where something
more can be said about the infinitely divisible limit W (in distribution) of
the waiting time Wn of the n-th customer as n→∞; cf. Theorem 3.1.

Example 7.5. Let B be exponentially distributed with parameter µ. Then
by using the lack-of-memory property of B one can show that for any A

(such that ρ < 1) the distribution of W is a mixture of the degenerate
distribution at zero and an exponential distribution; in fact, one has

IP(W > x) = p e−(1−p)µx [x ≥ 0 ],

where p is the unique solution of the equation F̂A
(
(1−p)µ

)
= p. 22
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Example 7.6. Let A be exponentially (λ) distributed, so the distribution
of W is given by the Pollaczek-Khintchine formula in (3.3) and (3.4). Then
it is easily verified that a standard gamma (r) distribution for B, with r ∈N,
leads to a pLSt F̂W of W which is a rational function of degree r. We give
examples for r = 2 and r = 3. First we take r = 2 and λ = 1

6 . Then we
find

F̂W (s) =
4 (1 + s)2

4 + 11s+ 6s2
= 2

3 + 1
3

2 (2 + s)
(1 + 2s)(4 + 3s)

,

which by partial fraction expansion leads to the following result for W :

IP(W> x) = 2
5 e−

1
2x− 1

15 e−
4
3x [x ≥ 0 ].

Next we take r = 3 and λ = 1
39 . Then F̂W is given by

F̂W (s) =
36 (1 + s)3

36 + 114s+ 116s2 + 39s3
=

= 12
13 + 1

13

12 (3 + 3s+ s2)
13 (2 + 3s)(µ+ s)(µ+ s)

,

where µ := 3
13 (5 + i). Partial fraction expansion again shows that

IP(W> x) = 3
17 e−

2
3x− 22

221 e−
15
13x {cos 3

13x+ 10
11 sin 3

13x},

where x ≥ 0. Though both infinitely divisible distributions can be regarded
as (very) generalized mixtures of exponential distributions, the second with
complex-valued parameters, neither of them is infinitely divisible by the
results on mixtures in Section VI.3. Similar examples can be obtained by
taking a mixture of exponential distributions for B. 22

Example 7.7. Let A be exponentially distributed. Since we want to send
the traffic intensity ρ to one, we denote the limiting waiting time by W (ρ).
From the Pollaczek-Khintchine formula it easily follows that

W (ρ)
IEW (ρ)

d−→ X [ ρ ↑ 1 ],

where X is standard exponential. If the customary queue discipline ‘first-
come-first-served’ is changed to ‘service in random order’, then one can
show that the limiting waiting time W̃ (ρ) still exists and has finite mean.
Moreover, in this case

W̃ (ρ)

IE W̃ (ρ)
d−→ X1X2 [ ρ ↑ 1 ],
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where X1 and X2 are independent and standard exponential. From The-
orem VI.3.3 it follows that X1X2 is infinitely divisible with a completely
monotone density; see also Notes. 22

The results on branching processes in Theorems 4.1 and 4.2 are illus-
trated by the next three examples. In each of them we start from a special
birth-death process; cf. the description preceding Example 7.2.

Example 7.8. Consider the birth-death process Z(·) (sometimes called
the Yule process) with Z(0) ≡ 1 and with birth and death rates µj = jµ

and νj = 0 for j ∈N, where µ > 0; so the sojourn parameters λj and the
transition probabilities pjk of the Markov chain Z(·) are given by λj = jµ

and pj,j+1 = 1 for j ∈N. Then Z(·) can be viewed as a branching process
where each individual lives an exponential (µ) period of time and is re-
placed by two individuals at the moment of its death, so the infinitesimal
quantities a and H are given by a = µ and H(z) = z2. Because of (4.11)
for the generator U of the process we then have

U(z) = µ {z2 − z} = µ z (z − 1).

Inserting this in (V.8.9) and solving the resulting differential equation, one
finds the pgf Ft of Z(t):

Ft(z) =
e−µt z

1− (1− e−µt) z
[ t ≥ 0 ].

Hence Z(t) is geometrically distributed with IEZ(t) = mt where m = eµ;
the process is supercritical. According to Theorem 4.1 we then have:
Z(t)

/
mt d−→W as t→∞ with W positive and self-decomposable. This

is easily verified directly by considering the pLSt πt of Z(t)
/
mt and apply-

ing the continuity theorem:

lim
t→∞

πt(s) = lim
t→∞

Ft
(
exp [−s e−µt]

)
= lim

a↓0

a e−as

1− (1−a) e−as
=

1
1+s

,

so W has a standard exponential distribution. 22

Example 7.9. Consider the birth-death process Z(·) with Z(0) ≡ 1 and
with birth and death rates µj = jµ and νj = jν for j ∈N, where µ > ν > 0.
Then, as in Example 7.8, Z(·) can be viewed as a branching process with
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infinitesimal quantities a = µ+ ν and H(z) = (ν + µz2)
/
(µ+ ν), so the

generator U is given by

U(z) = (µz − ν) (z − 1).

From (V.8.9) one obtains the pgf Ft of Z(t):

Ft(z) =
ν (z − 1)− e−(µ−ν) t (µz − ν)
µ (z − 1)− e−(µ−ν) t (µz − ν)

[ t ≥ 0 ],

so IEZ(t) = mt with m = eµ−ν > 1; the process is supercritical. Now for
the pLSt πW of the limit W of Z(t)

/
mt as t→∞ one easily finds:

πW (s) =
µ− ν + νs

µ− ν + µs
= 1−α+ α

α

α+ s
, with α := (µ− ν)

/
µ.

It follows that the distribution of W is a mixture of exponential distrib-
utions, which is infinitely divisible but not self-decomposable; note that the
conditions of Theorem 4.1 are not satisfied: IP

(
Z(1) = 0

)
> 0. 22

Example 7.10. Consider a branching process X(·) with immigration and
X(0) ≡ 0, where branching is governed by the semigroup F = (Ft)t≥0 from
Example 7.9, but now with ν = µ+ 1; then m = 1/e, so the process is
subcritical. Putting p := µ/ν ∈ (0, 1), for U and Ft we get

U(z) = (1− z)
1− p z

1− p
, Ft(z) =

1− z − et (1− p z)
p (1− z)− et (1− p z)

.

Suppose that the immigration occurs according to a compound-Poisson pro-
cess Y (·) with intensity λ > 0 and batch-size distribution (qk) with pgf Q
and finite logarithmic moment. Then according to Theorem 4.2 and Corol-
lary V.8.4 X(t) d−→ X as t→∞, where X is F-self-decomposable, and
hence infinitely divisible, with pgf P satisfying

− 1
λ

logP (z) =
∫ 1

z

1−Q(x)
U(x)

dx =
∫ 1

z

1−Q(x)
1− x

1− p

1− p x
dx.

Now, taking Q specific, one can obtain explicit expressions for P . For in-
stance, if q0 = q1 = 1

2 , then P is the pgf of a negative-binomial (r, p) distrib-
ution with r = 1

2λ (1− p)
/
p. Taking (qk) geometric (p) leads to a limit X

with X
d= Y (1). Note that, because of Theorem II.3.2, for p ↓ 0 the for-

mula for P above tends to the canonical representation of self-decomposable
pgf’s as given in (V.4.13); by using this representation, however, one easily
verifies that for arbitrary p ∈ (0, 1) the pgf P above is self-decomposable iff
p ≤ q1

/
(1−q0). 22
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Finally we consider renewal processes N(·), as in Section 5, generated
by some special lifetimes X. The number N(x) of renewals in [ 0, x ] is often
not infinitely divisible; the case where X is exponential and hence N(x) is
Poisson, seems to be an exception. In many other cases the distribution
of N(x) has a tail that is too thin for infinite divisibility. We will make
this more precise in two special cases; here S1, S2, . . . denote, as before, the
renewal epochs for N(·).

Example 7.11. Let X have a gamma (2) distribution. Then we have
Sk

d= Y1 + · · ·+ Y2k for all k, where Y1, Y2, . . . are independent random vari-
ables with the same exponential distribution, so

IP
(
N(x) ≥ k

)
= IP(Y1 + · · ·+ Y2k ≤ x) = IP

(
M(x) ≥ 2k

)
,

with M(·) a Poisson process. From Lemma II.9.1 (iii) it now follows that

− log IP
(
N(x) ≥ k

)
∼ 2 k log k [ k →∞ ],

so by Corollary II.9.5 N(x) cannot be infinitely divisible. 22

Example 7.12. Let X be stable (λ) with exponent γ = 1
2 . Then we have

Sk/k
2 d= X for all k, and from Example V.9.5 it follows that X d= 1/U2

with U normal (0, 2/λ2). Now we can write

IP
(
N(x) ≥ k

)
= IP(Sk ≤ x) = IP(X ≤ x/k2) = IP(U ≥ k/

√
x),

and hence by (IV.9.9)

− log IP
(
N(x) ≥ k

)
∼ λ2

4x
k2 [ k →∞ ].

So here N(x) has a tail that is even thinner than in the previous example;
again, N(x) is not infinitely divisible. 22

A possible candidate for generating an infinitely divisible N(x) is a life-
time X with a gamma ( 1

2 ) distribution; it is then easily seen that N(x) has
a fatter tail than the Poisson distribution. It does not seem easy, however,
to obtain an explicit formula for the distribution of N(x) in this case. We
do not pursue this, and conclude this section with an illustration of the
results in Section 5 around the inspection paradox.
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Example 7.13. Let X be exponential (λ); by Example III.4.8 it is infin-
itely divisible with canonical density k given by k(x) = e−λx for x > 0.
Let X(·) be the sii-process generated by X; then for a > 0 the random
variable X(a) is gamma (a, λ) distributed. According to Theorem 5.5 the
limiting total lifetime Z(a) in a renewal process generated by X(a) can be
decomposed as

Z(a) d= X(a) + Y, with X(a) and Y independent,(7.21)

where Y has density λ k, so Y d= X. It follows that Z(a) is gamma (1+ a, λ)
distributed. Taking a = 1

/
(n−1) with n ≥ 2 we conclude: For any n ∈N

there exists a lifetime X such that the corresponding limiting total life-

time Z has n ordinary lifetimes as independent components. Let further
a ≤ 1. Then by Theorem 5.8 we also have decomposition (5.16) for Z(a)
with Y0 ≡ 0 (cf. Example III.5.4), so under the usual conditions:

Z(a) d= X(a) +X ′(a) +X ′′(1− a);

but this is, of course, a special case of (7.21). Since X(a) is compound-
exponential, we also have decomposition (5.17) for the limiting remaining
lifetime W (a) in a renewal process generated by X(a), so

W (a) d= X(a) +B(a), with X(a) and B(a) independent,(7.22)

where B(a) d= U X(1− a) with U an independent uniform random variable
on (0, 1). Note that W (a) d−→ B(0) as a ↓ 0 with B(0) d= UX. For λ = 1
it follows that B(a) and B(0) have pLSt’s given by

πa(s) =
(1 + s)a − 1

as
, π0(s) =

log (1 + s)
s

,

respectively. Combining Proposition VI.4.2 and Theorem VI.3.3 immedi-
ately shows that πa and π0 are Lt’s of completely monotone, and hence
infinitely divisible densities; compare Example VI.12.10, where this was
proved in a different way. 22

8. Notes

The results on first-passage times in Markov chains can be found in
Miller (1967); similar results are given in Keilson (1979). Theorem 2.3
on first-passage times in diffusion processes is taken from Kent (1978),
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with the same very brief proof. Here and in some other papers
(
Kent

(1982), Barndorff-Nielsen et al. (1978)
)

some distributions are shown to
be infinitely divisible by the fact that they are first-passage time distrib-
utions in diffusion processes; one of those is the inverse-Gaussian distrib-
ution, which is, in fact, the stable distribution on R+ with exponent γ = 1

2 ,
‘exponentially tilted’. The computation of these first-passage time densities
involves solving differential equations connected to the differential operator
that generates the diffusion process.

Formula (3.3) occurs in Kingman (1965), where the random variablesXn

are interpreted as the idle periods in the so-called dual queue; an earlier
proof of (3.3) was given by Runnenburg (1960). The proof of the infinite
divisibility of W by way of Spitzer’s identity has been given by J. Keil-
son and J.Th. Runnenburg; see the discussion of the paper by Kingman.
Conversely, Heinrich (1985) proves Spitzer’s identity starting from (3.3).

The self-decomposability of the limit W in Theorem 4.1 is mentioned,
without proof, in Yamazato (1975); a similar theorem is proved in Biggins
and Shanbhag (1981). The necessary and sufficicient condition for W to
be non-degenerate can be found in Athreya and Ney (1972). The result on
branching processes with immigration is taken from van Harn et al. (1982);
related results are given in Steutel et al. (1983).

The remark on Blackwell’s renewal theorem in Proposition 5.1 was made
by Runnenburg in the discussion of Kingman’s paper above. Proposi-
tion 5.2 occurs in Daley (1965) in a less precise form and is also proved
in van Harn (1978). Most results in the rest of Section 5 are taken from
van Harn and Steutel (1995), sometimes slightly sharpened; Theorem 5.6 is
proved in Bertoin et al. (1999). Theorem 5.4 is of some interest to statisti-
cians; the distribution of Z in (5.5) is called the length-biased distribution,
and the question for what X one has relation (5.8), arises quite naturally;
see Arratia and Goldstein (1998), and Oluyede (1999).

Shot-noise processes of various degrees of generality are discussed in
Bondesson (1992); another good reference, also for examples, is Parzen
(1962).

Example 7.1 occurs in Feller (1971); the function given in (7.3) is also
an infinitely divisible density for arbitrary positive, noninteger k. The
distribution in (7.4) of the ‘randomized random walk’ is also taken from
Feller (1971). Example 7.2 concerns a personal communication to us by
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W. Vervaat; see also Sumita and Masuda (1985). Example 7.3 is taken
from Miller (1967). Information on functional equations of the type (7.16)
in Example 7.4 can be found in Kuczma (1968), and the tail behaviour of T
in Feller (1971); the pLSt of T is given, e.g., in Breiman (1968). Example 7.5
occurs in many textbooks on queueing theory; see, e.g., Cohen (1982). For
Example 7.6, see Kleinrock (1975). The second part of Example 7.7 is taken
from Kingman (1965); this was the start of the work by Goldie, Steutel,
Bondesson and Kristiansen on mixtures of exponential and gamma distrib-
utions. The branching semigroups F in Examples 7.8, 7.9 and 7.10 can
also be found in Athreya and Ney (1972). Example 7.13 is taken from van
Harn and Steutel (1995).
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Appendix A

Prerequisites

from probability and analysis

1. Introduction

We assume the reader to be familiar with the basic concepts and results
from probability theory and analysis, including measure and integration
theory. Still, it will be useful to recall a number of facts in order to establish
terminology and notation, and to have on record some results that will be
used in the main text. Sections 2, 3 and 4 mainly concern distributions
on R, on R+ and on Z+, respectively. Other, more special tools are collected
in Section 5, and as usual we close with a section containing notes. For
notational conventions and elementary properties concerning a number of
well-known distributions, we refer to Appendix B.

2. Distributions on the real line

Random variable, distribution, distribution function. Let X be
a random variable, i.e., X is an R-valued measurable function on a prob-
ability space (Ω,A, IP). Then the (probability) distribution of X is the
probability measure IPX on the Borel σ-field B(R) in R defined by

IPX(B) = IP(X ∈B)
[
B ∈B(R)

]
.

Equality in distribution of two random variables X and Y , possibly on
different probability spaces, is denoted by X

d= Y . The distribution IPX
determines the (probability) distribution function of X, this is the function
FX : R → [ 0, 1 ] with

FX(x) = IP(X ≤ x) [x ∈R ].
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Conversely, IPX is determined by F = FX ; it is equal to the Stieltjes measure
induced by F , i.e., the unique measure mF on B(R) for which mF

(
(a, b ]

)
=

F (b)−F (a) for a < b. The (generalized) inverse of a distribution function F
is the function F−1 : (0, 1) → R defined by

F−1(u) := inf
{
x ∈R : F (x) ≥ u

}
[ 0 < u < 1 ];

if U has a uniform distribution on (0, 1), then the random variable F−1(U)
has distribution function F . A distribution or distribution function is said
to be symmetric (around zero) if a random variable X having this distrib-
ution satisfies X d= −X.

Stieltjes measure, Lebesgue decomposition, support. Let mG be
the Stieltjes measure on B(R) induced by a right-continuous nondecreasing
function G on R; the identity on R induces Lebesgue measure m. An atom
of mG is a point a ∈R such that mG

(
{a}

)
> 0 or, equivalently, such that G

is discontinuous at a; the set of atoms of G is countable. The measure mG

and the function G are called discrete if there is a countable set A such
that mG(Ac) = 0; in this case

mG(B) =
∑
a∈B

g(a)
[
B ∈B(R)

]
,

where g, with g(a) := mG

(
{a}

)
, is called the density of mG and of G.

If mG has no atoms or, equivalently, G is a continuous function, then mG

is said to be continuous. Any measure mG can be decomposed as mG =
mG,d+mG,c with mG,d a discrete and mG,c a continuous Stieltjes measure.
The measure mG and the function G are called singular (with respect to m)
if there is a measurable set B with m(B) = 0 such that mG(Bc) = 0. They
are called absolutely continuous (with respect to m) if

mG(B) =
∫
B

g(t) dt
[
B ∈B(R)

]
for some nonnegative function g, which is called a density of mG and of G.
Densities are not unique, but often there is a most obvious one, which
then is sometimes called the density. According to ‘Radon-Nikodym’ the
(σ-finite) measure mG is absolutely continuous iff mG(B) = 0 for every
measurable set B with m(B) = 0. Any measure mG can be decomposed
as mG = mG,s +mG,ac with mG,s a singular and mG,ac an absolutely con-
tinuous Stieltjes measure. Combining the two decompositions we obtain
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the so-called Lebesgue decomposition:

mG = mG,d +mG,cs +mG,ac,(2.1)

where mG,d is the discrete part of mG, mG,cs the continuous-singular part,
and mG,ac the absolutely continuous part. Applying this result to prob-
ability distributions, we see that any distribution function F can be writ-
ten as a mixture of three distribution functions ‘of pure types’, the dis-
crete component Fd, the continuous-singular component Fcs and the abso-
lutely continuous component Fac of F ; for some α ≥ 0, β ≥ 0, γ ≥ 0 with
α+ β + γ = 1 we have

F = αFd + β Fcs + γ Fac.(2.2)

By the support S(G) of a function G as above we understand the set of
points of increase of G :

S(G) :=
{
a ∈R : G(a+ ε)−G(a− ε) > 0 for all ε > 0

}
.

Note that the support of a discrete G need not be countable. The left
extremity `G of G is defined as `G := inf S(G), and rG := sup S(G) is called
the right extremity of G; note that `G ∈ [−∞,∞) and rG ∈ (−∞,∞ ]. For
the support of the distribution function F of a random variable X we can
write

S(F ) =
{
a ∈R : IP

(
|X − a| < ε

)
> 0 for all ε > 0

}
,

and hence: S(F ) is the smallest closed subset S of R for which X ∈S a.s.
(almost surely, i.e., with probability one). The left extremity `F of F is
also called the left extremity of X, and is then denoted by `X ; similarly
for the right extremity rX of X. Sometimes we allow the function G to be
somewhat more general, for instance (right-continuous and) nondecreasing
on (−∞, 0) and on (0,∞); the results on G and mG above and some results
below can be adapted in an obvious way.

Random vector, random sequence, independence. Let (X,Y )
be a random vector, i.e., (X,Y ) is an R2-valued measurable function on a
probability space (Ω,A, IP) or, equivalently, X and Y are random variables
on the same probability space. Then, similarly to the one-dimensional
case, the distribution IPX,Y and the distribution function FX,Y of (X,Y )
are given by
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IPX,Y (B) = IP
(
(X,Y ) ∈B

) [
B ∈B(R2)

]
,

FX,Y (x, y) = IP(X ≤ x; Y ≤ y)
[
(x, y) ∈R2

]
.

In the special case where IPX,Y is equal to the product measure IPX⊗ IPY
of the one-dimensional marginal distributions IPX and IPY , the random
variables X and Y are called (mutually) independent ; equivalent to this is
each of the following statements:

IP(X ∈C; Y ∈D) = IP(X ∈C) IP(Y ∈D)
[
C,D ∈B(R)

]
,

FX,Y (x, y) = FX(x)FY (y) [x, y ∈R ].

Random vectors (X1, . . . , Xn) with n ≥ 3 are treated similarly; note that
independence is stronger than pairwise independence. A random sequence
(Xn)n∈N is a sequence of random variables on the same probability space;
X1, X2, . . . are called independent if X1, . . . , Xn are independent for all
n ∈N.

Convolution. The distribution IPX+Y and the distribution function
FX+Y of the sum of two independent random variables X and Y are given
by the convolutions IPX ? IPY and FX ? FY , respectively. Here we define
the measure µ ? ν for σ-finite measures µ and ν on B(R) and the function
G ? H for right-continuous nondecreasing functions G and H on R by

(µ ? ν)(B) := (µ⊗ ν)
(
{(x, y) : x+ y ∈B}

)
=

∫
R
µ(B − y) ν(dy),

(G ? H)(x) :=
∫

R
G(x− y) dH(y),

where B − y := {x− y : x ∈B}. If G is continuous, then so is G?H. If G is
absolutely continuous with density g, then G ? H is absolutely continuous
with density g ? H (extending the definition of ?); if in this case also H is
absolutely continuous with density h, then g ? H = g ∗ h with

(g ∗ h)(x) :=
∫

R
g(x− y)h(y) dy [x ∈R ].

Similarly, for sequences q = (qk)k∈Z and r = (rk)k∈Z of nonnegative num-
bers we define q ∗ r as the sequence with elements

(q ∗ r)k :=
∑
j∈Z

qk−j rj [ k ∈Z ].
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The operation ∗ is also called convolution; in practice it will always be
clear which one of the convolutions is meant. The convolutions ? and ∗ are
commutative and associative; for n ∈Z+ the n-fold convolution of G with
itself is denoted by G?n with G?1 := G and G?0 := 1R+ . Similarly for the
function g∗n and for the sequence q∗n with n ∈N. We next state a result
on the support of convolutions; since it does not seem to be well known, we
give a proof in a special case. Here the direct sum A⊕B of two subsets A
and B of R is defined as the set of all c ∈R of the form c = a+ b with a ∈A
and b ∈B, and A⊕n := A⊕ · · · ⊕A (n times).

Proposition 2.1. The support of the convolution of two right-continuous

nondecreasing functions G and H on R is equal to the closure of the direct

sum of their supports:

S(G ? H) = S(G)⊕ S(H).

More generally, for right-continuous nondecreasing functions G1, . . . , Gn:

S(G1? · · ?Gn) = S(G1)⊕ · · ⊕S(Gn), so S(G?n) = S(G)⊕n.

Proof. We restrict ourselves to distribution functions. Let X and Y

be independent random variables with distribution functions G and H,
respectively. By the triangle inequality, for a, b ∈R and ε > 0 we have

IP
(
|(X+ Y )− (a+ b)| < ε

)
≥ IP

(
|X− a| < 1

2ε
)
IP

(
|Y − b| < 1

2ε
)
.

It follows that a+ b ∈S(G ? H) if a ∈S(G) and b ∈S(H), and hence, since
supports are closed, S(G?H) contains the closure of the direct sum of S(G)
and S(H).
To prove the converse, we take c in the complement of the closure of the
direct sum. Then there is an ε0 > 0 such that this complement, and hence
the complement of S(G)⊕S(H), contains the interval (c−ε0, c+ε0). Now,
for any b ∈S(H), the interval

(
(c− b)− ε0, (c− b) + ε0

)
is contained in the

complement of S(G); otherwise (c − ε0, c + ε0) would contain a point of
S(G)⊕S(H). Thus we have IP

(
|X− (c− b)| < ε0

)
= 0 for b ∈S(H). Hence

IP
(
|(X+ Y )− c| < ε0

)
=

∫
S(H)

IP
(
|X− (c− b)| < ε0

)
dH(b) = 0,

and it follows that c 6∈S(G?H). We conclude that also S(G?H) is contained
in the closure of the direct sum of S(G) and S(H).
The final, more general statement is now easily proved. 22
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We finally note that integration with respect to (the Stieltjes measure in-
duced by) a convolution G ? H can be carried out as follows:∫

R
f(x) d(G ? H)(x) =

∫
R2
f(u+ v) dG(u) dH(v).(2.3)

This is seen by writing (G ? H)(x) =
∫

R2 1[u+v,∞)(x) dG(u) dH(v), and is
clear for distribution functions: both the integrals in (2.3) equal IE f(X+Y )
if X and Y are independent with FX = G and FY = H.

Expectation, moment inequalities. For the expectation IE g(X) of
a measurable function g of a random variable X on a probability space
(Ω,A, IP) we have

IE g(X) :=
∫

Ω

g(X) dIP =
∫

R
g(x) IPX(dx),

provided that these integrals exist (possibly ∞ or −∞). For n ∈Z+ the
special case with g(x) = xn yields the n-th moment or moment of order n
of X. If the n-th moment of X (exists and) is finite, then so is the k-th
moment for all k ≤ n; this follows from the inequality IE |X|r ≤ 1 + IE |X|s

if 0 < r ≤ s. Here for arbitrary r > 0 the quantity IE |X|r is called the
absolute moment of order r of X. The first moment or mean of X can be
written in terms of the distribution function F of X as

IEX =
∫ ∞

0

{
1− F (x)

}
dx−

∫ 0

−∞
F (x) dx,(2.4)

and the first two moments yield the variance of X: VarX = IEX2−(IEX)2.
If X has a finite variance, then by Chebyshev’s inequality we have

IP
(
|X − IEX| ≥ a

)
≤ (VarX)

/
a2 [ a > 0 ].(2.5)

Further, if g is a convex function on an open interval I and if X is an
I-valued random variable with finite mean, then IE g(X) exists and

IE g(X) ≥ g(IEX);(2.6)

this basic result is known as Jensen’s inequality. It can be used to show
that

‖X ‖r :=
(
IE |X|r

)1/r is nondecreasing in r ≥ 1,(2.7)

and also to prove Hölder’s inequality which for random variables reads as
follows:
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‖XY ‖1 ≤ ‖X ‖r ‖Y ‖s [ r, s ≥ 1 with 1/r + 1/s = 1 ];(2.8)

taking r = s = 2 yields a result that is known as Schwarz’s inequality. In
turn, ‘Hölder’ can be used to prove Minkowski’s inequality ; for random
variables this triangle inequality reads as follows:

‖X + Y ‖r ≤ ‖X ‖r + ‖Y ‖r [ r ≥ 1 ].(2.9)

Finally, we note that for independent random variables X and Y , both non-
negative or both integrable, the expectation of XY exists with IE(XY ) =
(IEX)(IEY ).

Convergence in distribution, weak convergence. For random
variables X,X1, X2, . . ., possibly on different probability spaces, we say
that the sequence (Xn) converges in distribution to X as n→∞ if

lim
n→∞

IE g(Xn) = IE g(X) for all continuous bounded g;

notation: Xn
d−→ X as n→∞. According to Helly’s theorem this is equiv-

alent to saying that

lim
n→∞

Fn(x) = F (x) for all continuity points x of F ,(2.10)

where Fn := FXn
and F := FX ; in this case (Fn) is said to converge weakly

to F as n→∞. Helly’s selection theorem states that any sequence (Fn) of
distribution functions contains a subsequence (Fnk

) satisfying (2.10) with F
a sub-distribution function, i.e., a right-continuous nondecreasing function
on R with 0 ≤ F (x) ≤ 1 for all x. This result can be used to show that
(Fn) converges weakly iff the set {mFn

: n ∈N} is tight, i.e.,

lim
t→∞

sup
n

mFn

(
R\(−t, t ]

)
= 0,(2.11)

and all weakly convergent subsequences of (Fn) have the same limit. In-
stances of convergence in distribution are given by the Central limit theorem
(see Theorem I.5.1) and by the following important result on maxima.

Theorem 2.2. LetX1, X2, . . . be independent, identically distributed ran-

dom variables, and set Mn := max {X1, . . . , Xn} for n ∈N. Suppose there

exist an ∈R and bn > 0 such that for some non-degenerate random vari-

able V :
1
bn

(Mn− an)
d−→ V [n→∞ ].
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Then there exist a, b ∈R, b 6= 0 such that the distribution function F of

(V − a)
/
b is given by one of the following functions, with α > 0:

F (x) =
(
1− exp [−xα]

)
1R+(x), exp [−x−α] 1R+(x), exp [−e−x].(2.12)

Characteristic function and FSt: basic results. A useful tool in
probability theory is the characteristic function of a random variable X
(and of IPX and of FX), this is the function φX : R → C with

φX(u) := IE eiuX =
∫

R
eiux IPX(dx) =

∫
R
eiux dFX(x) =: F̃X(u).

Also for general bounded right-continuous nondecreasing functions G on R
we denote the Fourier-Stieltjes transform (FSt) ofG by G̃; if G is absolutely
continuous with density g, then G̃ is the (ordinary) Fourier transform (Ft)
of g. The characteristic function φX of X determines the distribution of X,
so we have the following uniqueness theorem:

φX = φY ⇐⇒ X
d= Y.(2.13)

There are several inversion theorems; we only mention two special cases.
Let φ be the characteristic function of X; then the atoms of IPX can be
obtained from

IP(X = x) = lim
t→∞

1
2t

∫ t

−t
e−iux φ(u) du [x ∈R ],(2.14)

and if φ satisfies
∫

R
∣∣φ(u)

∣∣ du < ∞, then X has an absolutely continuous
distribution with (continuous bounded) density f given by

f(x) =
1
2π

∫
R

e−iux φ(u) du [x ∈R ].(2.15)

The characteristic function φ of a random variable X satisfies
∣∣φ(u)

∣∣ ≤ 1 for
all u and φ(0) = 1. We have

∣∣φ(u)
∣∣ = 1 for some u 6= 0 iff there exist c ∈R

and d > 0 such that X is (c+ dZ)-valued. On the other hand, if X has an
absolutely continuous distribution, then not only

∣∣φ(u)
∣∣ < 1 for all u 6= 0,

but also φ(u) → 0 as u→∞ or u→ −∞. A characteristic function φ is con-
tinuous. According to Bochner’s theorem a continuous function φ : R → C
with φ(0) = 1 is a characteristic function iff φ is nonnegative definite, i.e.,
for all n ∈N

n∑
j=1

n∑
k=1

φ(uj − uk) zjzk ≥ 0 [u1, . . . , un ∈R, z1, . . . , zn ∈C ];
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this result is, however, not very useful in practice. Of more importance is
the fact that characteristic functions transform convolutions into products.
In fact, we have

X and Y independent =⇒ φX+Y = φX φY ;(2.16)

the converse is not true. On the other hand we do have: F = G ? H

iff F̃ = G̃ H̃, for bounded right-continuous nondecreasing functions F , G
and H on R. The characteristic function of −X is given by the complex
conjugate φX of φX , so X has a symmetric distribution iff φX is real or,
equivalently, φX is even. If φ is a characteristic function, then so is |φ|2, be-
cause |φ|2 = φφ. Besides products and mixtures also limits of characteristic
functions are characteristic functions again, provided they are continuous
at zero; this is part of Lévy-Cramér’s continuity theorem, which can be
stated as follows.

Theorem 2.3 (Continuity theorem). For n ∈N let Xn be a random

variable with characteristic function φn.

(i) If Xn
d−→ X as n→∞, then limn→∞ φn(u) = φX(u) for u ∈R.

(ii) If limn→∞ φn(u) = φ(u) for u ∈R with φ a function that is continuous

at zero, then φ is the characteristic function of a random variable X

and Xn
d−→ X as n→∞.

A sufficient condition for a given function to be a characteristic function,
is given by Pólya’s criterion; we state it together with a periodic variant,
which yields distributions on Z.

Theorem 2.4. Let φ : R → R+ be an even continuous function satisfying

φ(0) = 1.

(i) If φ is nonincreasing and convex on (0,∞), then φ is the characteristic

function of a symmetric distribution on R.

(ii) If φ is nonincreasing and convex on (0, π) and 2π-periodic, then φ is

the characteristic function of a symmetric distribution on Z.

Poisson’s summation formula. We return to the inversion formula
(2.15) which gives a continuous density f corresponding to a characteristic
function φ with

∫
R
∣∣φ(u)

∣∣ du <∞.
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Theorem 2.5. Let φ be an absolutely integrable characteristic function,

and let f be the corresponding continuous density. If one of the following

conditions is satisfied:

— the series
∑
k∈Z φ(· + 2kπ) converges to a continuous function on R;

— the series
∑
k∈Z f(k) converges,

then so is the other, and φ and f are related by∑
k∈Z

φ(u+ 2kπ) =
∑
k∈Z

f(k) eiuk [u ∈R ].(2.17)

An important consequence of the identity (2.17) is the fact that its left-
hand side, when normalized, can be viewed as the characteristic function
of a distribution (pk)k∈Z on Z which is proportional to

(
f(k)

)
.

Corollary 2.6. Let φ be a nonnegative integrable characteristic function

that is nonincreasing on (0,∞), and let f be the corresponding continuous

density. Then (2.17) holds.

Proof. Note that φ is real and hence even. So, by the monotonicity of φ,∑
k∈Z

φ(2kπ) = φ(0) + 2
∞∑
k=1

φ(2kπ) ≤ 1 +
1
π

∫
R+

φ(u) du <∞.

Using the monotonicity of φ once more, we see that for u ∈ (0, π) and n ∈N∑
|k|≥n

φ(u+ 2kπ) ≤ 2
∞∑

k=n−1

φ(2kπ).

It follows that the series
∑
k∈Z φ(· + 2kπ), which is 2π-periodic, converges

uniformly on R and hence converges to a continuous function. Now apply
the theorem. 22

Characteristic function and moments. Let φ be the characteristic
function of a random variable X. If, for some n ∈N, X has a finite mo-
ment µn of order n, then φ can be differentiated n times with φ(n) con-
tinuous, µn can be obtained from φ(n)(0) = in µn, and φ satisfies

φ(u) =
n∑
j=0

µj
(iu)j

j!
+ o(un) [u→ 0 ].(2.18)

There is a partial converse; if, for some even n ∈N, φ has a finite derivative
φ(n)(0) at zero, then X has a finite moment of order n. If X has finite
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moments of all orders, then on some neighbourhood (−ε, ε) of u = 0 φ can
be represented in terms of the moment sequence (µj) as

φ(u) =
∞∑
j=0

µj
(iu)j

j!
[
|u| < ε

]
(2.19)

iff lim supj→∞ |µj |1/j
/
j is finite; in this case there is no other probability

distribution with the same moment sequence. The cumulants of X, as far
as they exist, can be obtained by differentiating the function ψ := log φ
which is well defined near u = 0; if X has a finite moment of order n, then
the constant κn satisfying ψ(n)(0) = inκn is called the cumulant of order n
of X. Note that the n-th order cumulant of a sum X1 + · · ·+Xm of in-
dependent random variables is equal to the sum of the n-th order cumulants
of X1, . . . , Xm. For n ∈ {1, 2} this also follows from the fact that κ1 = IEX
and κ2 = VarX. More generally, by differentiating n times the relation
φ′ = φψ′ we see that the moments and cumulants of order ≤ n+ 1 are
related by

µn+1 =
n∑
j=0

(
n

j

)
µjκn−j+1.(2.20)

The function ψ above also plays a role in the following criterion for finiteness
of logarithmic moments.

Proposition 2.7. Let X be a random variable with characteristic func-

tion φ and ψ := log φ. Then the following four quantities are either all

finite or all infinite (with ε > 0 sufficiently small):

IE log
(
1+|X|

)
, IE log+ |X|,

∫ ε

0

∣∣1− φ(u)
∣∣

u
du,

∫ ε

0

∣∣ψ(u)
∣∣

u
du.

Proof. Similar to the proof of the R+-valued analogue given by Proposi-
tion 3.2. 22

Logarithm of a nonvanishing characteristic function. Let φ be
a characteristic function that vanishes nowhere on R. Then the logarithm
log φ of φ can be defined, as usual, by

log φ(u) := log
∣∣φ(u)

∣∣ + i arg φ(u) [u ∈R ],(2.21)

where one has to prescribe an interval of the form [ b, b+2π) for the values
of arg φ. One often takes b = −π, and then obtains the so-called princi-
pal value of log φ; it might be, however, discontinuous at those u ∈R for
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which φ(u) < 0. We do not want this; we would like to have, for instance,
log eiu = iu for u ∈R. Now, one can show that, because of the continuity
of φ, arg φ can be chosen such that it is continuous on R; moreover, there
is only one such choice with arg φ(0) = 0. This unique function arg φ will
further be used to define log φ by (2.21); log φ is then continuous on R
with log φ(0) = 0. For t > 0 the function φt is now defined by

φt(u) := exp
[
t log φ(u)

]
[u ∈R ].(2.22)

Analytic extension of a characteristic function. Sometimes we
want to consider a characteristic function φ for complex values of its ar-
gument. Any φ has two abscissas of convergence; these are the largest
numbers uφ and vφ in [ 0,∞ ] such that φ(z) := IE eizX is well defined for
all z ∈C with −uφ < Im z < vφ. The set of these values of z (if non-empty)
is called the strip of analyticity of φ, because φ can be shown to be ana-
lytic on this set. Moreover, uφ and vφ are determined by the tails of the
corresponding distribution function F in the following way:

uφ = lim inf
x→∞

− log
{
1−F (x)

}
x

, vφ = lim inf
x→∞

− logF (−x)
x

.(2.23)

Information about the strip of analyticity can be found from the following
lemma; it yields bounds for uφ and vφ.

Lemma 2.8. Let X be a random variable with characteristic function φ

satisfying

φ(u) = A(u) [−ε < u < ε, some ε > 0 ],

where A is a function analytic on the disk |z| < ρ in C with ρ ≥ ε. Then

φ(z) := IE eizX is well defined for all z ∈C with |z| < ρ, and

φ(z) = A(z) [ z ∈C with |z| < ρ ].

If φ has no zeroes in its strip of analyticity, then, as before for φ on R, one
can show that log φ, and hence φt with t > 0, can be defined on this strip
such that it is continuous there with log φ(0) = 0.

Unimodal distributions and log-concave densities. A distrib-
ution on R and its distribution function F are said to be unimodal if there
exists x1 ∈R such that F is convex on (−∞, x1) and concave on (x1,∞);
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the number x1 is called a mode of F . In this case, if F is continuous at x1,
then F is absolutely continuous having a density f that is nondecreasing
on (−∞, x1) and nonincreasing on (x1,∞); f is called unimodal as well.
Clearly, the class of unimodal distributions with a fixed mode is closed un-
der mixing. This proves the converse part in the following characterization
of unimodality about zero.

Theorem 2.9. A random variable X has a unimodal distribution with

mode at zero iff a random variable Z exists such that X
d= UZ, where U is

uniform on (0, 1) and independent of Z.

Since unimodality is defined in terms of weak inequalities, it is preserved
under weak convergence. It is, however, not preserved under convolution,
except in some special situations.

Theorem 2.10. The convolution F?G of two unimodal distribution func-

tions F and G is again unimodal in each of the following cases: (i) Both F

and G are symmetric; (ii) G = F−X if F = FX .

A second positive result concerns log-concave densities, i.e., densities f for
which {

f
(

1
2 (x+ y)

)}2 ≥ f(x) f(y) [x, y ∈R ];

for positive f this means that log f is concave. Now, a distribution with a
log-concave density is easily seen to be unimodal; it turns out to be even
strongly unimodal, i.e., its convolution with any unimodal distribution is
again unimodal. Moreover, there is a converse.

Theorem 2.11. A non-degenerate distribution on R has a log-concave

density iff it is strongly unimodal.

In view of examples it is worthwile to note that a distribution with a log-
concave density has all its moments finite.

3. Distributions on the nonnegative reals

Introductory remarks. In this section we restrict ourselves to ran-
dom variables X that are R+-valued. There are several equivalent ways to
express this starting-point: IPX is a distribution on R+ or IPX(R+) = 1;
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FX is a distribution function on R+ or FX(0−) = 0; the support of FX
satisfies S(FX) ⊂ R+; the left extremity of X satisfies `X ≥ 0. Note that
an R-valued random variable X satisfying `X > −∞ can be shifted so as
to become R+-valued, so often it is no essential restriction to assume that
`X ≥ 0; for the same reason we may often assume that even `X = 0. Also,
results for R+-valued random variables can be used to obtain results for R-
valued random variables X with rX <∞, because then `−X > −∞. With-
out further comment a distribution function F on R+ and a density f

of F (in case of absolute continuity) are sometimes restricted to R+ and to
(0,∞), respectively; we can then speak, for instance, of concavity of F and
of monotonicity of f . We will also do so for the more general functions G
and their densities g which will be considered in a moment. Of course, all of
Section 2 applies to the present situation. But for distributions on R+ there
are sometimes more detailed results available or more convenient tools to
use; we will discuss these briefly in the sequel.

Convolution. We consider, more general than distribution functions
on R+, right-continuous nondecreasing functions on R that vanish every-
where on (−∞, 0). If G and H are functions of this type, then so is
their convolution, and the domain of integration in its definition can be
restricted:

(G ? H)(x) =
∫

[0,x]

G(x− y) dH(y) [x ≥ 0 ];

a similar remark holds for the convolution g ∗h of two densities g and h on
(0,∞). The support of G ? H is equal to the direct sum of the supports:

S(G ? H) = S(G)⊕ S(H);(3.1)

this immediately follows from Proposition 2.1 and the fact that the direct
sum of two closed sets that are bounded below, is closed.

PLSt: basic results. Rather than the characteristic function, for
an R+-valued random variable X we use the probability Laplace-Stieltjes
transform (pLSt) of X (and of IPX and of FX), this is the following function
πX : R+→ (0,∞):

πX(s) := IE e−sX=
∫

R+

e−sx IPX(dx) =
∫

R+

e−sx dFX(x) =: F̂X(s).
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If FX is absolutely continuous with density f , then F̂X is the probability
Laplace transform (pLt) of f . By Fubini’s theorem πX(s) with s > 0 can
be written as an ordinary Lebesgue integral:

πX(s) = s

∫ ∞

0

e−sx FX(x) dx [ s > 0 ].(3.2)

Of course, we have counterparts to (2.13) and (2.16); the uniqueness theo-
rem says that πX = πY iff X

d= Y , and if X and Y are independent, then
πX+Y = πX πY . The analogue of Theorem 2.3 can be stated as follows.

Theorem 3.1 (Continuity theorem). For n ∈N let Xn be a random

variable with pLSt πn.

(i) If Xn
d−→ X as n→∞, then limn→∞ πn(s) = πX(s) for s ≥ 0.

(ii) If limn→∞ πn(s) = π(s) for s ≥ 0 with π a function that is (right-)

continuous at zero, then π is the pLSt of a random variable X and

Xn
d−→ X as n→∞.

PLSt, cgf and moments. The pLSt π of a random variable X is a
continuous function on R+ with π(0) = 1, and possesses derivatives of all
orders on (0,∞) with

π(n)(s) = (−1)n
∫

R+

e−sx xn dFX(x) [n ∈N; s > 0 ].(3.3)

By letting s ↓ 0 it follows that for n ∈N the right-hand limit of π(n) at
zero exists with π(n)(0+) = (−1)nµn, where µn is the n-th moment of X,
possibly infinite. So −π′(0+) = µ1. On the other hand, rewriting (3.2) as

1− π(s)
s

=
∫ ∞

0

e−sx
{
1− FX(x)

}
dx [ s > 0 ],(3.4)

and using (2.4) one sees that the (right-hand) derivative of π at zero exists
and satisfies −π′(0) = µ1. Hence π′(0+) = π′(0), so if µ1 <∞, then π′,
like π, is continuous on R+. Moreover, by the mean value theorem we can
write

(
1− π(s)

)/
s = −π′(σs) for s > 0 and some σs ∈ (0, s); since −π′ is

nonincreasing, it follows that

0 ≤ −π′(s) ≤ 1− π(s)
s

for s > 0, and hence lim
s↓0

s π′(s) = 0.(3.5)

Actually, (3.5) holds for all functions π on (0,∞) with π(0+) = 1 that
are positive, nonincreasing and convex, and have a continuous derivative.
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If µn <∞, then the cumulant κn of order n of X can be obtained from
C(n)(0+) = (−1)n−1κn, where C is the cumulant generating function (cgf)
of X (and of IPX and of FX):

C(s) := − log π(s) [ s ≥ 0 ].

By Schwarz’s inequality we have π
(

1
2 (s+ t)

)2≤ π(s)π(t) for s, t > 0, so π
is not only convex, but even log-convex ; see also the end of this section.
It follows that the cgf C is concave, and hence nondecreasing because C
is nonnegative. The behaviour of C at zero is also related to logarithmic
moments of X.

Proposition 3.2. Let X be R+-valued with pLSt π and cgf C = − log π.

Then the following four quantities are either all finite or all infinite:

IE log (1 +X), IE log+X,

∫ 1

0

1− π(s)
s

ds,

∫ 1

0

C(s)
s

ds.

Proof. The first two quantities are simultaneously finite because one has
log (1 + x) ∼ log x as x→∞, and the last two because C(s) ∼ 1− π(s) as
s ↓ 0. Next, observe that by Fubini’s theorem

IE log+X =
∫ ∞

1

1
x

{
1− FX(x)

}
dx,

and, because of (3.4),∫ 1

0

1− π(s)
s

ds =
∫ ∞

0

1
x

(1− e−x)
{
1− FX(x)

}
dx.

Now, noting that 1 − e−x ∼ x as x ↓ 0 and ∼ 1 as x → ∞ completes the
proof. 22

PLSt: inversion results. An R+-valued random variable X has sev-
eral characteristics that can easily be obtained from its pLSt π. First of
all, π is a nonincreasing function with limit

lim
s→∞

π(s) = IP(X = 0), so lim
s→∞

π(s) es X̀ = IP(X = `X);(3.6)

the second statement follows by applying the first one to X− `X . The left
extremity `X itself can be computed from π in the following way.
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Proposition 3.3. Let X be R+-valued with pLSt π and cgf C = − log π,

and define on (0,∞) the functions ρ and ρa with a > 0 by

ρ(s) := C ′(s) =
−π′(s)
π(s)

,

ρa(s) :=
C(s+ a)− C(s)

a
=

1
a

log
π(s)

π(s+ a)
.

Then these functions are nonincreasing and their limits as s→∞ are given

by the left extremity of X:

lim
s→∞

ρ(s) = `X , lim
s→∞

ρa(s) = `X for a > 0.(3.7)

Proof. The assertion on monotonicity immediately follows from the con-
cavity of C. By considering X− `X one sees that it is sufficient to prove
(3.7) when `X = 0. Also, the second equality follows from the first one by
noting that by the mean value theorem we can write ρa(s) = ρ(s+ θsa)
for s > 0 and some θs ∈ (0, 1). So, assume `X = 0, and take ε > 0; then
F := FX satisfies F (ε) > 0. Now, using (3.2) we can estimate ρ(s) in the
following way:

ρ(s) ≤
∫∞
0
x e−sx F (x) dx∫∞

0
e−sx F (x) dx

≤

≤ 2ε+

∫∞
2ε
x e−sx dx

F (ε)
∫∞
ε

e−sx dx
= 2ε+

2ε+ 1/s
F (ε)

e−sε,

which is less than 3ε for s sufficiently large. This proves the first equality
in (3.7). 22

The last inversion result we mention, concerns densities.

Proposition 3.4. Let X be R+-valued with pLSt π, and suppose that X

has an absolutely continuous distribution with density f for which f(0+)
exists (possibly infinite). Then

lim
s→∞

s π(s) = f(0+).(3.8)

Proof. First, let f(0+) = ∞. Then by Fatou’s lemma we can estimate as
follows:

lim inf
s→∞

s π(s) = lim inf
s→∞

∫ ∞

0

e−y f(y/s) dy ≥
∫ ∞

0

e−y f(0+) dy,
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which is infinite. Next, let f(0+) <∞. Then we can take ε > 0 such that
f(x) ≤ f(0+) + 1 for all x ∈ (0, ε). Now, for s > 0 write s π(s) as

s π(s) =
∫ ∞

0

e−y f(y/s) 1(0,sε)(y) dy +
∫ ∞

ε

s e−sx f(x) dx,

and apply the dominated convergence theorem to both terms; with respect
to the second term note that s e−sx ≤ 1

/
(e ε) for s > 0 and x > ε. 22

Analytic extension of a pLSt. Sometimes we want to consider
the pLSt π of a random variable X for complex values of its argument.
Any π has an abscissa of convergence; this is the smallest sπ ∈ [−∞, 0] such
that π(z) := IE e−zX is well defined for all z ∈C with Re z > sπ. The set of
these values of z is called the halfplane of analyticity of π, because π can be
shown to be analytic on this set. In fact, we have sπ = −uφ with uφ one of
the abscissas of convergence of the corresponding characteristic function φ;
cf. Section 2. If π has no zeroes in its halfplane of analyticity, then, as
before for φ, one can show that log π, and hence πt with t > 0, can be
defined on this halfplane such that it is continuous there with log π(0) = 0.

LSt. Consider, more general than distribution functions on R+, LSt-
able functions G, i.e., G is a right-continuous nondecreasing function on R
with G(x) = 0 for x < 0 and such that Ĝ(s) is finite for all s > 0. Here Ĝ
is the Laplace-Stieltjes transform (LSt) of G:

Ĝ(s) =
∫

R+

e−sx dG(x) [ s > 0 ];

if G is absolutely continuous with density g, then Ĝ is the Laplace transform
(Lt) of g. Several results for pLSt’s above have obvious analogues for LSt’s.
The uniqueness theorem says for LSt-able functions G and H that G = H

iff Ĝ = Ĥ
(
on (0,∞) or, also sufficient, on (s0,∞) for some s0 > 0

)
. So,

if G 6≡ 0, then Ĝ is positive on (0,∞); mostly we silently exclude the case
where G ≡ 0. Further, for LSt-able functions F , G and H we have

F = G ? H ⇐⇒ F̂ = Ĝ Ĥ.(3.9)

The continuity theorem, as given in Theorem 3.1 and reformulated by use
of Helly’s theorem

(
cf. (2.10)

)
, can be extended as follows; the need for

the boundedness condition in (i) is shown, e.g., by the special case where
Gn = en

2
1[n,∞).

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



Theorem 3.5. For n ∈N let Gn be an LSt-able function with LSt ρn.

(i) If limn→∞Gn(x) = G(x) for all continuity points x of G and the

sequence
(
ρn(s)

)
n∈N is bounded for every s > 0, then G is an LSt-

able function with LSt ρ, say, and limn→∞ ρn(s) = ρ(s) for s > 0.

(ii) If limn→∞ ρn(s) = ρ(s) for s > 0, then ρ is the LSt of an LSt-able

function G, say, and limn→∞Gn(x) = G(x) for all continuity points x

of G.

Finally, we mention some inversion results for an LSt-able function G. We
have

Ĝ(0+) = lim
x→∞

G(x) (≤ ∞), lim
s→∞

Ĝ(s) = G(0),(3.10)

and the left extremity `G of G and the limit g(0+) for a density g of G can
be obtained as in Propositions 3.3 and 3.4.

LSt and complete monotonicity. From (3.3) it immediately follows
that the pLSt F̂ of a distribution function F on R+ is completely monotone.
Here a real-valued function ρ on (0,∞) is said to be completely monotone
if ρ is nonnegative and has derivatives of all orders, alternating in sign:

(−1)nρ(n)(s) ≥ 0 [n ∈Z+; s > 0 ].

Similarly and more general, the LSt Ĝ of an LSt-able function G is com-
pletely monotone. There is an important converse of this result.

Theorem 3.6 (Bernstein). A real-valued function ρ on (0,∞) is com-

pletely monotone iff there exists an LSt-able function G such that ρ = Ĝ,

i.e., such that

ρ(s) =
∫

R+

e−sx dG(x) [ s > 0 ].

In the proposition below we give a list of useful properties of completely
monotone functions. Most of them are easily proved. For instance, prop-
erty (iv) and the second part of (iii) follow from Theorem 3.5 (ii) and (3.9),
respectively, by use of Bernstein’s theorem. The latter case can also be
proved just from the definition; use Leibniz’s rule or induction. A combi-
nation of these two methods proves the important result (vi). For absolute
monotonicity see Section 4.
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Proposition 3.7. Consider real-valued functions ρ, σ, ρn on (0,∞).

(i) ρ is completely monotone iff lims→∞ ρ(s) ≥ 0 and −ρ′ is completely

monotone.

(ii) If ρ is completely monotone, then so are the functions aρ, ρ(a ·),
ρ(· + a) and ρ− ρ(· + a) for every a > 0.

(iii) If ρ and σ are completely monotone, then so are ρ+ σ and ρ σ.

(iv) If ρn is completely monotone for all n ∈N and ρ := limn→∞ ρn exists

and is finite, then ρ is completely monotone.

(v) If Q is absolutely monotone on [ 0, a) for some a ∈ (0,∞] and ρ is

completely monotone with ρ < a on (0,∞), then Q ◦ ρ is completely

monotone. For instance, if ρ is completely monotone, then so are

exp [ρ ] and (1− ρ)−1, in the latter case if ρ < 1 on (0,∞).

(vi) If ρ and σ′ are completely monotone with σ(0+) ≥ 0, then ρ ◦ σ is

completely monotone. For instance, if σ′ is completely monotone with

σ(0+) ≥ 0, then exp [−σ] and (1 + σ)−1 are completely monotone.

Proof. We only prove (vi) in the way indicated above. Let Dn denote
‘differentiation n times’, set (−D)n := (−1)nDn, and reformulate the as-
sertion as follows: For every n ∈Z+, for every completely monotone ρ, for
every completely monotone σ′ with σ(0+) ≥ 0: (−D)n(ρ ◦ σ) ≥ 0. Now,
observe that by Leibniz’s rule we have

(−D)n+1(ρ ◦ σ) =
n∑
k=0

(
n

k

)
(−D)k

(
(−ρ′) ◦ σ

)
(−D)n−kσ′,

and apply induction with respect to n. 22

Complete monotonicity and log-convexity. A completely mono-
tone function ρ is nonnegative satisfying either ρ = 0 on (0,∞) or ρ > 0
on (0,∞). Moreover, it is nonincreasing and convex; here ρ is said to be
convex (cf. Section 5) if

ρ
(

1
2 (s+ t)

)
≤ 1

2

{
ρ(s) + ρ(t)

}
[ s, t > 0 ].

Clearly, the set of convex functions is closed under addition. Also, by using
the inequality

√
ab ≤ 1

2 (a+ b) for a, b ≥ 0, one proves the following closure
property:

ρ convex =⇒ exp [ρ] convex.(3.11)
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One can ‘interpolate’ between complete monotonicity and convexity by
means of log-convexity. A nonnegative function ρ on (0,∞) is said to be
log-convex if{

ρ
(

1
2 (s+ t)

)}2 ≤ ρ(s) ρ(t) [ s, t > 0 ].

Indeed, combining Bernstein’s theorem and Schwarz’s inequality one ob-
tains the following result.

Proposition 3.8. A completely monotone function is log-convex.

Proof. Let ρ be completely monotone. We restrict ourselves to the special
case where ρ(0+) = 1; then ρ is a pLSt, so ρ(s) = IE e−sX for some R+-
valued random variable X. It follows that for s, t > 0{

ρ
(

1
2 (s+t)

)}2 = (IE e−
1
2 sXe−

1
2 tX)2≤ IE e−sX IE e−tX= ρ(s) ρ(t),

which shows that ρ is log-convex. 22

On the other hand, from (3.11) it follows that for a nonnegative function ρ
on (0,∞) one has

ρ log-convex =⇒ ρ convex;(3.12)

just note that a log-convex function ρ satisfies either ρ = 0 on (0,∞) or
ρ > 0 on (0,∞), and that in the latter case log-convexity is equivalent to
convexity of the function log ρ. For functions that are positive and twice
differentiable, log-convexity can also be characterized in terms of convexity
as in part (ii) of the following proposition.

Proposition 3.9. Let ρ be a positive, twice differentiable function on

(0,∞). Then log-convexity of ρ is equivalent to each of the following prop-

erties of ρ:

(i)
{
ρ′(s)

}2 ≤ ρ(s) ρ′′(s) for all s > 0.

(ii) The function ρλ on (0,∞) with ρλ(s) := eλsρ(s) is convex for all λ ∈R.

Proof. The characterization in part (i) follows from the fact that the
function ψ := log ρ is convex iff ψ′′ ≥ 0. Turning to part (ii) we use the
same criterion for convexity of ρλ; then we see that (ii) is equivalent to{

λ2ρ(s) + 2λρ′(s) + ρ′′(s)
}

eλs ≥ 0 [ s > 0; λ ∈R ],
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which means that the quadratic form in λ above must have a non-positive
discriminant for s > 0. But this yields precisely the inequalities in (i). 22

An immediate consequence of this characterization is the not so obvious
property that for positive, twice differentiable functions on (0,∞) log-
convexity, like complete monotonicity and convexity, is preserved under
addition. Now, any log-convex function can be written as the pointwise
limit of a sequence of log-convex functions that are positive and twice dif-
ferentiable. Also, log-convexity is preserved under pointwise limits, since it
is defined in terms of weak inequalities. Hence we may conclude that the
set of all log-convex functions is closed under addition. We formally state
this together with closedness under multiplication, which is trivial.

Proposition 3.10. If ρ and σ are log-convex, then so are ρ+ σ and ρ σ.

Monotone densities. So far, we considered complete monotonicity
and log-convexity mainly because LSt’s of LSt-able functions have these
properties. But densities of (absolutely continuous) LSt-able functions with
these properties are also of interest. If a density is completely monotone,
then it is monotone; a log-convex density need not be monotone. We will
further restrict ourselves to probability densities f on (0,∞); now f is
monotone if it is log-convex. Complete monotonicity can be characterized
as follows.

Proposition 3.11. A probability density f on (0,∞) is completely mono-

tone iff it is a mixture of exponential densities, i.e., there exists a distrib-

ution function G on (0,∞) such that

f(x) =
∫

(0,∞)

λ e−λx dG(λ) [x > 0 ].(3.13)

Proof. Let f be completely monotone. Then by Bernstein’s theorem there
exists an LSt-able function H such that f(x) = Ĥ(x) for x > 0. Since f
is a probability density, the function H necessarily satisfies H(0) = 0 and∫
(0,∞)

(1/y) dH(y) = 1. Now, set

G(λ) :=
∫

(0,λ]

1
y

dH(y) [λ > 0 ];

then G is a distribution function on (0,∞) and f can be written as in
(3.13). The converse is trivial. 22

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



We next characterize the monotone probability densities on (0,∞) or,
slightly more general, the distribution functions on R+ that are concave;
cf. Theorem 2.9. To this end we first prove the following result; here, and
in the subsequent theorem, U is a random variable with a uniform distrib-
ution on (0, 1).

Proposition 3.12. Let X and Z be positive random variables with dis-

tribution functions F and G, respectively. Then X
d= UZ with U and Z

independent iff X has a density f such that F and G are related by

F (x) = G(x) + x f(x) [x > 0 ],(3.14)

or, equivalently, such that f is given by

f(x) =
∫

(x,∞)

1
y

dG(y) [x > 0 ].(3.15)

Proof. Integration by parts, or Fubini’s theorem, shows that for any
distribution function H:∫

(x,∞)

1
y

dH(y) =
∫ ∞

x

H(y)
1
y2

dy − 1
x
H(x) [x > 0 ].(3.16)

By calculating FUZ and then using (3.16) with H = G, one obtains

FUZ(x) = x

∫ ∞

x

G(y)
1
y2

dy = G(x) + x f(x) [x > 0 ],(3.17)

with f given by (3.15). To show that this function f is indeed a density
of UZ we use Fubini’s theorem to rewrite the right-hand side of (3.17), and
obtain in this way

FUZ(x) =
∫

(0,x]

∫ y

0

dt
dG(y)
y

+
∫

(x,∞)

∫ x

0

dt
dG(y)
y

=
∫ x

0

f(t) dt.

Next, let X have a density f such that (3.14) holds. Applying (3.16) twice
(with H = G and H = F ) then shows that f is necessarily given by (3.15).
Finally, if X has f in (3.15) as a density, then X d= UZ because, as we saw
above, f is also a density of UZ. 22

Theorem 3.13. An R+-valued random variable X has a concave distrib-

ution function iff an R+-valued random variable Z exists such thatX
d= UZ

with U and Z independent.
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Proof. First, let X be positive. If X d= UZ for some R+-valued random
variable Z independent of U , then also Z is positive and by Proposition 3.12
X has a concave distribution function F . Conversely, let F be concave, soX
has a monotone density f , which, of course, may be taken continuous from
the right. In view of Proposition 3.12 we define the function G by (3.14);
then we only have to show that G is a distribution function. Now, for x > 0
and h > 0 we can write

G(x+ h)−G(x) =
∫ x+h

x

f(y) dy − (x+ h) f(x+ h) + x f(x),

which because of the monotonicity of f is nonnegative. Hence G is nonde-
creasing. Since F (x) ≥ x f(x) for all x > 0, we also have

0 ≤ G(x) ≤ F (x) [x > 0 ].

It follows that the limit p := limx→∞G(x) exists with p ≤ 1, and hence
that limx→∞ x f(x) = 1− p, which implies that p = 1.
Next, assume that IP(X = 0) > 0. Then X can be uniquely represented as
X

d= AX̃ where A and X̃ are independent, A is {0, 1}-valued, and X̃ is
positive; in fact, we have IP(A = 0) = IP(X = 0) and X̃ d= (X |X > 0). If Z
is an R+-valued random variable with IP(Z = 0) > 0 that is represented
similarly as Z d= BZ̃, then we have X d= UZ iff X̃

d= UZ̃ and A d= B. Now
use the fact that the theorem has already been proved for X̃. 22

We finally state an immediate consequence of Proposition 3.12 and The-
orem 3.13 that can be viewed as a representation theorem for monotone
densities. The second part follows from the first one by putting: H(x) :=
µ

∫
(0,x]

(1/y) dG(y) for x > 0; it establishes a connection with renewal the-
ory.

Theorem 3.14. A positive random variable X has a concave distribution

function iff a distribution function G on (0,∞) exists such that X has a

density f given by

f(x) =
∫

(x,∞)

1
y

dG(y) [x > 0 ].(3.18)

In this case, f(0+) <∞ iff a distribution function H on (0,∞) exists with

finite mean µ such that

f(x) =
1
µ

{
1−H(x)

}
[x > 0 ].(3.19)
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4. Distributions on the nonnegative integers

Introductory remarks. In this section we restrict ourselves to ran-
dom variables X that are Z+-valued. The distribution IPX of X is then
discrete and its density vanishes everywhere outside Z+. So, IPX is deter-
mined by the sequence p = (pk)k∈Z+ with pk := IP(X = k); this sequence p
will also be called the (probability) distribution of X. Note that results for
Z+-valued random variables can be used to obtain results for R-valued ran-
dom variables X with values in the lattice hZ+ with h > 0, because then
X/h is Z+-valued. Of course, the general results of Sections 2 and 3 apply
to the present situation, but for distributions on Z+ they are not always
convenient; sometimes more detailed results are available, which can often
be obtained by more appropriate ‘discrete’ tools. We will discuss some of
these briefly in what follows.

Convolution and support. Consider, more general than probability
distributions p = (pk)k∈Z+ on Z+, sequences q = (qk)k∈Z+ of real numbers.
If r = (rk)k∈Z+ is another such sequence, then for the convolution q ∗ r of q
and r we have

(q ∗ r)k =
k∑
i=0

qi rk−i =
k∑
j=0

qk−j rj [ k ∈Z+ ].

Of course (cf. Section 2), the support S(q) of a sequence q = (qk)k∈Z+ of
nonnegative numbers is defined as S(q) := {k ∈Z+ : qk > 0}, so S(q) and
the set of zeroes of q are complementary sets (with respect to Z+). Clearly,
the support of the convolution of two sequences of nonnegative numbers is
equal to the direct sum of the supports:

S(q ∗ r) = S(q)⊕ S(r).(4.1)

Expectation. For the expectation of a function g of a Z+-valued ran-
dom variable X with distribution (pk) we have

IE g(X) =
∞∑
k=0

g(k) pk,

provided that this sum exists (possibly ∞ or −∞). The mean of X can be
obtained by summing tail probabilities:

IEX =
∞∑
n=0

IP(X > n).(4.2)
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Convergence in distribution. Let X,X1, X2, . . . be Z+-valued ran-
dom variables, let X have distribution (pk)k∈Z+ and let Xn have distrib-
ution (p(n)

k )k∈Z+ . Then convergence in distribution of the sequence (Xn)
to X can be characterized as follows:

Xn
d−→ X ⇐⇒ lim

n→∞
p
(n)
k = pk for all k ∈Z+.(4.3)

Pgf: basic results. Rather than the characteristic function or the
pLSt, for a Z+-valued random variable X with distribution (pk) we use the
probability generating function (pgf) of X

(
and of (pk)

)
, this is the function

PX : [ 0, 1 ] → [ 0, 1 ] with

PX(z) := IE zX =
∞∑
k=0

pk z
k [ 0 ≤ z ≤ 1 ].

Again, we have a uniqueness theorem, which says that PX = PY iff X d= Y ;
in fact, the distribution (pk) can be obtained from PX by differentiation as
follows:

pk =
1
k!
P

(k)
X (0) [ k ∈Z+ ].(4.4)

Further, if X and Y are independent, then PX+Y = PX PY . The analogue
of Theorems 2.3 and 3.1 can be stated as follows.

Theorem 4.1 (Continuity theorem). For n ∈N let Xn be a random

variable with pgf Pn.

(i) If Xn
d−→ X as n→∞, then limn→∞ Pn(z) = PX(z) for 0 ≤ z ≤ 1.

(ii) If limn→∞ Pn(z) = P (z) for 0 ≤ z ≤ 1 with P a function that is

(left-) continuous at one, then P is the pgf of a random variable X

and Xn
d−→ X as n→∞.

Pgf and moments. The pgf P of a random variable X with distrib-
ution (pk) is a continuous function on [ 0, 1 ] with P (1) = 1, and possesses
derivatives of all orders on [ 0, 1) with

P (n)(z) =
∞∑
k=n

k(k−1) · · · (k−n+1) pk zk−n [n ∈N; 0 ≤ z < 1 ].(4.5)

By letting z ↑ 1 it follows that for n ∈N the left-hand limit of P (n) at
one exists with P (n)(1−) = IEX(X − 1) · · · (X − n+ 1), possibly infinite;
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hence the n-th moment µn of X is finite iff P (n)(1−) <∞. Taking n = 1
we get P ′(1−) = µ1. On the other hand, by Fubini’s theorem we have

1− P (z)
1− z

=
∞∑
n=0

IP(X > n) zn [ 0 ≤ z < 1 ],(4.6)

so using (4.2) one sees that the (left-hand) derivative of P at one exists
and satisfies P ′(1) = µ1. Hence P ′(1−) = P ′(1), so if µ1 < ∞, then P ′,
like P , is continuous on [ 0, 1 ]. Moreover, by the mean value theorem we
can write

(
1 − P (z)

)/
(1 − z) = P ′(θz) for 0 ≤ z < 1 and some θz ∈ (z, 1);

since P ′ is nondecreasing, it follows that

0 ≤ P ′(z) ≤ 1− P (z)
1− z

for 0 ≤ z < 1, so lim
z↑1

(1− z)P ′(z) = 0,(4.7)

also when µ1 = ∞. In fact, (4.7) holds for all functions P on [ 0, 1) with
P (1−) = 1 that are positive, nondecreasing and convex, and have a con-
tinuous derivative. The behaviour of log P at one is related to logarithmic
moments of X.

Proposition 4.2. Let X be Z+-valued with pgf P . Then the following

four quantities are either all finite or all infinite:

IE log (1 +X), IE log+X,

∫ 1

0

1− P (z)
1− z

dz,

∫ 1

0

− log P (z)
1− z

dz.

Proof. The first two quantities are simultaneously finite because one has
log (1 + k) ∼ log k as k → ∞, and the last two because − log P (z) ∼
1− P (z) as z ↑ 1. Next, observe that by (2.4) and (4.6)

IE log+X =
∫ ∞

1

1
x

IP(X > x) dx,

∫ 1

0

1− P (z)
1− z

dz =
∞∑
n=0

1
n+ 1

IP(X > n).

Now, an application of the integral test for series completes the proof. 22

Analytic extension of a pgf. Sometimes we want to consider the
pgf P of a random variable X for complex values of its argument. Any P
has a radius of convergence; this is the smallest ρ ∈ [ 1,∞] such that P (z) :=
IE zX is well-defined for all z ∈C with |z| < ρ. The set of these values of z is
called the disk of analyticity of P , because P can be shown to be analytic
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on this set. If P has no zeroes in its disk of analyticity, then, as before for
characteristic functions and pLSt’s, one can show that log P , and hence
P t with t > 0, can be defined on this disk such that it is continuous there
with log P (1) = 0.

Gf and absolute monotonicity. From (4.5) it immediately follows
that the pgf P of a distribution (pk) on Z+ is absolutely monotone. Here
a real-valued function R on [ 0, 1) is said to be absolutely monotone if R is
nonnegative and possesses nonnegative derivatives of all orders:

R(n)(z) ≥ 0 [n ∈Z+; 0 ≤ z < 1 ].

Occasionally, we need a somewhat more general concept: For a > 0 a func-
tion R on [ 0, a) is said to be absolutely monotone on [ 0, a) if R(n)(z) ≥ 0
for all n ∈Z+ and 0 ≤ z < a. For the same reason as for P above the gen-
erating function (gf) R of a sequence r = (rk)k∈Z+ of nonnegative numbers
is absolutely monotone

(
provided R is finite on [ 0, 1)

)
. There is a converse.

Theorem 4.3. A real-valued function R on [ 0, 1) is absolutely monotone

iff there exists a sequence r = (rk)k∈Z+ of nonnegative numbers such that R

is the gf of r, i.e., such that

R(z) =
∞∑
k=0

rk z
k [ 0 ≤ z < 1 ].

Of course, also for gf’s there is a uniqueness and a convolution theorem;
we do not make them explicit. The following proposition contains a list of
useful properties of absolutely monotone functions; they are easily proved.

Proposition 4.4. Consider real-valued functions R, S, Rn on [ 0, 1).

(i) R is absolutely monotone iff z 7→ (d/dz)
[
z R(z)

]
is absolutely mono-

tone.

(ii) R is absolutely monotone iff R′ is absolutely monotone and R(0) ≥ 0.

(iii) If R is absolutely monotone, then so are aR for every a > 0, and

R(1− α+ α ·), R(α ·) and R−R(α ·) for every α ∈ (0, 1).

(iv) If R and S are absolutely monotone, then so are R+ S and RS.

(v) If Rn is absolutely monotone for all n ∈N and R := limn→∞Rn exists

and is finite, then R is absolutely monotone.
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(vi) If Q is absolutely monotone on [ 0, a) for some a ∈ (0,∞] and R is

absolutely monotone with R < a on [ 0, 1), then Q ◦R is absolutely

monotone. For instance, if R is absolutely monotone, then so are

exp [R ] and (1−R)−1, in the latter case if R < 1 on [ 0, 1).

Completely monotone and log-convex sequences. The concepts
of complete monotonicity and log-convexity for functions on (0,∞), as in-
troduced in Section 3, have discrete counterparts. A sequence r = (rk)k∈Z+

in R is said to be completely monotone if

(−1)n∆nrk ≥ 0 [n ∈Z+; k ∈Z+ ],

where ∆0rk := rk, ∆rk := rk+1 − rk and ∆n := ∆ ◦∆n−1. If X is a [ 0, 1 ]-
valued random variable and, for k ∈Z+, µk := IEXk is the k-th moment
of X, then one can show that

(−1)n∆nµk = IEXk(1−X)n [n ∈Z+; k ∈Z+ ],

so the moment sequence (µk)k∈Z+ is completely monotone. There is an
important converse of this.

Theorem 4.5 (Hausdorff). A sequence r = (rk)k∈Z+ in R is completely

monotone iff it can be represented as

rk =
∫

[0,1]

xk ν(dx) [ k ∈Z+ ],

where ν is a (necessarily finite) measure on [ 0, 1 ]. Equivalently, (rk) is

completely monotone iff it can be written as

rk = r0 IEXk [ k ∈Z+ ],

where X is a random variable with values in [ 0, 1 ].

Using this theorem one easily shows that the set of completely monotone
sequences is closed under addition and multiplication.

Proposition 4.6. If (rk) and (sk) are completely monotone, then so are

(rk + sk) and (rksk).

Note that a completely monotone sequence (rk) is nonnegative satisfying
either rk = 0 for all k ∈N or rk > 0 for all k ∈Z+. Moreover, it is nonin-
creasing and convex; here (rk) is said to be convex if
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rk ≤ 1
2 (rk−1 + rk+1) [ k ∈N ].

Clearly, the set of convex sequences is closed under addition. Moreover, by
using the inequality

√
ab ≤ 1

2 (a + b) for a, b ≥ 0, one proves the following
closure property:

(rk) convex =⇒
(
exp [rk]

)
convex.(4.8)

One can ‘interpolate’ between complete monotonicity and convexity by
means of log-convexity. A sequence r = (rk)k∈Z+ of nonnegative numbers
is said to be log-convex if

r2k ≤ rk−1 rk+1 [ k ∈N ].

Indeed, combining Hausdorff’s theorem and Schwarz’s inequality one ob-
tains the following result.

Proposition 4.7. A completely monotone sequence in R is log-convex.

Proof. Let (rk) be completely monotone; it is no essential restriction
to assume that r0 = 1. Then rk = IEXk for all k, for some [ 0, 1 ]-valued
random variable X, and hence for k ∈N

r2k =
(
IEX(k−1)/2X(k+1)/2

)2≤ (IEXk−1) (IEXk+1) = rk−1 rk+1,

which shows that (rk) is log-convex. 22

On the other hand, from (4.8) it follows that for a sequence (rk)k∈Z+ of
nonnegative numbers one has

(rk) log-convex =⇒ (rk) convex;(4.9)

just note that a log-convex sequence (rk) satisfies either rk = 0 for all k ∈N
or rk > 0 for all k ∈Z+, and that in the latter case log-convexity is equiv-
alent to convexity of the sequence (log rk). Log-convexity can also be
characterized in terms of convexity in the following way.

Proposition 4.8. A sequence r = (rk)k∈Z+ of nonnegative numbers is log-

convex iff the sequence (akrk) is convex for every a > 0.

Proof. The convexity of (akrk) for every a > 0 is equivalent to saying
that
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{a2rk+1 − 2ark + rk−1} ak−1 ≥ 0 [ k ∈N; a > 0 ].

This means that in the left-hand side the quadratic form in a, which is
nonnegative for a ≤ 0, must have a non-positive discriminant for all k ∈N;
this yields precisely the inequalities defining the log-convexity of (rk). 22

An immediate consequence of this characterization is the not so obvious
property that the set of log-convex sequences, like that of completely mono-
tone sequences and that of convex sequences, is closed under addition;
closedness under multiplication is trivial.

Proposition 4.9. If (rk) and (sk) are log-convex, then so are (rk + sk)
and (rksk).

Z+-valued fractions of Z+-valued random variables. Let X be a
Z+-valued random variable, and let α ∈ (0, 1). Extend the underlying prob-
ability space, if necessary, so that it supports independent random variables
Z1, Z2, . . ., independent of X, all having a standard Bernoulli (α) distrib-
ution: IP(Zi = 0) = 1 − α, IP(Zi = 1) = α, for all i. Then the α-fraction
α�X of X is defined by

α�X := Z1 + · · ·+ ZX ,

where an empty sum is zero. The random variable α�X is again Z+-valued
and its distribution can be expressed in that of X as follows:

IP(α�X = k) =
∞∑
n=k

IP(α� n = k) IP(X = n) [ k ∈Z+ ].(4.10)

Note that the α-fraction of a non-zero constant n is not a constant: α�n is
binomially (n, α) distributed; therefore, the operation � can be interpreted
as binomial thinning. It has several properties in common with ordinary
multiplication; one easily shows, for instance, that

α� (β �X) d= (αβ)�X [ 0 < α, β < 1 ].(4.11)

We refer to Section V.8 for other properties and some more background
information; here we only mention two uniqueness results:{

α�X
d= β �X for some X 6≡ 0 =⇒ α = β,

α�X
d= α� Y for some α ∈ (0, 1) =⇒ X

d= Y.
(4.12)
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It is convenient to define α � X also when α ∈ {0, 1}; we set 0 � X :≡ 0,
1�X := X. In terms of pgf’s (4.10) takes the following compact form:

Pα�X(z) = PX(1− α+ αz).(4.13)

Often we only need α�X in distribution. The same holds for V �X with V
a [ 0, 1 ] -valued random variable; by definition its distribution is obtained
as follows:

IP(V �X = k) =
∫

[0,1]

IP(α�X = k) dFV (α) [ k ∈Z+ ].

In the special case where X is Poisson(λ) distributed, we can allow here
arbitrary α ≥ 0 and V ≥ 0; then α � X is Poisson (αλ) distributed and
V �X satisfies

PV�X(z) =
∫

R+

exp
[
−αλ (1−z)

]
dFV (α) = F̂V

(
λ {1−z}

)
.(4.14)

Monotone distributions. A completely monotone sequence is mono-
tone; a log-convex sequence need not be monotone. We will further restrict
ourselves to probability distributions p = (pk)k∈Z+ on Z+; now p is mono-
tone if it is log-convex. Complete monotonicity can be characterized as
follows; note that in (4.15) a mixing with the degenerate distribution at
zero is possibly included.

Proposition 4.10. A probability distribution p = (pk)k∈Z+ on Z+ is

completely monotone iff it is a mixture of geometric distributions, i.e.,

there exists a distribution function H on [ 0, 1) such that

pk =
∫

[0,1)

(1− p) pk dH(p) [ k ∈Z+ ].(4.15)

Proof. Let p be completely monotone. Then by Hausdorff’s theorem
there exists a finite measure ν on [ 0, 1 ] such that pk =

∫
[0,1]

xk ν(dx) for
k ∈Z+. Since p is a probability distribution, the measure ν necessarily
satisfies ν

(
{1}

)
= 0 and

∫
[0,1)

1
/
(1−x) ν(dx) = 1. Now, set

H(p) :=
∫

[0,p]

1
1− x

ν(dx) [ 0 ≤ p < 1 ];

then H is a distribution function on [ 0, 1) and p can be written as in (4.15).
The converse is trivial. 22
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We next characterize the monotone distributions on Z+, and give discrete
counterparts of Theorems 3.13 and 3.14. To this end, let U be uniformly
distributed on (0, 1), and let Z be Z+-valued. Then one easily verifies that
the distribution of U � Z, as defined above, is given by

IP(U � Z = k) =
∞∑
n=k

1
n+ 1

IP(Z = n) [ k ∈Z+ ].(4.16)

Letting bac denote the largest integer not exceeding a, and taking U and Z
independent, one may also express this relation in the following way:

U � Z
d=

⌊
U(1 + Z)

⌋
.(4.17)

The distribution of Z is uniquely determined by that of X := U � Z; from
(4.16) it follows that

IP(Z = n) = (n+ 1)
{
IP(X = n)− IP(X = n+ 1)

}
[n ∈Z+ ].(4.18)

Theorem 4.11. A Z+-valued random variable X has a monotone distrib-

ution iff a Z+-valued random variable Z exists such that X
d= U � Z.

Proof. If X d= U � Z for some Z, then by (4.16) X has a monotone dis-
tribution p = (pk). Conversely, let p be monotone. In view of (4.18) we
consider the sequence q = (qn)n∈Z+ with qn := (n+ 1) {pn − pn+1}. Then
qn ≥ 0 for all n, and by Fubini’s theorem we have

m∑
n=0

qn =
m∑
k=0

pk − (m+ 1) pm+1 [m ∈Z+ ].

It follows that both (m+1) pm+1 and
∑m
n=0 qn have finite limits as m→∞;

in fact, these limits are necessarily given by 0 and 1, respectively. Thus q
is a probability distribution, and we can take a random variable Z with
distribution q. By (4.16) we then have X d= U � Z. 22

By putting hn := (µ/n) IP(Z = n− 1) for n ∈N one is led to the following
representation of monotone distributions on Z+; it establishes a connection
with renewal theory.

Theorem 4.12. A Z+-valued random variable X has a monotone distrib-

ution iff a probability distribution (hn)n∈N on N exists with finite mean µ

such that

IP(X = k) =
1
µ

∞∑
n=k+1

hn [ k ∈Z+ ].(4.19)
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5. Other auxiliaries

Convex functions. Let I be an open interval in R, bounded or not.
A function f : I → R is said to be convex if

f
(
αx+ (1−α) y

)
≤ α f(x) + (1−α) f(y)

[
x, y ∈ I; α ∈ (0, 1)

]
.

It is easily shown that a convex function is continuous. On the other
hand, a continuous function is convex if the inequality above only holds for
x, y ∈ I and α = 1

2 ; this property is sometimes called J-convex (for Jensen)
or mid-convex. Though not-continuous mid-convex functions do exist, only
very little is needed to make them continuous, and hence convex. Two
sufficient conditions are (a) measurability; (b) boundedness from above in
a neighbourhood of a (single) point of I. Therefore, since we only use
measurable functions, we will identify convexity and mid-convexity.

Karamata’s inequality. Let the function f : R → R be convex, and
let (a1, . . . , an) and (b1, . . . , bn) be finite nondecreasing sequences in R with
the property that

∑m
j=1 aj ≤

∑m
j=1 bj for m = 1, . . . , n−1. If, in addition,∑n

j=1 aj =
∑n
j=1 bj , or f is nondecreasing and

∑n
j=1 aj ≤

∑n
j=1 bj , or f is

nonincreasing and
∑n
j=1 aj ≥

∑n
j=1 bj , then

n∑
j=1

f(−aj) ≥
n∑
j=1

f(−bj).

Cramer’s rule. For n ∈N let A = (aij)i,j=1,..,n be a real (n×n)-matrix
with detA 6= 0, and let b = (bj)j=1,..,n ∈Rn. Then the equation

Ax = b [x ∈Rn ]

has exactly one solution x = (xj)j=1,..,n; it is given by

xj = (detA(j)
b )

/
(detA) [ j = 1, . . . , n ],

where A(j)
b is the matrix that is obtained from A by replacing a1j , . . . , anj

by b1, . . . , bn, respectively.

Bürmann-Lagrange theorem. Let G be a function of a complex
variable w, which is regular on |w| ≤ 1 and has no zeroes there. Further,
suppose that

∣∣G(w)
∣∣ ≤ 1 for |w| = 1. Then for every z ∈C with |z| < 1 the

equation
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z G(w) = w

has exactly one solution w = w(z) with |w| < 1, which can be expanded as

w(z) =
∞∑
n=1

zn

n!

( dn−1

dxn−1

{
G(x)

}n)⌋
x=0

[
|z| < 1

]
;

more generally, for every function H that is regular on |w| < 1:

H
(
w(z)

)
= H(0) +

∞∑
n=1

zn

n!

( dn−1

dxn−1
H ′(x)

{
G(x)

}n)⌋
x=0

.

Euler’s constant. This is the constant γ defined by

γ := lim
n→∞

( n∑
k=1

1
k
− log n

)
[≈ 0.5772 ].

It can also be obtained as γ = −Γ′(1), with Γ the gamma function, and as

γ = lim
t→∞

(∫ t

0

1− e−x

x
dx− log t

)
,

γ =
∫ ∞

0

( 1
1− e−x

− 1
x

)
e−x dx,

γ = 1−
∫ ∞

0

(
sinx− x

1 + x2

) 1
x2

dx.

Gamma function. This is the function Γ: (0,∞) → (0,∞) with

Γ(r) :=
∫ ∞

0

xr−1 e−x dx [ r > 0 ].

The gamma function is log-convex and satisfies Γ( 1
2 ) =

√
π, Γ(1) = 1 and

Γ(r + 1) = r Γ(r) for r > 0, so Γ(n+ 1) = n! for n ∈Z+. According to
Stirling’s formula we have

Γ(r) ∼ (
√

2π) rr−
1
2 e−r [ r →∞ ];

here a(r) ∼ b(r) as r →∞ means that a(r)/b(r) → 1 as r →∞. The
gamma function is differentiable; its derivative is given by

Γ′(r) =
∫ ∞

0

xr−1 e−x log x dx [ r > 0 ],
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with Γ′(1) = −γ, where γ is Euler’s constant. For r ∈ (0, 1) the integral
Γ(r) can be obtained as a complex integral in the following way:

Γ(r) = −(1− r) e
1
2 (1−r)πi

∫ ∞

0

eit − 1
t2−r

dt =

= i (2− r) (1− r) e
1
2 (1−r)πi

∫ ∞

0

eit − 1− it

t3−r
dt.

The domain of Γ can be extended. For z ∈C with Re z > 0 one defines Γ(z)
as above; it can be obtained as

Γ(z) = exp
[∫ ∞

0

(
(z − 1) e−x − e−x − e−zx

1− e−x
) 1
x

dx
]
,

and hence

Γ(1− iu) = exp
[
−

∫ ∞

0

(
iu+

1− eiux

1− e−x
) 1
x

e−x dx
]

[u ∈R ].

An extension to C \ Z− is obtained by using Euler’s formula:

Γ(z) = lim
n→∞

n!nz

z (z + 1) · · · (z + n)
[ z ∈C \ Z− ];

it has the property that for z ∈C \ Z and for u ∈R \{0}, respectively:

Γ(z) Γ(1− z) =
π

sinπz
, Γ(iu) Γ(1− iu) =

−πi
sinhπu

.

Beta function. This is the function B : (0,∞)2 → (0,∞) defined by

B(r, s) :=
∫ 1

0

xr−1 (1− x)s−1 dx [ r > 0, s > 0 ].

The beta function can be expressed in terms of the gamma function; ac-
cording to Binet’s formula we have

B(r, s) =
Γ(r) Γ(s)
Γ(r + s)

[ r > 0, s > 0 ].

For z, w ∈C with Re z > 0, Rew > 0 one defines B(z, w) as above.

Bessel functions. The Bessel function of the first kind of order r ≥ 0
is the function Jr : (0,∞) → R defined by

Jr(x) :=
∞∑
k=0

(−1)k
1

k! Γ(k + r + 1)
( 1
2x)

2k+r [x > 0 ].
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The modified Bessel function of the first kind of order r ≥ 0 is the function
Ir : (0,∞) → R defined by

Ir(x) :=
∞∑
k=0

1
k! Γ(k + r + 1)

( 1
2x)

2k+r [x > 0 ].

Random walks. The following inequalities on symmetric random
walks seem not to be very well known; we therefore give proofs.

Proposition 5.1. Let (Sn)n∈Z+ be a random walk on R, started at zero,

with step-size distribution that is symmetric and has no mass at zero. Then

IP(S2k+1 = 0) ≤ IP(S2k = 0) [ k ∈Z+ ],

and if (Tn)n∈Z+ is the symmetric Bernoulli walk started at zero, then

IP(S2k= 0) ≤ IP(T2k= 0) [ k ∈Z+ ].

Proof. Let Y be a random variable with Y d= S1; since Y has a symmetric
distribution, the characteristic function of Y can be written as φY (u) =
IE cos uY . Hence by the inversion formula (A.2.14) we have

IP(S2k = 0) = lim
t→∞

1
2t

∫ t

−t
(IE cos uY )2k du,

and similarly for IP(S2k+1 = 0). The first inequality now immediately fol-
lows. Turning to the second one, we apply Jensen’s inequality for the
convex function z 7→ z2k to obtain

IP(S2k = 0) ≤ lim sup
t→∞

1
2t

∫ t

−t
IE (cos uY )2k du.

Next, using Fubini’s theorem and Fatou’s lemma, we can estimate further:

IP(S2k = 0) ≤ IE
(
lim sup
t→∞

1
2t

∫ t

−t
(cos uY )2k du

)
=

= IP(Y = 0) + IE
(
1{Y 6=0} lim sup

t→∞

1
2tY

∫ tY

−tY
(cos v)2k dv

)
=

= IP(Y = 0) + IP(Y 6= 0) lim sup
τ→∞

1
2τ

∫ τ

−τ
(cos v)2k dv.

Finally, use the formula for IP(S2k = 0) above with Y replaced by Y0 having
a symmetric distribution on {−1, 1}. Since IP(Y = 0) is supposed to be zero,
the desired inequality follows. 22
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6. Notes

There are numerous books presenting the basic concepts and results of
probability theory; we name the following classical ones: Breiman (1968),
Loève (1977, 1978), Billingsley (1979). Distributions on Z+ are treated in
detail in Feller (1968). For information on characteristic functions we refer
to Lukacs (1970, 1983), and for properties of Laplace-Stieltjes transforms
and complete monotonicity to Feller (1971) and Widder (1972). Unimodal-
ity and strong unimodality are treated in Dharmadhikari and Joag-Dev
(1988), (log-) convexity and its ramifications, such as Karamata’s inequal-
ity, in Pec̆arić et al. (1992), and in Roberts and Varberg (1973). The
Bürmann-Lagrange theorem is taken from Whittaker and Watson (1996);
see also Pólya and Szegö (1970). The analytic auxiliaries, such as integrals
and special functions, can be found in Abramowitz and Stegun (1992), or
in Gradshteyn and Ryzhik (1980); in case of an emergency one can use
Maple or Mathematica. The result on random walks in Proposition 5.1 is
due to Huff (1974).
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Appendix B

Selected well-known distributions

1. Introduction

The sections below serve two purposes. On the one hand, we want to
establish terminology and notation concerning a number of well-known dis-
tributions, and list some of their elementary properties to be used in the
main text. On the other hand, for well-known distributions we want to en-
able the reader to quickly decide whether or not they are infinitely divisible
or, more particularly, self-decomposable or stable; this information is based
on results from the main text. We note that sometimes our terminology
differs slightly from the usual one. As in Appendix A, Sections 2, 3 and 4
concern distributions on R, on R+ and on Z+, respectively. There is a final
section with some bibliographical information.

2. Distributions on the real line

In this section we present a number of probability distributions on R
with support not contained in R− or in R+. All of them are absolutely
continuous and are specified by their densities f and/or characteristic func-
tions φ; in a few cases the distribution function F is given. The notations F ,
f and φ are used without further comment, and X will always be a generic
random variable. The formulas given for F (x) and f(x) hold for all x ∈R.

The uniform distribution on (−1, 1):

f(x) = 1
2 1(−1,1)(x), φ(u) =

sin u
u

.

The uniform distribution on (−1, 1) is not infinitely divisible; in fact, it is
not n-divisible for any n ≥ 2.
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The normal (µ, σ2) distribution with parameters µ ∈R and σ2 > 0:

f(x) =
1

σ
√

2π
exp

[
− 1

2

(x− µ

σ

)2
]
, φ(u) = exp

[
iuµ− 1

2σ
2u2

]
.

The normal (µ, σ2) distribution is weakly stable with exponent γ = 2, and
hence self-decomposable and infinitely divisible, for all values of the param-
eters. Standard normal means normal (0, 1), in which case F is denoted
by Φ and IP(X > x) ∼

(
exp [− 1

2x
2]

)/(
x
√

2π
)

as x→∞.

The Cauchy (λ) distribution with parameter λ > 0:

F (x) = 1
2 +

1
π

arctan
x

λ
, f(x) =

1
π

λ

λ2 + x2
, φ(u) = e−λ|u|.

The Cauchy (λ) distribution is (symmetric) stable with exponent γ = 1,
and hence self-decomposable and infinitely divisible, for all values of the
parameter. Standard Cauchy means Cauchy (1); note that in this case
X

d= tan 1
2πY with Y uniform on (−1, 1), and also X d= Y/Z with Y and Z

independent and standard normal.

The Laplace (λ) distribution with parameter λ > 0:

f(x) = 1
2λ e−λ|x|, φ(u) =

λ2

λ2 + u2
.

The Laplace (λ) distribution is self-decomposable, and hence infinitely divis-
ible, for all values of the parameter. Note that X d= Y − Z with Y and Z

independent and exponential (λ). Standard Laplace means Laplace (1).

The sym-gamma (r, λ) distribution with parameters r > 0 and λ > 0:

φ(u) =
( λ2

λ2 + u2

)r
;

here ‘sym-gamma’ stands for ‘symmetrized-gamma’. The sym-gamma (r, λ)
distribution is self-decomposable, and hence infinitely divisible, for all values
of the parameters. Note that X d= Y − Z with Y and Z independent and
gamma (r, λ). Sym-gamma (r) means sym-gamma (r, λ) with some λ > 0;
standard sym-gamma (r) means sym-gamma (r, 1). Note that in the stan-
dard case with r = 1

2 one has X d= Y Z with Y and Z independent and
standard normal. For r = 1 one obtains the Laplace distribution.

The double-gamma (r, λ) distribution with parameters r > 0 and λ > 0:

f(x) = 1
2

λr

Γ(r)
|x|r−1 e−λ|x|, φ(u) =

( λ2

λ2+u2

)1
2 r

cos
(
r arctan

u

λ

)
.

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



The double-gamma (r, λ) distribution is infinitely divisible when r ≤ 1, and
not infinitely divisible when r > 1, for all values of λ. Note that X d= AY

with A and Y independent, A Bernoulli ( 1
2 ) on {−1, 1} and Y gamma (r, λ).

For r = 1 one obtains the Laplace distribution.

The Gumbel distribution:

F (x) = exp [−e−x], f(x) = exp
[
−(x+e−x)

]
, φ(u) = Γ(1−iu).

The Gumbel distribution is self-decomposable, and hence infinitely divisible.
Note that X d= − log Y with Y standard exponential.

The logistic distribution:

F (x) =
1

1 + e−x
, f(x) = 1

4

1
cosh2 1

2x
, φ(u) =

πu

sinhπu
.

The logistic distribution is self-decomposable, and hence infinitely divisible.
Note that X d= U − V with U and V independent and having a Gumbel
distribution; hence X d= log (Y/Z) with Y and Z independent and standard
exponential.

The hyperbolic-cosine distribution:

f(x) =
1
2π

1
cosh 1

2x
, φ(u) =

1
coshπu

.

The hyperbolic-cosine distribution is self-decomposable, and hence infin-
itely divisible. Note that X d= log (Y/Z) with Y and Z independent and
standard gamma ( 1

2 ).

The hyperbolic-sine distribution:

f(x) =
1

2π2

x

sinh 1
2x
, φ(u) =

1
cosh2πu

.

The hyperbolic-sine distribution is self-decomposable, and hence infinitely
divisible. Note that X d= Y + Z with Y and Z independent and having a
hyperbolic-cosine distribution.

The student (r) distribution with parameter r > 0:

f(x) =
1

B(r, 1
2 )

( 1
1 + x2

)r+ 1
2
.
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The student (r) distribution is self-decomposable, and hence infinitely divis-
ible, for all values of the parameter. Note that X d= Y/

√
Z with Y and Z

independent, Y standard normal and Z gamma (r, 1
2 ). When r = 1

2k with
k ∈N, the distribution of

√
kX is also called the student distribution with k

degrees of freedom; for k = 1 one obtains the Cauchy distribution.

The double-Pareto (r) distribution with parameter r > 1:

f(x) = 1
2 (r−1)

( 1
1 + |x|

)r
.

The double-Pareto (r) distribution is self-decomposable, and hence infinitely
divisible, for all values of the parameter.

3. Distributions on the nonnegative reals

All distributions in this section are on R+, are absolutely continuous
and are specified by their densities f and/or pLSt’s π; in a few cases the
distribution function F is given. The notations F , f and π are used without
further comment, and X will always be a generic random variable. Also,
the formulas given for F (x) and f(x) only hold for x > 0.

The uniform distribution on (0, 1):

f(x) = 1(0,1)(x), π(s) =
1
s

(1− e−s).

The uniform distribution on (0, 1) is not infinitely divisible; in fact, it is
not n-divisible for any n ≥ 2.

The beta (r, s) distribution with parameters r > 0 and s > 0:

f(x) =
1

B(r, s)
xr−1 (1− x)s−1 1(0,1)(x).

The beta (r, s) distribution is not infinitely divisible for any value of the
parameter pair. For r = s = 1 we get the uniform distribution on (0, 1);
the beta ( 1

2 ,
1
2 ) distribution, which is also called the arcsine distribution, is

even indecomposable. When s = 1 − r with r < 1, we have IEXn =
(
n−r
n

)
for all n ∈Z+.

The exponential (λ) distribution with parameter λ > 0:

F (x) = 1− e−λx, f(x) = λ e−λx, π(s) =
λ

λ+ s
.
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The exponential (λ) distribution is self-decomposable, and hence infinitely
divisible, for all values of the parameter. Standard exponential means ex-
ponential (1); note that in this case X d= − log Y with Y uniform on (0, 1).

The gamma (r, λ) distribution with parameters r > 0 and λ > 0:

f(x) =
λr

Γ(r)
xr−1 e−λx, π(s) =

( λ

λ+ s

)r
.

The gamma (r, λ) distribution is self-decomposable, and hence infinitely
divisible, for all values of the parameters. Gamma (r) means gamma (r, λ)
with some λ > 0; standard gamma (r) means gamma (r, 1). For r = 1 we
get the exponential (λ) distribution. The gamma ( 1

2k,
1
2 ) distribution with

k ∈N is also called the chi-square distribution with k degrees of freedom;
note that in this case X d= Y 2

1 + · · ·+ Y 2
k with Y1, . . . , Yk independent and

standard normal.

The inverse-gamma (r) distribution with parameter r > 0:

f(x) =
1

Γ(r)
x−r−1 e−1/x.

The inverse-gamma (r) distribution is self-decomposable, and hence infin-
itely divisible, for all values of the parameter. The inverse-gamma ( 1

2 ) dis-

tribution is stable with exponent γ = 1
2 . Note that X d= 1/Y with Y stan-

dard gamma (r).

The Weibull (α) distribution with parameter α > 0:

F (x) = 1− exp
[
−xα

]
, f(x) = αxα−1 exp

[
−xα

]
.

The Weibull (α) distribution is self-decomposable, and hence infinitely divis-
ible, when α ≤ 1; it is not infinitely divisible when α > 1. Note that
X

d= Y 1/α with Y standard exponential.

The generalized-gamma (r, α) distribution with parameters r > 0 and
α ∈R \{0}:

f(x) =
|α|

Γ(r)
xαr−1 exp

[
−xα

]
.

The generalized-gamma (r, α) distribution is self-decomposable, and hence
infinitely divisible, when r > 0 and |α| ≤ 1; it is not infinitely divisible when
r > 0 and α > 1; the case where r > 0 and α <−1, is open. Note that
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X
d= Y 1/α with Y standard gamma (r). For α = 1 we get the gamma (r)

distribution and for α = −1 the inverse-gamma (r) distribution; when α > 0
and r = 1 the Weibull (α) distribution is obtained.

The generalized-inverse-Gaussian (β, a) distribution with parameters
β ∈R and a > 0 (and cβ,a> 0 a norming constant):

f(x) = cβ,a x
β−1 e−(ax+1/x).

The generalized-inverse-Gaussian (β, a) distribution is self-decomposable,
and hence infinitely divisible, for all values of the parameters. The distrib-
ution with β =− 1

2 is just called inverse-Gaussian or Wald distribution;
when β = 0 one speaks of the hyperbolic distribution. For β < 0 we get the
inverse-gamma (r =−β) distribution, exponentially tilted.

The Pareto (r) distribution with parameter r > 1:

F (x) = 1−
( 1

1 + x

)r−1

, f(x) = (r−1)
( 1

1 + x

)r
.

The Pareto (r) distribution is self-decomposable, and hence infinitely divis-
ible, for all values of the parameter.

The beta (r, s) distribution of the second kind with parameters r > 0
and s > 0:

f(x) =
1

B(r, s)
xr−1

( 1
1 + x

)r+s
.

The beta (r, s) distribution of the second kind is self-decomposable, and
hence infinitely divisible, for all values of the parameters. Note that one
has X d= 1/Y − 1 with Y beta (r, s), and also X d= Y/Z with Y and Z in-
dependent, Y standard gamma (r) and Z standard gamma (s). For r = 1
we get the Pareto distribution. When r = 1

2k and s = 1
2` with k, ` ∈N, the

distribution of (`/k)X is also called the Snedecor or F -distribution with k
and ` degrees of freedom.

The log-normal distribution:

f(x) =
1√
2π

1
x

exp
[
−(log x)2

]
.

The log-normal distribution is self-decomposable, and hence infinitely divis-
ible. Note that X d= eY with Y standard normal.
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The half-normal distribution:

f(x) =
2√
2π

exp [− 1
2x

2].

The half-normal distribution is not infinitely divisible. Note that X d= |Y |
with Y standard normal.

The half-Cauchy distribution:

f(x) =
2
π

1
1 + x2

.

The half-Cauchy distribution is self-decomposable, and hence infinitely di-
visible. Note that X d= |Y | with Y standard Cauchy.

The half-Gumbel distribution:

f(x) =
e

e− 1
exp

[
−(x+ e−x)

]
.

The half-Gumbel distribution is infinitely divisible. Note that here we have
X

d= (Y |Y > 0) with Y Gumbel.

4. Distributions on the nonnegative integers

In this section we present a number of probability distributions p =
(pk)k∈Z+ on Z+ together with their pgf’s P . The notations pk and P are
used without further comment, and X will always be a generic random
variable. Also, the formulas given for pk hold for all k ∈Z+.

The uniform distribution on {0, . . . , n} with parameter n ∈Z+:

pk =
1

n+ 1
1{0,...,n}(k), P (z) =

1
n+ 1

1− zn+1

1− z
.

The uniform distribution on {0, . . . , n} is not infinitely divisible when n ∈N;
for n = 0 we get the degenerate distribution at zero, which is infinitely divis-
ible.

The Bernoulli (p) distribution on {0, 1} with parameter p ∈ (0, 1):

pk = pk (1−p)1−k 1{0,1}(k), P (z) = 1−p+ p z.

The Bernoulli (p) distribution on {0, 1} is not infinitely divisible for any
value of the parameter. Sometimes we need the Bernoulli (p) distribution
with support {x0, x1} different from {0, 1}, for which

IP(X = x1) = p = 1− IP(X = x0) if x0 < x1.
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The binomial (n, p) distribution with parameters n ∈N and p ∈ (0, 1):

pk =
(
n

k

)
pk (1−p)n−k, P (z) = (1−p+ p z)n.

The binomial (n, p) distribution is not infinitely divisible for any value of
the parameter pair. For n = 1 we get the Bernoulli (p) distribution on
{0, 1}.

The Poisson (λ) distribution with parameter λ > 0:

pk =
λk

k!
e−λ, P (z) = exp

[
−λ (1− z)

]
.

The Poisson (λ) distribution is stable with exponent γ = 1, and hence self-
decomposable and infinitely divisible, for all values of the parameter. For
the tail probability P k := IP(X > k) we have P k = IP(Sk+1 ≤ λ) with Sk+1

standard gamma (k + 1) distributed, so P k, at a fixed k ∈Z+, increases
with λ.

The geometric (p) distribution with parameter p ∈ (0, 1):

pk = (1−p) pk, P (z) =
1−p

1− p z
.

The geometric (p) distribution is self-decomposable, and hence infinitely
divisible, for all values of the parameter. Note that X d= N(T ), where N(·)
is a unit-rate Poisson process independent of T which is exponential.

The negative-binomial (r, p) distribution with parameters r > 0 and
p ∈ (0, 1):

pk =
(
r + k −1

k

)
pk (1−p)r, P (z) =

( 1−p
1− p z

)r
.

The negative-binomial (r, p) distribution is self-decomposable, and hence
infinitely divisible, for all values of the parameters. Note that X d= N(T ),
where N(·) is a unit-rate Poisson process independent of T which is gam-
ma (r). Negative-binomial (r) means negative-binomial (r, p) with some
p ∈ (0, 1). For r = 1 we get the geometric (p) distribution.

The logarithmic-series (p) distribution with parameter p ∈ (0, 1):

pk = cp
1

k + 1
pk+1, P (z) = cp

− log (1− p z)
z

,
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where cp := 1
/{
− log (1−p)

}
. The logarithmic-series (p) distribution is self-

decomposable, and hence infinitely divisible, for all values of the parameter.

The discrete Pareto (r) distribution with parameter r > 1:

pk = cr
1

(k + 1)r
,

where cr := 1
/
ζ(r) and ζ is the Riemann zeta function: ζ(r) :=

∑∞
n=1 1

/
nr.

The discrete Pareto (r) distribution is self-decomposable, and hence infin-
itely divisible, for all values of the parameter.

The Borel (λ) distribution with parameter λ ∈ (0, 1 ]:

pk = e−λ (λ e−λ)k
(k + 1)k

(k + 1)!
.

The Borel (λ) distribution is self-decomposable, and hence infinitely divis-
ible, for all values of the parameter.

5. Notes

The absolutely continuous distributions listed in Sections 2 and 3 can
be found (together with many others) in Johnson et al. (1994, 1995), the
discrete distributions of Section 4 in Johnson et al. (1992). Here many
properties are given, but infinite divisibility is not always indicated. The
indecomposability of the arcsine distribution is proved by Kudina (1972).
Many of the known infinitely divisible distributions turn out to be self-de-
composable; cf. Jurek (1997). Some more, somewhat less-known infinitely
divisible distributions can be found in Bondesson (1992) and, of course, in
the Examples sections of Chapters II through VII.
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Berg, C. and Forst, G. (1983): Multiply self-decomposable probability
measures on R+ and Z+. Z. Wahrsch. verw. Gebiete 62, 147–163.
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Lévy, P. (1937): Théorie de l’addition des variables aléatoires. Gauthier-
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